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PREFACE 


This book has evolved from a set of lectiire notes used in a one- 
semester course offered to beginning graduate students in electrical and 
mechanical engineering at the Massachusetts Institute of Technology. 
Until 1929 the course was taught by Dr. Vannevar Bush, using at first 
notes and later his book Operational Circuit Analysis, Since 1930 the 
course has been given by the first-named author of this book. The 
second-named author wrote his dissertation on the Laplace-Stieltjes 
transformation and has collaborated on the work in the field of this 
subject since 1935, He has also introduced at Tufts College a simplified 
form of the course for junior and senior students. 

Primarily the book is intended for first-year graduate work in electrical 
and mechanical engineering. Secondarily it can be used for graduate 
work in mathematical physics and applied mathematics. A large part 
of the text material could be used in undergraduate senior courses for 
advanced or honor students. Chapter 2, on the mathematical expres¬ 
sion of problems concerning lumped-parameter electric and mechanical 
systems, is in a sense a complete unit and could be used as an adjimct to 
any engineering course on ordinary differential equations regardless of 
the methods used in their solution. 

It is expected that this book also will serve as a reference for practicing 
electrical and mechanical engineers and industrial physicists. 

As the title suggests, the treatment is limited to linear physical sys¬ 
tems. Although the graduate course mentioned above includes a 
study of systems having distributed parameters, it seemed better to 
restrict this volume to the study of systems having lumped parameters. 
Formulated mathematically, systems of the latter type lead to ordinary 
integrodifferential or difference equations. Distributed-parameter sys¬ 
tems which bring in partial integrodifferential equations will be treated 
in Volume 2. This division of subject matter corresponds to the usual 
separation of the treatment of differential equations into the ordinary 
and partial types. Volume I is complete in itself despite a number of 
references to Volume 2, Since in writing Volume 1 we have the ex¬ 
tended applications of the method in mind, the techniques developed 
are not necessarily the ones that would be chosen if the problems solved 
here were the only ones of interest. 

r 
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Chapter 1 includes certain basic preliminaries on the nature of tran¬ 
sients and the reasons for restricting the study to linear systems. It 
concludes with a preview of the Laplace-transformation method of 
solving functional equations. 

The mathematical formulation of one-dimensional problems concern¬ 
ing electric and mechanical systems is covered in Chapter 2. 

The introduction of the Laplace transformation in Chapter 3 is 
accomplished through successive generalizations of Fourier series and 
integrals. 

In Chapter 4 elementary functions are transformed and fundamental 
theorems on the Laplace transformation are set down. 

Equations of the types formulated in Chapter 2 are next transformed 
and solved algebraically in Chapter 5. 

In order to find the inverse transforms of rational algebraic fimctions 
of the type which arise in Chapter 5, i.e., to fit them into the table of 
simple transforms, it is necessary to resolve them into partial fractions, 
and this is covered in Chapter 6. 

Finally, in Chapter 7 the formulation and complete solution of typical 
problems is carried through. 

Additional theorems and variations with applications are collected in 
Chapter 8. 

The last chapter, 9, is on integrodifferential difference equations. 

Tables of operation and function transforms convenient for use in 
practical applications of the Laplace-transformation method appear in 
Appendix A. Additional notes on the relation between the Fourier and 
Laplace transformations are given in Appendix B. Appendix C contains 
historical notes on the mathematical theory. 

The book concludes with a bibliography containing references to the 
mathematical theory and to the engineering practice. 

Naturally the methods for solving the problems considered have been 
improved through repeated study by many of those working in this 
field. As would be expected, the class of readily solvable problems has 
grown continually. The subject has experiimced a considerable change 
in point of view from the operational methods to that of functionai 
transformations. Many of the explicit and implicit restrictions current 
in the engineering literature of a few years ago are now obsolete. In the 
present tact we hope, with the aid of recent forms of mathOTiatical 
theorems, to make available for en^neers methods and results which 
will more closely approach invariance with the peering of lime. 

An attempt has been made to give the rimplest imd most practical 
presentation advanced mathematical methods for handling not only 
ordimuy integrodifferential equations But also difference anti parlhd 
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differential equations. Thisliafi been accomplished by basing the treat¬ 
ment on a table of transform pairs which is derived and used in much the 
same way that an ordinary table of integrals is used. By this means 
the use of the inverse Laplace-transformation integral and its evaluation 
by integration in the complex plane are postponed until this integral is 
definitely needed — in fact its use is not required in this volume. The 
treatment enables engineers to solve many problems by an effective and 
reliable method and yet avoid the quagmire of complex integration. 

In contrast to the conventional operational treatment which is 
usually formal, i.e., a treatment in which the range of validity is not 
carefully given, the methods used are based on well-known classical 
mathematics. The ranges of validity are either given or can be found 
by classical methods, and the treatment can be made as rigorous as 
desired. 

It has not been our object to use the Laplace-transform theory to 
justify the earlier operational methods. Rather than this we have 
aimed to show that transform theory itself with an abbreviated notar 
tion provides equally short methods of expression and solution of prob¬ 
lems while using only recognized and precise mathematical techniques. 
We have sought to retain the vigor and simplicity of these earlier opera¬ 
tional methods without sacrificing the rigor and effectiveness of the 
functional-transformation method. 

We have tried to make the approach straightforward and simple by 
avoiding the introduction of mathematical techniques until we are ready 
to use them. This scheme has enabled us to postpone the more difficult 
parts of the mathematics. Also for simplicity we have placed all the 
discussion on a given step in the procedure in a single chapter. An 
advantage of this arrangement is that ideas can be introduced a few at a 
time. Practice can then be given on each set of ideas to insure th^r 
retention before a new set is introduced. For those who find the ideas 
introduced too slowly, or who wish to complete quickly the solution of a 
particular problem, we recommend a rapid perusal of the first seven 
chapters followed by a more careful study of the details. 

A supplementary object has been to indicate where important material 
on the histoiy of the mathematical theory can be found and to help 
strai^ten out some of the historical inaccuracies present in the existing 
literature. 

Menrion may be made of certain features of this book. In common 
with the Campbell and Foster table of Fourier transforms the treatment 
makes maximum use of mathematieal expressions in closed form. 
Serias developments including asymptotic expansions are Usually avoided 
or are reeerv^for Volume % 
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Emphasis is placed on systematic methods of setting up physical 
problems in mathematical form. 

Through Chapters 1 and 3 and Appendix B appear certain compari¬ 
sons of the Fourier method with the Laplace method. 

Novel features will be found in Chapter 9, which serves as a transition 
chapter between those chapters treating one-dimensional problems and 
the chapters of Volume 2 on multi-dimensional problems. In particular, 
wide use is made of continuously defined jump functions to interpolate 
functions defined only at discrete points. 

A final feature is the large number of illustrative examples presented 
in detail. At the end of every chapter appear practice problems, many 
of which have a definite engineering background and were made up from 
a wide variety of fields. Certain of these problems are more than prac¬ 
tice exercises. They suggest extensions beyond the treatment ^ven in 
the text and form an integral part of the development of the subject. 

To Dr. Vannevar Bush we express our appreciation for the inspiration 
of a lasting interest in this field. We also wish to thank the many 
students who have contributed to our understanding of the subject 
through their questions and suggestions. Finally, thanks are due to 
Professors D, C. Jackson, E. L. Moreland, and H. L. Hazen for their 
encouragement in the WTiting of this book. 


Murray F. Gardner 
John L. Barnes 


Cambridge, Massachusetts 
Medford, Massachusetts 
September, 1942 
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Chapter I 


INTRODUCTION 

In beginning the mathematical study of transients in linear systems 
it is necessary to have in mind certain basic ideas regarding the nature 
of transients, and to understand clearly the reasons for restricting the 
study to linear systems. In this introductory chapter these basic pre¬ 
liminaries are discussed, and reasons are given for the choice of the 
Laplace-transformation method for the mathematical treatment of 
linear physical systems in the transient state. 

A. THE NATURE OF TRANSIENTS 

Mention of several examples of familiar transients will serve as an 
intuitive introduction to the subject. 

After a radio receiver having heater-type vacuum tubes is turned on, 
approximately half a minute must elapse before it begins to function 
properly. This interval during which the tube cathodes are changing 
from ‘‘ cold to hot is called a transient interval. The thermal 
and electrical characteristics of the receiver during this time are said to 
be in a transient state. The transient interval is thus the interval of 
transition in which the tube cathodes change from the steady cold ” 
state to the steady hot state. 

Another example of familiar transient behavior is provided by an 
electric motor of a refrigerator when starting. Mechanically the 
rotor makes the transition from the steady state of rest to the steady 
state of rotation. This change is accompanied by a transition from 
rest to a steady state of vibration of the motor frame and its supports. 
Electrically, also, the motor is in the transient state during this interval 
— its generated electromotive force changing from the constant zero 
value to a steady operating value, 

1. Definition of Steady and Transient States 

In the preceding examples it was easy to distinguish that part of the 
behavior which should be called the steady state and that which should 
be called the transient state. Unfortunately, this is not the case for all 
examples. The very changes by which certain important aspects of 
physical problems are simplified to make these problems solvable often 

1 
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bring in features which obscure the distinction between the steady and 
transient states for the simplified versions. In some of the problems, 
after simplification there is no transient state, i.e., no beginning and no 
end; or, as the idea is sometimes phrased, the steady-state interval is 
infinite. Passing to the other extreme, there may be no steady state. 
For this extreme the statement that the transient state is the transition 
state from one steady state to another loses significance. 

To save the essence of the intuitive ideas of steady and transient 
state, and yet be sufficiently general, the following definitions are 
formulated. 

A dynamical system is said to be in the steady state when the variables 
describing its behavior are either invariant with time, or are (sections of) 
periodic functions of time. 

A dynamical system is said to be in the transient (or unsteady) state 
when it is not in the steady state. 

From a physical point of view it may be said that a transient state 
exists in a physical system while the energy conditions of one steady 
state are being changed to those of a second steady state. 

2. Undesirable Transients 

Certain transient phenomena accompanying the redistribution of 
energy in a physical system are often wholly undesirable yet inescapable 
accompaniments of such a change. 

Among the economically important but unwanted electrical transients 
are the natural transients, such as lightning and static, and the man¬ 
made transients arising from switcliing. The principal undesired 
mechanical transients can likewise be divided into the natural transients, 
such as storms in the air and on the sea and tremors of the earth, and 
the man-made transients, such as the vibrations produced by the acceler¬ 
ation of machines. 

To these electrical and mechanical transients may be added thermal 
and acoustic transients. The natural thermal transients occurring 
daily and seasonably greatly affect our lives, and the man-made thermal 
transients in electrical and mechanical apparatus often impose serious 
limitations on the use of this apparatus. Unwanted acoustic transients 
are the object of much concern in the design of sound systems for audi¬ 
toriums and broadcasting studios. 

3. Desirable Transients 

In contrast to these uncontrolled and unwanted transients there are 
desirable and controlled transients which are put to many important 
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uses. For example, the transient state is the important one for the 
sound-controlled electric currents in telephone and radio systems, and 
for key-controlled currents in telegraph and cable systems. Further¬ 
more, the transient state is the all-important one for the acoustic phenom¬ 
ena arising in such systems, vocal sounds and instrumental music being 
composed principally of transients. Television systems use desirable 
transients as modulation and timing controls. The practical importance 
of variable-speed motors rests largely on their transient behavior under 
changes of load; nearly all land, water, and air transports use such 
motors. 

The basis for self regulation in all self-controlled systems is transient 
behavior. The importance of such automatic systems for the control 
of position, speed, voltage, frequency, sound-volume level, tempera¬ 
ture, humidity, liquid level, and especially for the control of indus¬ 
trial machines and processes is increasing rapidly. 

In brief, many dynamical systems need to be studied in the transient 
state — some for the purpose of minimizing unwanted transient effects, 
others for the purpose of controlling and employing desirable effects. 
But in whichever aspect transients may occur, desirable or undesirable, 
their treatment is a problem of engineering importance and their calcu¬ 
lation often a matter of difficulty. 

B. RESTRICTION TO LINEAR SYSTEMS 

If it were possible to handle simply and completely by mathematics 
any type of dynamical system in the transient state, we should naturally 
choose to study first those systems that seem most important. Since 
this possibility does not exist we elect to treat the type of system that 
can be handled most simply and completely by mathematics. This is 
the linear type, which fortunately is a very important type in engineering 
and physics [Fr 1, We 2].* 

4. Definition of Linear Behavior 

A resistor of the type used in a radio receiver exhibits the following 
characteristic: Over the range of operation for which the resistor is 
designed, the current in it is proportional to the voltage drop across it. 
A spring of the type used in a spring balance exhibits a similar character¬ 
istic: Over the range for which the spring is designed, the force acting 
through it is proportional to the change in its length. 

A physical element, behaving as the above resistor or spring, is said 
to behave linearly over a specified range of one of the variables used to 

^ All such symbols refer to the Bibliography, 
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describe its conduct if in this range its behavior can be represented by a 
linear equation, i.e., an equation of the first degree. The use of the 
word “ linear to denote an equation of the first degree, whether it is 
algebraic, difference, differential, or integral, is an extension from its use 
to denote a first-degree algebraic equation in exactly two variables 
which can be represented geometrically by a straight line. For brevity, 
an element which is used only in the range where its behavior is linear 
is called a linear element 

Most pieces of apparatus do not behave linearly over an indefinitely 
large range, the transition from linearity to nonlinearity being gradual 
in certain cases and abrupt in others. For example, the resistance of 
the resistor mentioned above will change gradually owing to overheating 
if the current through it is sufficiently increased, or the insulation of the 
resistor will break down abruptly if the voltage across it is sufficiently 
increased. Each of these effects restricts the range of linear behavior. 

Similar effects restrict the range of linearity of the spring mentioned 
above. As the loading of the balance is increased the material in the 
spring will ultimately pass its elastic limit — in other words, the behavior 
of the spring will finally become nonlinear. 

5. Replacement of the Physical System by a Simplified Mathe¬ 
matical System 

To make easier the solution of physical problems, the nonlinear 
ranges of physical elements may be conveniently ignored by substituting 
simplified counterparts for these elements. These simplified abstract 
elements are defined to be linear over all ranges. 

This replacement may appear to be a shocking departure from the 
physical facts. It is a departure which carries with it an important 
responsibility for the user when later the conclusions derived from the 
theory are employed to explain and predict other physical facts. Such 
simplified abstract elements appear commonly in the theories of the 
physical sciences, and after they have been introduced, their relation to 
the original elements tends to be foiigotten. For instance, Ohm’s law 
without restriction of range applies to the simplified elements only. The 
same is true for Hooke’s law. 

Even if the physical elements under consideration have no range of 
linearity, a theory based on linear elements will sometimes give rough 
information which is of value. Suppose that the approximating relarion 
is a linear algebraic equation in two variables. Then the geometric 
interpretation is that over a “ sufficiently ” short range a curve may be 
replaced by a straight line, or, sometimes ovei longer ranges, tlmt a 
straight line may replace a curve by acring as an upper or lower bound 
to that curve. 
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6. Additfste Properties op Linear Mathematical Systems 

The linear functions are the simplest of the algebraic functions. 
They possess the very important property that the sum of two of them 
is also a linear function. Similarly, the linear equations are the easiest 
of the algebraic equations to solve, and this simplicity is not lost even 
when systems of linear algebraic equations are to be solved. Further¬ 
more, the elegant determinant and matrix methods for treating systems 
of algebraic equations apply only to linear equations. 

Carrying this correspondence further, linear (i.e., first-degree) differ¬ 
ence, differential, or integral equations are easier to solve than higher- 
degree equations of the same type. Also, such linear equations possess 
very important additive properties. With a system of linear equations 
it is possible to add the separate solutions found by using each driving 
function alone to get the composite solution with all driving functions 
present. This principle of adding solutions found under such conditions 
is called the principle of superposition. 

Briefly, then, it is the simplicity and consequent additive properties of 
linear mathematical systems that make possible their complete solution 
with relative ease. 

In contrast to the ease of handling linear mathematical systems, 
consider the difficulty of treating mathematically those physical systems 
that are basically nonlinear, i.e., those systems that cannot be repre¬ 
sented by linear mathematical systems without loss of their essential 
characteristics. The principal elements of such physical systems are 
nonlinear. Examples are coils with magnetic cores, resistors of light¬ 
ning arrestors, and vacuum tubes used as oscillators. A complete 
mathematical treatment of complicated physical systems containing 
such elements is extremely difficult and in most instances impractical. 

Nonlinear systems are harder to treat mathematically because their 
behavior is more complicated than the behavior of linear systems. The 
functions and equations describing the behavior of nonlinear physical 
elements do not possess the characteristic additive properties of linear 
elements; in other words, the principle of superposition does not apply. 
Without these additive properties the use of series expansions leads to 
much greater complication. Systems of equations can no longer be 
treated by the efficient mass-production methods of matric algebra. 

The practical methods available for analysis of nonlinear systems are 
inexact and complicated. They are graphical and hence rough, or require 
successive approximations and hence are laborious, or are carried out by 
machines [Btr 2, Ha 11]. The study of nonlinear systems is frequently 
best carried out by experimental rather than by logical (mathemat¬ 
ical) methods. For this models or analogs are particularly suited. 
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7. Passive Elements Assumed to be Time Invariant 

The elements through which energy enters a physical system are 
called sources or active elements. The remaining elements of the system 
either store energy or withdraw it from the system often in the form of 
heat; they are called inactive or passive elements. To simplify the 
present treatment, the passive elements considered will be restricted to 
those which are invariant with time. 

To make clear the meaning of this last restriction, consider a physical 
capacitor. Its capacitance may change slightly over a long period of 
time as a result of slow changes in the dielectric, an effect known as 
aging; it may change during short time intervals liecause of rapid 
temperature changes of its plates and dielectric; or it may be intention¬ 
ally varied with time by some external means. Such changes in element 
values with time will, by definition, be absent from all the mathematical 
systems treated here. In other words, the systems will have constant 
parameters. 

Time changes in a system produced by switching will not be con¬ 
sidered to be time changes in the elements of the system. Instead, 
switching changes will be treated as changes from one system to another, 
the elements in each system being invariant with time. 

Linear systems vith invariant elements are of the type designated 
by the unwieldy phrase of Volterra systems of the closed cycle 
[Vo 2]. Between changes in the connection of the elements, such 
systems are invariant with time. They possess no memory in that 
sense in which the behavior of human beings, magnetic materials, etc., 
depends upon whole intervals of their history. It will be seen that the 
behavior of these time-invariant systems depends only on the condition 
of the system in the neighborhood of a single preceding value of time. 

8. Physical Driving Functions Replaced by Simplified Mathe¬ 
matical Functions 

The mathematical equations describing the behavior of linear time- 
invariant systems are linear integrodifferential equations with constant 
coefficients. It is necessary to consider not only the types of operations 
but also the types of functions that appear in these equations and in 
their solutions. 

For the same reasons that physical elements are replaced by simpler 
abstract elements, physical time functions — such as force, velocity, 
current, and voltage used to drive the system — are replaced by simpler 
abstract functions. 

The physical functions are single valued and, viewed “ in the large,” 
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continuous. We should like to preserve both single-valuedness and 
continuity in the simplified functions replacing them, but at a vertical 
step of a simplified function these properties become incompatible. 
At such a point the single-valuedness is retained and the continuity 
dropped because, at present, a jump discontinuity is easier to handle 
than a vertical multivalued line-segment. Frequently, however, the 
difficulty is avoided by ignoring the behavior of the simplified function 
at a step. 

The simplified functions that are used to replace the physical driving 
functions belong to the class of functions having bounded variation 
[Ho 1, p. 325] in every finite interval. The choice of this class of func¬ 
tions has been made on the basis of the following considerations [Gi 5]. 
In our work with functions coming from physical problems we have 
encountered no functions which lie outside this class. In particular, we 
have foimd no need for functions which are Lebesgue measurable 
[Ho 1, p. 502] but not of bounded variation in finite intervals. The 
properties of functions having bounded variation in every finite interval 
are widely discussed in the mathematical literature. We know of no 
generally studied, smaller, and more special class that includes all 
functions of the type which we propose to use. 

9. Importance op Linear Time-Invariant Systems 

Having settled upon abstract linear time-invariant systems as the 
simplified models to be studied — for reasons which may be summarized 
under the term expediency — the question of the prevalence and impor¬ 
tance of physical systems that can be properly approximated by such 
simplified systems arises. 

To speak precisely about approximations requires that a measure of 
the closeness of approximation, i.e., the tolerance or allowable error, be 
known. This measure depends, of course, on the particular use to be 
made of the approximation. Furthermore, compared with the approxi¬ 
mate linear time-invariant system, other systems that fit the physical 
system more closely usually require for their use an amount of labor that 
is less tolerable than the roughness of approximation introduced by the 
use of the linear system. 

One can only guess the answer to the above question on the importance 
of linear time-invariant systems, but it is our impression that all but a 
small percentage of the physical systems now susceptible to complete 
treatment by mathematics can be handled to a first approximation by 
such abstract systems. 

Another aspect of the importance of mathematical i^stems is tire 
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following: When passage is made from physical to mathematical systems 
it is discovered that many different physical systems lead to the same 
abstract system, i.e., to the same mathematical problem. Such physical 
systems are called analogs. The correspondences of analogous physical 
systems with each other and with the mathematical system, if fully used, 
result in an enormous saving of work. The solution of one abstract 
problem carries with it the solution of all its physical representations. 
The importance and usefulness of linear time-invariant mathematical 
systems will be illustrated by the examples beginning in Chapter 2. 

C. CHOICE OF THE LAPLACE-TRANSFORMATION METHOD 

10. Comparison of Four Available Methods 

The problems to be solved are formulated mathematically as systems 
of linear constant-coefficient integrodifferential equations with driving 
functions having bounded variation in every finite interval and with 
general initial or boundary conditions. There are four prominent 
methods for solving the simpler problems of this type. The most widely 
known of these methods is the one which appears in all elementary texts 
on ordinary differential equations. It will be called the classical method. 
The other three are the Cauchy-Heaviside operational method [Appen 
C], the Fourier-transformation method, and the Laplace-transformation 
method. 

None of these methods has been developed as far as it might be with 
regard to extent and conditions of applicability, simplicity of use, and 
clearness of exposition. In the opinion of the authors, the Laplace- 
transformation method, although least widely known, is at present the 
best general method and offers the greatest promise for further improve¬ 
ment. 

Table 1 shows an estimated rating of these methods, based on the 
forms that are in current use. The following remarks supplement this 
table. 

In certain respects the four methods are very much alike, and in 
particular the Cauchy-Heaviside, Fourier, and Laplace methods are 
but different aspects of a single method. 

A study of the Cauchy-Heaviside (C-H) type of operational calculus 
shows that it is considerably limited in field of application in its present 
form and is incapable of interpretation or growth without help from less 
symbolic (formal) branches of mathematics. Cauchy's early work 
[Appen C] in this type of operational calculus shows that he h^ some 
appreciation of its close relation to the Laplace-transformation method. 
Heavifflde ignored this relation, and lance his period Giorgi, BromMchi 
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Wagner, Carson, von Stach6, Doetsch, van der Pol, Plancherel, 
Maechler, and others have used some aspect of the Laplace transfor¬ 
mation in attempting to make rigorous the C-H operational calculus. 
Today it is quite clear that the Laplace-transformation method pro¬ 
vides a rigorous substantiation and a clear interpretation of the symbolic 
(formal) C-H operational calculus. With the aid of this point of view, 
one not only understands why the C-H calculus proceeds as it does, 
but one also can see extensions along lines which were otherwise imper¬ 
ceptible. A set of dissociated rules of procedure is replaced by a closely 
connected systematic method. 

In this book the symbolic C-H operational calculus has been aban¬ 
doned in favor of the rigorous supporting transformation method. 
Furthermore, no attempt will be made to trace the parallelism between 
the two methods. 

Compared with the classical method, the Laplace-transformation 
method requires more knowledge of mathematics but gives a deeper 
insight into the relation between the transient and steady-state parts 
of the solution. The simplification and unification of the process that 
result from the use of more advanced ideas more than offset the work 
required to learn these ideas. 

In Chapter 3 it is shown how the Fourier-transformation method is 
included as a special case in the Laplace-transformation method. 

This book will present the salient features of the Laplace-transforma¬ 
tion (£-transformation) method, and will indicate the types of problems 
whose solution is simplified by its use. Mention will also be made of 
certain types of problems, such as those with two-point boundary con¬ 
ditions, whose solution is not much simplified by use of the method. 

11. FUATtmES OF THE £-TRANSFORMATION MeTHOD 

To those interested in solving problems concerning linear time-invari¬ 
ant systems the £-transformation method offers six prominent features. 

a. It provides a straightforward procedure for obtaining analytically the 
solutions of practical problems on transients for general one-point 
initial or boundary conditions. The solution starts with the integro- 
differential equations and arrives directly at the desired result for the 
particular problem set. This is in contrast to the classical scheme in 
which a general solution is first obtained and then specialised to fit the 
particular problem under oontideration. Likewise it is in contrast to 
the usual C-H operational calculus solution which is restricted to 
initial conditions corresponding to zero initial ^ergy storage in the 
system and which requires variotis artifices to han(& more general 
initial or boundary conditions. 
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6. It provides a oonvenient way of organizing and summarizing previous 
experience in convenient tabular form, i.e., in tables of function- 
transform pairs and of operation-transform pairs. 

c. It provides by the same process both the transient and steady-state 

solutions of problems and brings out clearly their close relation. 

d. It provides a single method for solving not only ordinary difiFerential 

equations but also linear constant-coefficient difference equations, 
partial differential equations, and certain types of integral equations. 

e. It provides the basis for both the analysis of existing systems and the 

synthesis (design) of proposed systems satisfying prescribed require¬ 
ments. 

/. Finally, it is capable of yielding the transient solution without the intro¬ 
duction of the integrodifferential equations of the system in much the 
same way that the complex number method, which uses complex alge¬ 
bra and is well known in electrical engineering, is capable of yielding 
the steady-state solution without the introduction of these equations. 

12. Representative Engineering Fields in which the £-Trans- 
FORMATION METHOD Is USEFUL 

The types of problems in which the £-transformation method is useful 
are many and varied. A partial list should include studies of : 

a. Waveforms of high-voltage or high-current surge (“ impulse genera¬ 
tors. 

h. Transients in linear vacuum-tube amplifier circuits. 

c. Systems self-controlled by transient feedback (servo-control; automatic 

control of temperature, voltage, angular position, speed, liquid level, 
sound-volume level, frequency, etc.). 

d. Transient vibrations in mechanical systems (mechanical filters, seismo¬ 

graphs). 

c. Transient vibrations in electromechanical systems (microphones, loud 
speakers, piezoelectric crystals). 

/. Cathode-ray oscillograph circuits (time-delav, beam-sweep, scanning, 
recurrent-surge). 

g. Transients in power-control relay circuits. 

h. Short-circuit transients in a-c machines, 
t. Transients in arc-welding generators. 

j. Transients in systems subject to cyclic switching. 

k. Transient disturbances in the motion of an airplane. 
h Transients in wave filters and artificial lines. 

m. Traveling-wave transients on transmission lines and cables caused by 
^ lightning, switching, and faults (reflections at junctions and terminals). 
». Cireiiit recovery voltages after current interruption. 

0. Surge protection of transformers and rotating machinery; transfonnei 
oscillations. 
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p. Propagation of signals in communication systems (voice transients, key¬ 

ing transients, synchronizing and picture-element pulses in television 
circuits). 

q. Transient inductive interference in communication lines caused by 

disturbances in neighboring electric power lines. 

r. Transients in sound-wave propagation. 

8. Transients in output circuits of loud-speaker amplifiers. 

t. Transient transverse or longitudinal vibrations in bars. 

u. Transient heat flow in machinery, insulation, cables, rnetal-to-glass seals, 

steel ingots. 

V. Magnetic field transients in solid iron cores (influence on rapid excitation 
of large a-c generators, and rapid reversing of d-c rolling-mill motors). 

D. BRIEF PREVIEW OF THE £-TRANSFORMATION METHOD 
The following is a brief formal introduction to the £ transformation 
and its use in solving integrodifferential equations. The ranges and 
conditions of validity are covered in the careful development which 
appears later in the book. 

13. The £ Transformation 

The Laplace transformation is a functional transformation; it may 
also be called a functional operator. It transforms a certain class of 
functions of a real variable into functions of a complex variable that are 
“ analytic in half-planes or strips. This expression will be explained 
later. Usually a function and its transform are quite different in form. 
The direct £ transformation is written 

r [ 1 ] 

%/q 

in which s ^ a d-jw, j = V—1 (4 means equal by definitions^ and 
ty or, and w are real variables. Equatipn 1 is abbreviated 

£[/(0] = F{8). [2] 

This integral transformation provides a constructive means for de¬ 
termining the transform function F{s) corresponding to the original 
function S{t). 

This functional correspondence can be conveniently exhibited by a 
table of function-transform pairs as follows: 

Ftjnction-Transfobm Pairs 

Original 


Transform 
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In constructing such a table of pairs, the direct transformation is used 
to pass from a function f{t) in the column of Originals to its corre¬ 
sponding F(s) or mate in the column of '' Transforms.^’ In using such 
a table of pairs, however, one frequently moves in the opposite direction, 
i.e., from a function F(s) in the column of Transforms ” to its corre¬ 
spondent or mate in the column of “ Originals,” and in so doing finds 
the inverse Laplace transform of F{s), The inverse Laplace transfor¬ 
mation is indicated by 

^-\F{s)]{^)m. ost. [3] 

The sign (=) means ” equals almost everywhere ” and will be explained 
later. The restriction to the non-negative range of t is in agreement 
with the range of integration from 0 to qo used in the direct transforma¬ 
tion shown in equation 1. 


14. Simplification of Functions through Transformation 

Many functions of a real variable are carried over into simpler func¬ 
tions of a complex variable by the direct transformation. For instance, 
functions with step discentinuities transform into functions analytic in 
a half-plane, and many of the frequently occurring transcendental func¬ 
tions transform into algebraic functions. 

As an example of a function with a step discontinuity, consider 


flit) 


t < a, 
a < t, 


in which a is a non-negative real number. For this step function. 


£[/i«)]= re-’‘dt = ~ 


[4] 


[5] 


in the domain 0 < S[s], in which 91 means the real part of.” It can 
be seen that no derivative of /i (0 exists at ^ = a, whereas all derivatives 
of its transform exist in the complex half-plane 0 < 9l[8]. 

As an example of a transcendental function, consider 0 ^ 
with a a real number. Here 


£[e-“‘] = C C -, [6] 

•/q •'0 s “H a 

in the domain — a < 9l[s]. Whereas the exponential is transcendental, 
its transform (« -f is algebraic. 

These results are given below as entries in a table of fundicmrtmxm- 
form pairs. In addition a third pair is included. It is obtained from the 
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first by setting a » 0, or from the second by setting a = 0. It could 
also be found by using the direct transformation. 

Function-Transporm Pairs 



m 

F(8) 

f- 

t < a 

^0 s o, 0 < gi[»] 

u, 

a <t 

s 


0 ^ i 

, -a < giw 

Ir 

0 ^ t 

i, 0 < giw 


16. Simplification of Operations through Transformation 

Besides its property of simplifying certain functions, the £ transfor¬ 
mation has the much more important property of simplifying certain 
operations. To facilitate the discussion, the following notation is 
introduced: 

f'^t) A ^ ; 
and 

f*mdt ^ 

VO 

or 

VO 

which is sometimes written Jfm- 

Using integration by parts, two important relations can be derived 
which will later be stated as theorems. The first is the transformation 
of the first derivative: 

£!/«)]-sFW-/(0). [7] 

The second is the transfonnation of the first integral: 

£[/<-«(«)] (0)3. [8] 

These two relations show that differentiation and integration (operar 
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tions of analysis) transform respectively into multiplication and division 
(operations ot algebra). 

A third important relation, namely, the linearity of the direct trans¬ 
formation, follows from the same property of integrals of finite sums of 
functions. It is 

£[aifi(t) + ^2/2(01 = ^i‘^i(«) + a2^2(«)) [ 9 ] 

in which ai and 02 may be real or complex numbers. 

These relations, equations 7 to 9, can be summarized in a table of 
operation-traxmioTm pairs as shown below. 


Operation-Transform Pairs 


m 

F(s) 

O’lftit) + 02 / 2(0 

aiFiis) -f 02^2 (s) 


sFis) -m 


-[FM +/<-»(0)l 

8 


16. Sample Solution of an Abstract Problem by the £-Tranbfor- 
MATioN Method 

Both the properties of function-simplification and operation-simplifica¬ 
tion possessed by the £ transformation are used in solving an initial-value 
problem involving an integrodifferential (i-d) equation. To show this, 
the complete solution of the simple linear constant-coefficient i-d 
equation, 

^ + 72/ + 12 fydt = e-«, y 4 y(t), [10] 

with the initial conditions, 

2/(0) 4 2, 2/<-'>(0) 4 1, 

will be found. 

As a preliminary, assume that the solution y(t) has an £ transform, 
and let it be denoted by F(s). Multiplying each side of equation 10 
by and indicating an integration from 0 to <», 

X" “X* 

In abbreviated notation this is written 

£^ + 7y + 12j 2/<ft] ■= £[e-^% 


[ 12 ] 
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From the function-transform table the result of carrying out the indi¬ 
cated operation in the right member of equation 12 is (s -h 2)””^. From 
the operation-transform table, using the first pair, the left member of 
equation 12 becomes 

£[j/'] + 7£[i/] + 12£[j^‘-»>]. 

Then using the second and third pairs, this left member becomes 
Isy(s) - 2/(0)] + 7y(s) + - IY{S) + 2/<-‘>(0)]. 

Substituting the initial values, and equating the left and right members, 
equation 12 reduces to 

(s + 7+^)y(6) = ^-^ + 2-^- [13] 

Solving this algebraic equation for F(s), and then expanding Y(s) in 
partial fractions, 

1 2-^ 

s 4- 2 s _ 2s^ — 7s — 24 

12 (s -f 2)(s 4- 3)(s 4 4) 

s 4 7 4- 

s 


_ Ki K2 Kz 

s42'^843'^s4 4' 

in which 

» _i_ 14 — 24 

4 [(, 4 2 )F( 8)],_2 = - = -1 

A* 4 [{s + 3)y(s)].__3 = ^ = -15 

Ks 4 [(8 + 4)F(s)],_4 = = 18- 

The inverse transformation of equation 14 is indicated by 

£->[F(s)] = £“‘ r-l-r-^ + ^^1 • 

L 5-f"2 s-1-3 S"l~ 4 J 


[14] 


[IS] 


But the left member £”“^[F(s)] ( = ) 2/(0 in accordance with the earlier 
assumption. By using the first pair of the operation-transform table 
from right to left, i.e., inversely, the right member of equation 15 becomes 


[.-Ti] - [rb]+[rii] • 
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Applying the second pair in the function-transform table from right to 
left, the right member becomes (~) —6”“^^ — -f 0 ^ 

Consequently the final result is 

2/(0 ( = )- I5e~3« ^ 0 g [16] 

In this complete solution the first term is the forced solution and the 
last two terms constitute the free solution. To verify the solution it 
must be shown that the equation is satisfied and that the initial con¬ 
ditions are fulfilled. 

The initial value oi y(t) is checked readily; it is 
2/(0) = -1 - 15 4- 18 = 2. 

Unfortunately cannot be checked similarly. The reason for 

this is that (0 is equal (page 14) to the normalized inverse deriva¬ 
tive of 2/(0; pius an unspecified constant of integration. Since the 
value of this constant is determined by the given initial condition 
against which a check is sought, one cannot say at the end that any 
agreement constitutes a check on the solution. In other words, inte¬ 
grating 2/(0 will not provide a check that the solution fits 2/^”’^H0) 
because the operation of integration is only unique to within an additive 
constant. However, a second check on y(t) can be obtained by differen¬ 
tiating it and comparing the value of y'(0) with that computed from 
the i-d equation using the prescribed initial conditions. Thus here 

2/'(0 = -h - 72e-^^ 

yielding for t — 0, 

2/'(0) = 2 + 45 - 72 = -25. 

This agrees with the initial value of the derivative obtained from the &-d ^ 
equation by solving for the derivative and setting f = 0 as follows: 

y'{0) = (e-2‘ -ly-nj ydt)t^ = 1 - (7 X 2) - (12 X 1) = -26. 

Substitution of the explicit form of y{t) in the i-d equation reduces 
that equation to an identity, thus showing that y(t) is the solution 
sought. 

17. Restriction to Physical Problems in One Independent 
Variable 

The treatment in Chapters 1 to 8 will be restricted to physical systems 
whose behavior can be described by one independent variable, usually 
time, and any finite number n of dependent variables (functions). 
Although the methods are theoretically valid for any value of n, the 
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labor of carrying out a numerical solution increases rapidly with increase 
in size of n. Hence, except where there is a recurrent structure, atten¬ 
tion will be confined to systems in which n is small and numerical results 
can be obtained without excessive work. 

In keeping with the conventional terminology for differential equa¬ 
tions, the adjective “ ordinary ” is extended to describe integrodifferen- 
tial equations in one independent variable. It follows that only ordinary 
i-d equations and systems of such equations will be used here with the 
exception of Chapter 9. There problems concerning repeated-structure 
electric networks will bring in ordinary linear difference and i-d difference 
equations, I-d difference equations are intermediate between ordinary 
differential equations and partial differential equations, and serve as a 
logical transition to partial differential equations to be treated in 
Volume 2. 


PROBLEMS 

The solution of algebraic equations will be a necessary step in the 
complete solution of certain numerical problems in the later chapters, 
and it will be presumed that methods of solving these equations are 
known. The reader who is not familiar with the methods available 
should anticipate this step with supplementary reading [Do 16, Ku 4, 
Wh 7, Sc 1] and the solution of several of the practice problems listed 
below. See also the remarks on page 165. 

Find the roots of these algebraic equations: 

1-1. «» + 18.53s 2 -f 5758 + 1,243 = 0. 

1-2. 8^ + 8.228^ + 1578 + 231 = 0. 

1-3. 8® + 1.25 X lOV -I- 6.38 X 10*®8 -f 3.16 X lO^^ « 0. 

1-4. 8® + 1.64 X 10®82 + 6.95 X lOh + 8.46 X 10^ * 0. 

1-5. 8® + 758® + 2.0 X 10®8 + 1.83 X 10^ = 0. 

1-6. 8^ + 1.43 X 10^8® + 268.5 X lOV + 1.68 X -h 1.86 X 10^* « 0. 

1-7. 8^ + 1.18 X 10®8® 4- 4.39 X lOV + 6.05 X 10i»8 + 2.98 X lO^® « 0. 

1*8. 8^ + 3.60 X 10®s* 4" 7.63 X 10^®s® 4- 2.12 X lO^h 4* 3.66 X 10*^ « 0. 

Note: As a preliminary it is usually desirable to simplify the coefficients. This 
can be done by making the change of variable 8 ^ 10**t« with n chosen so ss to elim¬ 
inate as far as practicable powers of 10 from the coefficients in the new equation in u. 
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THE MATHEMATICAL EXPRESSION OF ONE¬ 
DIMENSIONAL PROBLEMS CONCERNING 
ELECTRIC AND MECHANICAL 
SYSTEMS 

Experience has shown that one of the steps most difficult to make in 
the solution of problems in transients is the expression mathematically 
of the relations among variables present in the physical system. It 
will avail little to master an effective method of solving differential 
equations if one cannot first formulate the equations. It is essential 
that one be able to identify the specific physical principles involved in 
the problem, and on the basis of them be able to make precise statements 
of the relations among the variables. Mathematically, many of these 
statements take the form of differential equations. 

The purpose of the present chapter is to show convenient choices of 
variables, and systematic ways of setting up the differential equations 
and expressing the initial conditions for electric and mechanical systems. 
A supplementary objective is to point out the basis of analogs. The 
present chapter will be limited to the mathematical expression of prob¬ 
lems; the method of solution will follow in subsequent chapters. This 
equation formulation is essentially a review, for use later in text and 
problems, of certain elementary principles of electric network theory and 
of dynamics. 

A distinction will be made between one-dimensional problems and 
multi-dimensional problems. Dimension here refers to the number of 
independent variables necessary to specify the problem adequately. 
If the dependent variables of the problem oan be expressed in terms of 
only one independent variable, the problem is called a oiie-dimensional 
problem. If two or more independent variables are required, it is a two- 
or m%dii-diinemion(d prMem, This is a distinction between what may 
be called network problems and field problems. In network problems,' 
the elements of the entire system are considered lumped, and functional 
relations are expressed by ordinary differential equations. In field 
problems, the elements of the system, or at least important parts of it, i 
are conadered distributed, and certain of the functional relations take! 
the form of partial differ^tial equations. In this chapter only one-'^ 
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dimensional problems will be considered; the treatment of two-dimen¬ 
sional problems will be reserved for Volume 2. Furthermore, discussion 
in this chapter will be limited to problems of electric and mechanical 
systems. They are essentially problems in dynamics; transients are 
characteristic of their behavior when a redistribution in energy takes 
place in the system; time is their independent variable. 

In this volume only linear systems having constant lumped elements 
will be considered. This restriction, however, does not preclude the 
treatment of systems changing by finite steps. For example, if an 
electric network is altered by a sequence of switching operations, the 
behavior of the system during each interval between steps can be 
treated separately, the terminal conditions for one interval becoming the 
initial conditions for the succeeding interval. As a result of these 
limitations the equations will always be ordinary dilferential or integro- 
dilferential equations with constant coefficients, and the terminology 

differential or “ i-d equations used hereafter will imply this unless 
the contrary is specifically stated. 

In this text the term constant ’’ rather than the term “ parameter ” 
will be used to emphasize the fact that the systems treated are constant 
for the duration of the period being considered. Within the scope of the 
text it is not necessary to provide for varying parameters.’^ 

The mathematical expression of a physical problem involves recog¬ 
nition of the assumptions being made, selection of the appropriate 
variables, establishment of a system of reference for the variables, 
and the application of relevant physical principles. These points are 
brought out in treating a number of examples in the sections that follow. 
Units will not be indicated for the variables or the equations unless the 
problem involves numerical values. With the units chosen from any 
single system [Ha 3] the equations are complete as written. 

A. LUMPED-CONSTANT ELECTRIC NETWORKS 

Electrical problems are in the closest analysis field problems, i.e., 
they require both time and space variables. But fortunately in many 
cases of practical interest, it is justifiable to disregard the space variables 
and to assume that any disturbance takes place instantaneously through¬ 
out the system. In other words, the system may be considered to pre¬ 
sent a network rather than a field problem, and its constants may be 
considered to be lumped. 

For steady-state analysis, it is customary to assume a system to have 
lumped constants if the important wavelengths of the currents to be 
conadered are large compared to the maximum physical dimemdon of 
the system. For example, the dimensions of a network that mig^t be 
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assembled on a table top would be considered small in comparison with 
the wavelength of a current of 100 cycles per second, the wavelength 
of which is approximately 3000 kilometers. But this same network 
would not be considered small in comparison with the wavelength of a 
current of 100 megacycles per second, the wavelength of which is approxi¬ 
mately 3 meters. 

Unfortunately in dealing with transient disturbances, in which the 
rate of rise of applied voltages and currents is likely to be large, practi¬ 
cally the entire range of frequencies must be considered, and the fore¬ 
going criterion cannot be extended to apply directly. It serves, how¬ 
ever, to single out those cases in which the distributed character of the 
system makes it essential to include in the approximating network 
certain lumped elements to represent field effects that otherwise would 
be neglected. 


1. Network Elements 


fit) 


4 . 


Electric networks are composed of active and passive elements. The 
active elements are the energy sources or generators; the passive ele¬ 
ments are the resistors, capacitors, and inductors. 

The sources are of two kinds: voltage sources and current sources. 
This is a mathematical distinction, but it is based on the physical fact 
that certain sources maintain nearly constant the waveform and magni¬ 
tude of the internal ernf while supplying a variable current, and other 
sources maintain nearly constant the waveform and magnitude of the 
internal current while supplying a variable 
terminal potential difference. The small in¬ 
ternal series resistance or inductance of the 
voltage source may be lumped with the exter¬ 
nal circuit, or neglected, depending on the 
precision of representation. Similarly, the 
small internal shunt-conductance or capaci¬ 
tance of the current source may be lumped 
with the external circuit or neglected. Sources will be represented dia- 
grammatically as shown in Fig. 2T. 

In this text v will be used as the symbol to denote both emf and poten¬ 
tial difference in order that the symbol e may be retained in its customary 
mathematical role of Napierian base. The t; will be associated with 
voltage; and it will be convenient to use the terminology voltage 
source/' The rfc signs indicate the polarity of the source at any instant 
at which v(t) has a positive value. 

The arrow on the current source indicates the direction of flow of 


Voltage 

source 


Battery Current 

voltage source 

source 


Fig. 21. Active elements 
in electric networks. 
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positive chai^ at any instant at which i{t) has a podtive value. In 
other words, it specifies the direction of positive current in the source. 

Resistance R is the passive element symbolizing an energy sink; it is 
an element in which the nonreversible transformation of electric energy 
into heat takes place. Its value is considered to be invariant with time, 
and to be uninfluenced by the current which it conducts, or the voltage 
drop across it. The voltage drop across R in the direction of positive 
current in R is 

9 = Rinit). [ 1 ] 

Y If this equation is solved for current, 

(c) = Ovo{t)y [2] 



Fig. 2-2. Passive ele- in which G = RT^ and is called conductance, 
ments in electric net- diagrammatic representation for both R and 

G is shown in Fig. 2-2-0. 

Elastance S is the passive element symbolizing an electric-energy 
reservoir; it is an element in which electric energy is stored. Its value 
is considered to be invariant with time and to be uninfluenced by the 
charge on it, or by the voltage drop across it. If the charge on the elas¬ 
tance is represented by J* is(t)dt, the voltage drop across S in the 
direction of positive current is 


vs(t) = S 



i 


is(t)dt -f 


[3] 


If equation 3 is differentiated once and solved for current, 


icit) = 0 


dvcjt) 

dt 


[41 


in which C = and is called capacitance. The diagrammatic repre¬ 
sentation for both S and C is shown in Fig. 2-2-^6. 

Self-inductance L is the passive element symbolizing a magnetic- 
energy reservoir; it is an element in which magnetic energy is stored. 
Its value is considered to be invariant with time and to be uninfluenced 
by the current in it or the voltage drop across it. The voltage drop 
across a self-inductance L in the direction of positive current when this 
current has a positive derivative is 

vn(0 “ . tS} 



Sec. 2) TERMS DESCRIPTIVE OF NETWORK GEOMETRY 


23 


If equation 6 is integrated once and solved for current, 


= r ^ — r ^ “1“ 


[ 6 ] 


in which V = IT^ and is called inverse self-inductance. It will be shown 
later (Sec. 13) that inverse self-inductance is the reciprocal of the self¬ 
inductance only when the coupling to other inductances through mutual 
inductance is zero. Since mutual inductance is not an element, it is not 
discussed at this point. (See Sec. 7.) The diagrammatic representa¬ 
tion for both L and T is shown in Fig. 2-2--C. 

Just as with the sources, pure S, and L elements are mathematical 
fictions since no one of them occurs singly. For example, a coil of con¬ 
ducting wire has resistance, self-inductance, and distributed capacitance. 
For low-frequency currents its capacitance may be neglected. If it is 
designed so as to maximize its resistance and minimize its inductance, 
it serves as a resistor; if the reverse is done, it serves as an inductor. It 
may be designed to be predominantly one or the other, but it is never 
solely R or solely L. Furthermore at high frequencies, because of dis¬ 
tributed capacitance, it may exhibit more the characteristic of an S 
than of an L. A capacitor affords a similar example. Here it is the 
capacitance that is maximized, the conductance in the dielectric and 
the resistance and inductance of the terminal connections being 
minimized. 


2. Terms Descriptive of Network Geometry; Reference Sys¬ 
tem FOR Variables 

The two terminals of any element are called nodes. A single two- 
terminal element or a series connection of such elements forms a branch; 
furthermore, the elements forming a branch may be different in kind 
e.g., sources and /2^s. The connection of two elements results in the 
superposition or coincidence of two 
nodes forming a single node. 

The various sources and passive 
elements when connected conduc- 
tively, capacitively, or inductively 
form a network. Viewed purely 
geometrically the skeleton of a net- 


Element 


Loop 



Node 


Fig. 2*3. Network branches form a 
geometric pattern. 


work consists of lines representing the branches which join or intersect 
at nodes to form a geometric pattern (Fag. 2*3). * If ail the lines can be 
mapped on a plane without a crossing, the network is planar. 

Any closed path by way of one more branches in series ccmstitutes a 
loop. In particular, a single branch when closed on itself forms a loop 
wi& at least one no^ 
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A single branch or loop, or a group of connected loops, having pure 
inductive coupling but no conductive or capacitive connection with 
other parts of the network is called a separate part. Six examples of 
geometric patterns are shown in Fig. 2-4. In a, 6, c, d, and e, there is one 
separate part; in/there are two separate parts. 

I 9 @ 

(a) (b) (c) (d) 



(e) <f) 

Fia. 2-4. Examples of geometric patterns, a, b, and c are of only 
theoretical interest. 


One node in each separate part is chosen the reference node for that 
part. Each of the remaining nodes of any part taken in combination 
with the reference node of that part constitutes an independent node¬ 
pair. If of these reference nodes are grounded, the number of nodes 
and the number of separate parts are each reduced by fc—1, since ground¬ 
ing is equivalent to making the reference nodes coincide. (Fig. 2*5.) 



(o) (b> 

Fiq. 2*5. Geometrically, a is the same as 6. 


The geometric patterns of electric networks are called linear graphs 
[Ki 1]. In the theory of linear graphs no distinction is made in the types 
of elements making up a branch, and the basic units are the branches. 
In the theory of linear electric networks, however, there are four kinds 
of elements, and electrically the behavior of each of these elements is 
distinctly different. Because of this, in discussing the geometry of 
linear electric networks each element is replaced by a line segment. 

Two important general relations taken from the theory of linear 
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graphs [Wh 3 to 6] and modified slightly so as to be immediately appli¬ 
cable to network geometry are [Ca 1, Fo 1]: 

I = e — n s [7] 

Up = n — 8, [8] 

in which 


I == number of independent geometric loops, 

Up = number of independent geometric node-pairs, 
e ^ number of elements, 
n = number of nodes, and 
s = number of separate parts. 

Relations 7 and 8 can be illustrated by applying them to the geometric 
patterns of a variety of networks. For example, when applied to the 
pattern of Fig. 2*3 they give I = 5 and Wp = 6. Applied to the examples 
of Fig. 2-4y they give for 

a 1 = 0 Up = 1 

h 1 = 1 Up = 0 

c 1 = 3 Up = 0 

d I = 4t Up = 3 

e 1 = 5 rip = 6 

f 1 = 5 rip = 3 

For the patterns a and h of Fig. 2-5 they give 1 = 5 and rip = 3. 

To describe the electrical behavior of a network a system of references 
must be established for the variables. For the instantaneous current 
in a branch an arrow is placed beside this branch to show the direction 
assumed for positive current. For the instantaneous voltage drop be¬ 
tween the terminals of an element, branch, or network -f and — signs 
are placed on these terminals to show the polarity assumed for positive 
voltage drop. The conventions here are the same as given above for 
current and voltage sources. 

3. Kirchhoff^s Laws 

The differential equations of electric networks can be formulated 
directly by using Kirchhoff’s voltage law and current law. The voltage 
law can be stated as follows: 

Around any closed path in the network the sum of the instantaneous 

voltage drops in a specified direction is zero, or 

around a closed path == 0. 


[9] 
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The current law can be stated as follows: 

In the branches connected to a common node the sum of the instan¬ 
taneous ciyTents in the direction away from (or into) this node is 
zero, or 

24(0 at a common node = 0. [10] 

These laws will be used now to write the integrodifferential equations 
for several simple electric networks. 

4. One-Loop LRS Network 

In the one-loop LRS network shown in Fig. 2-6 the switch K is closed 
at ^ = 0. Initially the circuit contains no stored energy. This means 
that the initial charge on the elastance and the initial current in the 

inductance are both zero. 

In this circuit there are 3 unknowns — 
the current in the loop and the voltage 
drops between each of two nodes and a 
third node taken as a reference. There is 
one voltage source and no current source. 
Considered geometrically, the circuit has 1 
loop and 3 independent node-pairs. By 
count, the number of imknown currents (1) equals the number of 
independent geometric loops (1) diminished by the number of current 
sources (0); and the number of unknown voltage drops to reference 
(2) equals the number of independent geometric node-pairs (3) dimin¬ 
ished by the number of voltage sources (1). 

If all three unknowns are to be found, three equations will be neces¬ 
sary. If only the current is wanted, one equation will suffice, whereas, 
if only one voltage drop is wanted, two equations will he necessary 
(either one current and one voltage-drop equation, or two voltage-drop 
equations). 

Let it be required here to find only the current. The current i(t) 
can be taken as the single dependent variable. The arrow direction, 
i.e., the direction for positive current, is taken as clockwise in the loop. 
By Kirchhoff^s voltage law, the sum of the instantaneous voltage drops 
in the positive direction is zero, i.e., 

VL(t) + vuit) -f %(0 - v(0 = 0. 

Substituting the expressions for these drops, 

L ~ 4- =« v(t), % 4 i{t), ( 11 ] 



Fia. 2*6. One-loop LRS 
network. 
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As a consequence of the zero initial voltage across S, 

S J' idt = S J* 

and equation 11 can be written 
di 

L- + Ri + S l idt = v(t). [12] 

dt 1/ 0 

In this way one initial condition is included in the i-d equation. The 
remaining initial condition is t( 0 ) = 0 . 

5. Two-Loop Network with Coupling through Elastance 

In the two-loop network of Fig. 2-7-a switch K is closed at f = 0. 
The initial voltage across /Si is zero, but as a result of a previous switching 
operation there is an initial voltage of magnitude 7 across S 2 and an 
initial current of magnitude p in Li. The polarity of this initial voltage 
and the direction of this initial current are shown on the diagram. The 
i-d equations for this network will now be formulated. 



(o) (b) (c) 


Fig. 2-7. Indication of initial conditions, branch currents, and loop currents. 

In specifying the initial conditions of a system it is helpful to keep 
separate the ideas of magnitude and sign. In particular, letters such as 
7 , p, X will be used to indicate only the magnitude of the initial value, 
and the sign will be written explicitly. For example, t;(0) = — 7 , and 

m - -p. 

Let the branch currents t’l, t 2 , and iz and the arrow direction for each 
be chosen as indicated in Fig. 2-7-d. By KirchhoflF's current law, 

— 1*1 -f -12 ts = 0. [13] 

But from equation 13 it is seen that there need be only two dependent 
variables, e.g., currents h and ^ 2 , since ia = ^'2 — ^’ 1 . Currents ti 
and iz can be csonsidered to be localized in loops 1 and 2 , respectively, 
as shown in Big. 2*7-c. A current designated for an entire loop in this 
manner is called a loop current. The arrow direction for a loop current 
is usually taken clockwise. 
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In this network there are 5 unknowns — the two loop currents, and 
the voltage drops between each of three nodes and a fourth node taken 
as reference. Geometrically, the network has 2 independent loops and 
4 independent node-pairs. Since there is one voltage source and no 
current source, it is seen that the number of unknown loop currents ( 2 ) 
equals the number of independent geometric loops ( 2 ) diminished by 
the number of current sources ( 0 ); likewise the number of unknown 
node-pair voltage drops (3) equals the number of independent geometric 
node-pairs (4) diminished by the number of voltage sources ( 1 ). If 
the loop currents are chosen as the dependent variables, two simultane¬ 
ous i-d equations will suffice to determine the network behavior, whereas, 
if the node-pair voltages are chosen, three i-d equations will be neces¬ 
sary. The desirability of choosing the loop currents as variables is 
evident, and this will be done. 

Applying Kirchhoff^s voltage law first to loop 1 and then to loop 2 
there is obtained 

Riii + ^1 ^ndt 4- /S>2 ^ (^1 ~ ~ 0, [14] 

■^ 2^2 4" ^1 ^ 4" <^^ 2^(^2 — ii)dt = 0 . [15] 

The initial conditions for the two elastances result in 


J* iidt — J* 

r "" ^ 

^2 J (h — i 2 )dt ~ ^2 ^ (h — i 2 )dt — y. 

Rewriting equations 14 and 15 in symmetric form, and including 16, 
RiH 4" (Si 4” /S 2 ) f i\dt — S 2 (* 'i'2dt — 'b y* 

— ^2 / 4" 4“ -^ 2^2 4“ *82 f 12 ^^ = — y. 

%/ 0 dt */ 0 

/ 

Thus two of the initial conditions have been included in the i-d equation; 
the remaining initial condition is 1 * 2 ( 0 ) = -^p. 

The integral / iidt represents the charge brought to both Si and Sq 
*'0 

by the loop current h ; the integral J* represents the charge brought 



Sec. 6] NUMBER OF DEPENDENT VARIABLES NEEDED 


29 


to S 2 by loop current 12 . When ^ = 0, these integrals are zero. The 
initial voltage across S 2 influences the subsequent currents in loop 1 
like a battery whose magnitude is y and whose polarity is such as to 
cause a positive ii. It influences the subsequent currents in loop 2 
like a battery whose magnitude is y and whose polarity is such as to 
cause a negative i 2 > It is seen, therefore, that equations 17 could have 
been written directly by reasoning physically. 

6. Number op Dependent Variables Governed by Basis Used 

In setting up the i-d equations for an electric network, it is usually 
desirable to choose either the unknown loop currents or the unknown 
node-pair voltage drops as the dejicndent variables since this leads to 
symmetry in the equations. In certain cases, however, the use of branch 
currents and branch voltage drops may be preferable to simplify the 
formulation of the equations. 

If the loop currents are chosen as the dependent variables, the equa¬ 
tions are said to be formed on the loop basis. The number of dependent 
variables will be equal to the number of independent geometric loops I 
except where there are current sources present. With current sources 
present the number of dependent variables needed is less than I by the 
number of these current sources, since each current source produces a 
known branch current. Thus, if 

Ui = number of unknown loop currents needed on the loop basis, 

I = number of independent geometric loops, equation 7, and 
ig ^ number of current sources, 

then Ui - I — %. [18] 

If the node-pair voltage drops are chosen as the dependent variables, 
the equations are said to be formed on the node basis. The number of 
dependent variables will be equal to the number of independent geomet¬ 
ric node-pairs except where there are voltage sources present. With 
voltage sources present the number of dependent variables needed is 
less than Up by the number of voltage sources, since each voltage source 
produces a known node-pair voltage or a known difference between two 
node-pair voltages. Thus, if 

« number of unknown node-pair voltages needed on the node basis, 
rip ^ number of independent geometric node-pairs, equation 8, and 
Vg ^ number of voltage sources, 

then 

^ np V 9 . 


119 ] 
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In choosing a basis upon which to formulate the network equations, 
that basis is selected which leads most directly to the result desired 
and requires the least number of unknowns and equations. So far 
only the loop basis has been used, but the node basis will be presented 
later in this chapter. In the two networks already considered, the 
number of unknown loop currents was less than the number of unknown 
node-pair voltages, so the loop basis was the logical one to use. 


7. Two-Loop Netwobk with Coupling through Resistance and 
Inductance 

Two circuits carrying currents can store energy mutually in the mag¬ 
netic field. This energy may be divided into three parts — one ac¬ 
counted for by the self-inductance Li of circuit 1, a second accounted for 
by the self-inductance L 2 of circuit 2, and a third accounted for by the 
mutual inductance M between circuits 1 and 2. Mutual inductance is 
represented diagrammatically as shown in Fig. 2*8. Although a symbol 
for mutual inductance is introduced, mutual induct¬ 
ance will not be considered to be a network element. 

If the current in circuit 1 is varying, the open-circuit 
voltage between terminals in circuit 2 is given by 

Fig. 2 8. Represen- v (t) ^ M • 

tation of mutual ' di 

inductance. 

Similarly, if the current in circuit 2 is varying, the 
open-circuit voltage in circuit 1 is given by 



vi{i) = M 


di2(t) 
dt ’ 


M will always be a positive real number. 


The signs to give the M -j 
dt 


tenns in the i-d equations will be discussed below. 


The two loops of the network shown 
in Fig, 2-9 are coupled conductively by 
the common resistance Rz and self-induct¬ 
ance Lz and coupled inductively by the 
mutual inductance M. The switch K is 
closed at ^ 0. The initial current in Li 

is zero, but there is an initial current of 
magnitude p in L 2 and Lz. The direc¬ 
tion of this initial current is shown on 



Pio, 2-9. Two-loop network 
with coupling through lU, U, 
and M. 


the diagram. The differential equafaons for this network will now be 


formulated. 
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This network has 2 independent geometric loops and 5 independent 
geometric node-pairs. Since the number (see Sec. 6 ) of loop variables 
needed is 2, whereas the number of node variables needed is 4, the loop 
currents I'l and 1*2 are chosen as the dependent variables, with positive 
directions as indicated in the diagram. 

Kirchhoff's voltage law applied first to loop 1 and then to loop 2 gives 

^ "" ^ 3(^1 — ^2) ± Af = 0, 

at at at 

di d di 

^^2 •“ H) + ^ 3(^2 — il) ± M— V2(t) = 0, 

in which the signs for the mutual-induction terms are left undetermined 
for the present. With the terms arranged symmetrically, equations 20 
become 

(Li -h L3) -f (Ri 4- RsJh — (L3 4= M) — R^i2 = 0, 

— (L3 =F M) — Rzii + {L2 + L3) + {R2 + = *^2(0* 

The initial conditions are 

^i(O) = 0, 

^2(0) = -p. 



With these values the initial current in Li is zero, the initial current in 
L 2 is — p, and the initial current in L 3 is [ii( 0 ) — t 2 ( 0 )] = p, all of which 
are in agreement with the problem statement. 

Returning now to the matter of signs in equations 20, the following 

question for the M ~ term must be answered: Does a positive rate-of- 
dt 

change of 12 induce in loop 1 a voltage drop or a voltage rise in the arrow 
direction? If it is a drop, the sign of the term is 4 -, if a rise it is —. 
These signs are in accordance with the convention that was used in 
writing the equations, i.e., voltage drops in the arrow direction are 
considered positive. 

d%\ 

A similar question for the M term must be answered: Does a 

at 

positive rate-of-change of 1% induce in loop 2 a voltage drop or a voltage 
rise in the arrow direction? If it is a drop, the sign is 4 -. 

To answ^ these questions certain additional information must be 
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available regarding the mutually coupled coils. There are at least two 
ways in which this information can be given. 



Fig. 210. Coils Lj and Li of 
Fig. 2 9 shown wound on 
cores to display their wind¬ 
ing senses. 


a. The winding senses of the two coils can be 
shown. Suppose the coils are wound as 
indicated in Fig. 2-10. The arrow 
directions for loop currents ii and 4 
are shown, also the corresponding arrow 
directions for the magnetic field inten- 

sities along the axes of the coils. If — 

dt 

is positive, the associated induced volt¬ 
age in loop 1 is a rise in the arrow direc¬ 
tion. The sign of the M ^ term in 


equation 20 is accordingly —. Similarly, if — is positive, the associ- 

dt 

ated induced voltage in loop 2 is a rise in the arrow direction. The 

sign of the M term is likewise —. The pairing of signs in this 
dt 

way is characteristic of mutual-induction terms. 


b. The second way in which the necessary additional information can be 
given is by indication of the polarity of the induced voltage in each 
coil resulting from positive rate-of-change of current in one of the coils. 
The coil not carrying current is assumed to be open-circuited at its 
terminals. For the configuration shown in Fig. 2-10, the ± signs on 
the coil terminals would be as shown in Fig. 2Tl-a. 


If the second way is to be used, the ± signs to be placed on the coil 
terminals can be determined experimentally by disconnecting the coils 
from the network but leaving them unchanged in position relative to 
each other. A d-c voltmeter is connected across the terminals of one 



M 

4 . ■» 


(b) 



Fig. 2*11. Terminal polarity markings can be established by test with battery and 

voltmeter. 


coil, and a battery is connected to the terminals of the other coil as in 
Fig, 241-b. Upon closing the battery circuit the voltmeter will |pve a 
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momentary indication. If this indication is upscale, the terminal of the 
coil connected to the positive terminal of the voltmeter should be marked 
-h; if the indication is downscale, the terminal of the coil connected to 
the negative terminal of the voltmeter should be marked 4-. The corre¬ 
sponding terminals on the exciting coil are marked to agree with the 
battery polarity. The battery tends to set up a current in the coil to 
which it is connected in the direction of the voltage drop through the coil. 
The build-up of this current causes a potential difference to appear at the 
terminals of the coil connected to the voltmeter. It can readily be 
demonstrated that a similar test made with the voltmeter and battery 
interchanged (Fig. 2*ll~c) gives consistent information. For this 
reason a single test is sufficient. 

This simple polarity test is easily carried out. It is practically indis¬ 
pensable when the coupling occurs in irregular and incalculable coil or 
circuit configurations. When three or more coils are mutually coupled, 
one test may be sufficient, but in general with n coils, all mutually 
coupled, n — 1 separate tests are needed to establish the pairs of signs to 
be associated with each of the n(n — l)/2 mutual inductances. 

Having the inductively coupled coils marked in this way and con¬ 
nected in the network, and the arrow directions in the loops assigned, 
it is an easy matter to establish the signs of the terms in the differential 
equations. This is shown in the example in the following section. 


8. Three-Loop Network 


In the 3-loop network of Fig. 2*12 there is mutual induction between 
coils 1 and 2, 1 and 3, and 2 and 3. The switch K is closed at ^ 0. 

At this instant the currents in the 
inductances have the magnitudes 
and directions indicated, and the 
voltage drops across the elastances 
have the magnitudes and polari¬ 
ties indicated. The i-d equations 
for this system will now be formu¬ 
lated. 

The network has 3 independent 
geometric loops and 8 independent 
geometric node-pairs. The num¬ 
ber of loop variables needed is 3, 

whereas the number of node variables needed is 6; consequently the 
three loop currents fi, ^ 2 , and is, with positive directions as shown in the 
diagram, are chosen as the dependent variables. 



Fig. 242. Network with three coils 
inductively coupled. 
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The i-d equations are 
di 

Li ^ + RiH -h Si I (ti — t3)dt — 71 + R2(h ~ * 2 ) 
at •/q 

+ i>2 ^ ( 1^1 ~ ^ 2 ) — -^21 — Afl2 ^ (^1 4) 

at ar 

nr ^^*2 I Ti>r ^^2 

- il/i 3 — + M23 ^ = t;i, 

d . . r' . . 

*^2 t: ^1) + R 2 ii 2 — 4 “ ^2 I fe ■^3)^/ 

at %/o 

di^ dii d , 

— 72 4 - -ft3^2 ^3 -^31 ~ ^^32 ^ ~ n) 

4“ M21 ~J7 ~ -^23 "37 = t»2, 
dt dt 

Si f (is — 4“ 7i 4 - ^ 4^3 4“ /S 2 /* (4 ~ 4“ 72 = 0. 

t/Q */Q 


[ 22 ] 


The signs for the mutual-induction terms are determined by the ± signs 
on the coils in accordance with the convention presented in Sec. 7. 

Two initial conditions, those for the elastance voltages, have been 
included in the equations. The necessary additional initial conditions 
for the inductance currents are 

^’i(0) = pij 4(0) == P 3 . 


9. The ^-Loop Network 

It will be noted that as the complexity of the network increases 
it becomes more cumbersome to write out the i-d equations in full. 
The need for a briefer notation is evident. The following scheme serves 
efifectively to condense the equations and systematize the calculations. 

With the loops projected on a plane, choose the arrow directions of the 
loop currents all clockwise. Let 

= total self-inductance on loop j; this may include mutual in¬ 
ductance between elements on this loop. 

Rjj = total resistance on loop j, 

Sjj * total elastance on loop j, 

Lfl} = total self-inductance and mutual inductance common to loops j 
and kf 

R}k “ total resistance common to loops j and k, 

Sjk ^ total elastance common to loops j and k. 
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A self i-d operator for loop j can be defined as 

ajj — 4* Rjj H- Sjj J* dt, 

and a mutual i-d operator for loops j and k as 
a,, = 

Certain exceptions may be mentioned. As the result of coupling 
between loops through mutual inductance, a positive derivative term 
in the mutual i-d operator may be unavoidable. Also, in a network 
whose geometric pattern cannot be mapped on a plane without crossing 
of branches, mutual terms that are positive will occur because certain 
branches must be taken as common to more than two loops. 

Assiuning that all the sources present are voltage sources, and letting 
the i{tya represent the currents in the I independent loops and the 
v(^)^s the net driving voltages in these loops, the i-d equations for the 
network can be written 

(0 + Ui2^2(0 -f • • • -h auiiit) = 

ct 2 ih (0 + ^22^2(0 “H ‘ * 4- = *^ 2 ( 0 » 


aiiiiit) 4 - 0i2i2{t) 4 - • • • + ciiiiiit) = vi(t). 

This set of equations can be written more compactly as 

i 

iC ^jk^kify ~ *^y(0> J “ 2, ''' f L [24] 

ifc«i 

The index j designates the loop and also the equation for that loop in 
the set 23. The index k designates the loop current whose effect in 
loop j is being considered; it also indicates the particular term in the 
jib. equation. 

Although the brevity of statement presented in equation 24 is useful 
in formulating general network relations, it is not useful in numerical 
solutions until expanded as in equations 23. 

As an example of the application of this notation, consider the network 
shown in Fig. 2*9, the equations for which are given in 21. The i-d 
equations 21 are 

4* ai24(0 « 0, 



Rjk - Sjk J Q 
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Reservoir (magnetic) 
Self-inductance (only) 
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Independent loops and node-pairs in geometric pattern of network. 
Number of dependent variables needed. 

Iaw of dectric circuits used in writing equations. 






Recalling that the signs of the M — terms in equations 20 were subse- 

at 

quently shown to be —, the loop and mutual constants for the network 
are 

L\i ~ Li “h L22 = X/2 "b ^ 3 ) ^12 “ L21 == L3 -H Mf 

Rll ~ Ri + Rzf R22 ^ R2 “i“ RS) Ri 2 ~ -^21 ^ ^3. 


10. Node Basis of Formulating Network Equations 

So far the examples of network equations have been written on the 
loop basis and have been founded on Kirchhoff’s voltage law. The 
equations for a network can likewise be written on the node basis, i.e., 
can be founded on Kirchhoff’s current law. In the loop scheme atten¬ 
tion is directed to the independent loop currents of the network; in the 
node scheme attention is directed to the independent node-pair voltages 
of the network [Mi 2, Ru 1]. The latter is the less familiar scheme but 
is the simpler and more direct one to use when the number of unknown 
node-pair voltages is less than the number of unknown loop currents. 
A comparison of the loop and node bases-of analysis is made in Table 1. 
Explanation of the inverse inductances included in Division 3 of this 
table is given below in Sec. 13. 

In the node scheme, one node of each separate part of the network is 
taken as the reference node for that part. The potential, with respect 
to this reference, of each other node in that part becomes a node-pair 
voltage, and is indicated at the node by a v{t) with identifying subscript. 
Unless this node-pair voltage happens to be a known-source voltage it 
becomes one of the dependent variables. A system of reference for 
the dependent variables is established by marking the reference nodes — 
and all other nodes -f. At any instant at which a node-pair voltage 
drop has a positive numerical value, the corresponding node has a posi* 
tive potential with respect to the reference. 
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11. One-Nodb-Pair Network 

In the network of Fig. 2-13, the opening of the switch K oi t ^ 0 
impresses a known current i{t) upon the CG P-parallel group. The initial 
voltage across C and the initial current in 
r are both zero. The i-d equation for the 
network will be written. 

This network has 3 independent geomet¬ 
ric loops and 1 independent geometric node¬ 
pair. Since the number of unknown loop 
currents is 2, whereas the number of un¬ 
known node-pair voltages is 1, the single 
node-pair voltage drop v{t) to reference will 
be taken as the dependent variable, and the equation for the network 
will be written on the node basis. 

By Kirchhoff^s current law, the sum of the instantaneous currents in 
the direction away from the node is zero, i.e., 

^(0 "H ^*o(0 d* ^*r(0 ^(0 “ 0. [25] 

Substituting the expressions for these currents, 

+ Gv -\r T fvdt = V = v{f). [26] 

at J 

Since the initial current in F is zero, 

r J'vdt = r J* vdt, 

and equation 26 can be written 

"h Gv -i- r f vdt = i{t). [27] 

dt «/q 

In this way one initial condition is included in the i-d equation. The 

remaining initial condition is 
KO) = 0. 

12. Two-Nodb-Pair Network 

The switch K in the network 
of Fig. 2*14 is opened at < « 0. 
At this instant the voltage across 
Cl has a magnitude y, and the current in Fi a magnitude g. The po¬ 
larity of this mitial voltage and the direction of this initial current are 
shown on the diagram. The i-d equations for the network will be 
formulated. 



Fig. 244. Two-node-pair network. 





Fig. 2*13. One-node-pair 
network. 
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Viewed geometrically, this network has 4 independent loops and 2 
independent node-pairs. There are 3 unknown loop currents, but only 
2 unknown node-pair voltages, consequently the node voltage drops 
Vi and V 2 are chosen as the dependent variables. 

Using Kirchhoff's current law, one equation is written for node 1, and 
a second is written for node 2 . 


GiVi J (*^i ~ ^ 2 )di — iiit) = 0, 

G2V2 4- C2 ^ + Fi f (v2 — vi)dt = 0. 
at J 

Because of the initial current in Fi, 


Fi J (vi - V2)dt = Fi y* {vi - V2)dt + p. 


[28] 


[29] 


When relation 29 is included in equations 28, and they are written in 
symmetric form, 


Cl ^ + GiVi + Fi r vidt - Fi r V2dt = ii {t) - p, 

dt t/Q I/O 

— Fi C vidt “I- C 2 ~T~ 4 G 2 V 2 4* Fi ^ V2dt = p. 

*J(\ at Uc\ 


f [30] 


One of the initial conditions is thus included in the i-d equations; the 
other two initial conditions are Vi( 0 ) = 7 and 1 ^ 2 ( 0 ) == 0 . 


13. Inverse Inductances with Mutual Induction Present 

When the i-d equations for a network containing mutual inductances 
are to be written on the node basis, the self-inductances and mutual 
inductances are replaced by inverse self-inductances and inverse mutual 
inductances. Since these inverse inductances are not simj^y the recip¬ 
rocals of the self-inductances and mutual inductances, they require 
special comment. 

In contrast to self-inductance and mutual inductance, which are open- 
circuit constants, inverse self-inductance and inverse mutual inductance 
are short-circuit constants. The inverse self-inductance of an inductive 
element is defined by the ratio of the current in this element to the inte¬ 
gral of the voltage drop across its terminals — all other eluents to 
which it is inductively coupled being short-circuited. These short- 
circuited elements will in general carry currents. The inverse tfwMd 
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inductance of two inductively coupled elements is defined by the ratio 
of the short-circuit current in one of these elements to the integral of 
the voltage drop across the other element — all inductively coupled 
elements except the latter being short-circuited. The diagrammatic 
representations for inverse self-inductance and inverse mutual induct¬ 
ance are the same respectively as for self-inductance and mutual 
inductance. 

The inverse inductances can be expressed in terms of the self-induct- 
ances and mutual inductances. The relations among them can be 
derived from the voltage equations for the coupled elements by solving 
these equations for the element currents in terms of the node voltages 
at/ the terminals of the elements. 



Fig. 2*15. Inductively coupled elements. Form given in a better for analysis on 
loop basis; form given in b better for node basis. 

As an example of this procedure, the inverse inductances for two 
coupled elements (Fig. 2.15--a) will be found. Assume that these 
elements are part of a larger network of which only the reference node 
is shown; assume also that they are the only inductances connected 
to nodes 1, 2, 3, and 4 and that they are not inductively coupled to 
other elements in the network. At their terminals the node-pair volt¬ 
age drops to reference are vi, V 2 , Vs, and V 4 . Let the currents ii and 4 
in these elements have the arrow directions shown. Then the voltage 
equations for these elements are 

M^+L2^ = «>3-«4. [32] 

Eliminating from equations 31 and 32, 
dt 


[ 33 ] 
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di\ 

Eliminating — from equations 31 and 32, 
at 

(L 1 L 2 -M{vi - Vi) +Li(,V3 - vt). [34] 


Integration of equations 33 and 34 gives 

ii = fij(vi - Vi)dt - J {vi - Vi)dt 


= fi /* (*^i “ V2)dt — Vm f (^3 ■“ V4)dt -1- ^i(O), [36] 

4 == -Tm J (^1 - ^h)dt ^^2 J {vz H)di 
= '-I'm f (^1 — ^2)dt + f2 r (vs — H- 4(0), [36] 


f A 

* LiLi - M* 

f A M 
" L1L2 - 


is the inverse self-inductance of ele¬ 
ment 1 , with 2 short-circuited, 

is the inverse self-inductance of ele¬ 
ment 2 , with 1 short-circuited, and 

is the inverse mutual inductance be¬ 
tween elements 1 and 2 , with one 
element short-circuited. 


The ^ (tilde) is added to indicate that f 1 , f 2 , and fjvf are not simply 
the reciprocals of Li, L 2 , and Lm, respectively. When the inverse 
inductances are substituted in the diagram it becomes that shown in 
Fig. 2 15-6. 

Currents 4 and 4, for which expressions are given in equations 35 
and 36, are the total inverse-inductance currents directed away from 
nodes 1 and 3, respectively and are the total inverse-inductance currents 
directed toward nodes 2 and 4, respectively. By inclusion of 4 ( 0 ) and 
4(0) in equations 35 and 36, provision is made for any initial currents. 

— V 2 )dt is the self-component of 4- It is directed away 
from node 1 and is -f. 

f M J* (h — V 4 )dt is the induced component of 4- With the db signs 

as in Fig, 2‘15-6, this induced component is directed toward node 1 
and hence is 
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fa J (^3 — V4)dt is the self-component of I'a- It is directed away 
from node 3 and is H-. 

fjw J* ““ is the induced component of i 2 . With the db 

signs as in Fig. 2*15-6 this induced component is directed toward node 
3 and hence is —. 

A similar procedure can be followed if there are three or more induc¬ 
tively coupled elements. This transformation to inverse inductances 
is a necessary preliminary to writing the network equations on the node 
basis. 

14. Exchange of Sources 

The i-d equations written on the node basis are current equations. 
When formulating them it is convenient to have only current sources. 
When there are voltage sources present in series with passive elements, 
these series combinations can be replaced in the network diagram by 
parallel combinations of current sources and passive elements that will 
maintain all terminal and initial conditions invariant. This is an ana¬ 
lytic device, used solely for convenience in writing the network equations. 
A similar exchange of current for voltage sources can be made when the 
equations are to be formulated on the 
loop basis. The conditions to be fulfilled 
when these exchanges are to be made 
are given below. 

A voltage source v(t) in series with a 
resistance R (Fig. 2-16) can be replaced 
by a current source i(0 in parallel with 
a conductance G and still maintain the 
terminal conditions invariant provided 
i{t) = Gv(t),mth G = iT'^ In justifi¬ 
cation of this, let vi (0 and ii {t) be re¬ 
spectively the terminal voltage drop and terminal current that are 
to be kept invariant; then for the series connection, 

n = ^ - »i) 

Gv — Gvi 

« t — Gvu with % ^ Gv, [37] 

The last form of the equation can be represented by the parallel connec¬ 
tion shown. Ckmversely, if a current source i(jt) in parallel with G is to 



YmRi ,»CV- 


Fig. 2 - 16 . Exchange of sources 
when the series element is re¬ 
sistance. G = R~^. 
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be replaced by a voltage source v(t) in series with the voltage source 
must have the form «;(0 = Ri (t), with R - 

Similarly, a voltage source vit) in 
series with an elastance S (Fig. 2*17) 
can be replaced by a current source 
'' i{t) in parallel with a capacitance C 



provided i(t) 


n n 

C ~— , with C = 

at 


If there is an initial voltage 
Fig 217 Exchange of sources j across S of magnitude 7 and 

tanoe C = S-^ polarity as shown, and v(0) = 0, the 

same initial voltage and polarity are 
retained across (7. This exchange of sources can be justified as follows: 


= i-C-, withi4c^- [38] 

For the corresponding replacement of a current source i(t) by a voltage 
source the voltage source must 

r * I ''l V 

i{t)dL —__4* 


X * I ''l V 

i{t)dL —__4* 

Likewise, a voltage source v(t) in ^ 

series with an inductance L (Fig. 2-18) | 1^1 

can be replaced by a current source in —Z 

parallel with an inverse inductance F '^“^57 *^^*''* 

provided i(t) = F / v{t)dt. If there Fia. 2-18. Exchange of sources 

when the series element is in¬ 
is an initial current in L of magnitude p ductance. r » L“^ 
and direction as shown, this same initial 
current is retained in F. In justification of this, 

ii - ^J'(v - vi)dt 
1 

= r /* vdt — T f Vidt + P 
Jo Jo 

^ i -- T f vidt -j- p, with i ^ T f vdt, [39] 

For the corresponding replacement of a current source iit) by a voltage 
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source v(t), the voltage source must have the form v(t) = 

at 

Each replacement of a voltage source in serias with a passive element 
by a current source in parallel with the inverse of this element reduces 
by one the number of independent geometric node-pairs of the network. 
Similarly, each replacement in the opp{>8ite way reduces by one the 
number of independent geometric loops. 

In Sec. 6 rules were given for determining the number of dependent 
variables necessary for treatment of a network on the node basis and on 
the loop basis. The number of unknowns for the node basis was less 
than the number of independent geometric node-pairs by the number 
of voltage sources present. Similarly the numl)er of unknowns for the 
loop basis was less than the number of independent geometric loops by 
the number of current sources present. It is seen now that this reduc¬ 
tion in the number of unknowns in either treatment is the reduction 
that can be made by an exchange of sources. 


Example 1, In the network shown in Fig. 2-19-a the switch K is closed at 
i = 0. At that instant there is current in L of magnitude p in the direction 
indicated. The condenser is initially uncharged. The equation for the sub¬ 
sequent condenser voltage is wanted. 



(o) 


(b) 


Fig. 219. 


A preliminary change of source. 


m - 



v{t)dty with r = 


The number of unknown loop currents is 2, and of unknown node-pair 
voltages is 1, so it is convenient to treat the network on the node basis, espe¬ 
cially since the node voltage and the wanted condenser voltage are the same. 
The voltage source in series with L is replaced by the current source in parallel 
with r. The initial current in T has the same magnitude and direction as 

before (Fig. 21&-6). With T — and i(t) T I the i-d equation 

Jo 

for the condenser voltage is 

c^ + ovi + r J vidt = i(t), 

or if the initial condition in V is written explicitly, 

C^‘4.G*i^ + rr vidt-pr=. »■(«)• 
dt Jo 

The second initial condition is ai(0) » 0, since there is no initial charge on C. 
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In discussing the exchange of sources, series and parallel branches 

containing only one kind of pas¬ 
sive element have been consid¬ 
ered. The method can be ex¬ 
tended to branches containing 
more than one kind of element 
and also to series-parallel groups 
of branches; but difficulties 
arise in the application of the 
method unless a way is available 
of solving the differential equa¬ 
tions readily. For example, in 
Fig. 2*20, a current source in parallel with a series group is replaced by 
a voltage source in series with this same group. This follows from the 
relation 

i — ii 1 d ^ . 

Vi == % + Vr = —g - h ( i- ti) 




• solution of the 
differential equation 




Fig. 2 -20. Exchange of sources when the 
parallel branch contains two different 
kinds of elements. 


dt dt 

^ V — Rii — L^ , with V ^ Ri + , 

dt dt 


But the inverse of this process is not so easily carried out since i cannot 
be expressed in terms of v without solution of the differential equation 

^ di 

Z/ — Ri = V, 

dt 

Later, when differential equations can be £ transformed and algebraic 
methods can be used, the relation between i and v can be determined 
readily. In fact, groups of elements consisting of complicated seiies- 
parallel arrangements will present no serious difficulties, and an exchange 
of sources can be made freely whenever it is desirable. 


15. Analogous or Dual Networks 

On comparison of the i-d equations 11 and 26 for the networks of 
Figs. 2*6 and 2*13, respectively, it will be noted that they have the ' 
same mathematical form. These two networks are thus two different 
phyacal representations of the same i-d equation. 
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Two systems that constitute two different physical representations 
of the same set of i-d equations are said to be analogous systems. Analo¬ 
gous electric networks are frequently called diuils [Ru 1]. It is not neces¬ 
sary that the constants in the two systems be such as to give numerically 
equal coefficients in the two sets of i-d equations; it is sufficient if their 
equations have the same form. 

It may be seen by comparison of the i-d equations of two electric 
networks that are duals, that the loop currents in one and the node-pair 
voltage drops in the other are analogous dependent variables. The 
equations for one network are sums of instantaneous voltage drops; 
for the dual network they are sums of instantaneous currents. Current 
sources are the duals of voltage sources, conductance is the dual of 
resistance, capacitance is the dual of inductance, and inverse inductance 
is the dual of elastance. 

Not all networks have duals. Duality fails if the original network is 
nonplanar, i.e., if its geometric pattern can not be mapped on a plane 
without branches crossing. 



Fia. 2-21, Graphical construction to derive dual of a network. 


If a dual network exists, a method of deriving it with certainty is to 
(1) formulate the i-d equations of the original network on either the 
loop or node basis, (2) rewrite these equations, inserting the duals of the 
variables, constants, and driving forces, and (3) interpret these derived 
equations by drawing the network whose behavior they characterize. 

A convenient graphical scheme for finding the dual of a planar network 
is as follows. On the diagram of the network indicate one point within 
the enclosure of each independent loop, and also one outside the network. 
These points are to be the nodes of the dual network. The branches of 
the dual network are established by connecting these nodes. Between 
any two nodes insert one branch for each element common to the two 
loops enclosing these two nodes. Place in each such branch the dual 
of the element which it crosses. 

As an example, the dual of the network discussed in Sec. 5 and 
shown in Rg. 2^21-a will be found. 

Nodes 1, 2, and 3 are inserted as in Fig. 2*21-o and connected by lines 
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representing the branches of the dual network. The dual network is 
redrawn in Fig. 2*21-5 with the dual elements replacing the line branches. 
That this derived network is the dual network can be verified by writing 
its i-d equations. They will have the same mathematical form as equa¬ 
tions 14 and 15, but with different coefficients, dependent variables, and 
driving force. 

If this process is repeated on the derived network the second derived 
network will be identical with the original network. In certain networks 
the first derived network is geometrically identical with the original net¬ 
work, i.e., the original network is topologically self-dual. For example, 
a bridge network having only single-element branches is self-dual. 


6 ’ 



(c) 

Fig. 2 -22. Graphical construction to derive dual of a network containing mutual 

inductance. 

Although mutual inductance has not been treated as an element, 
in the dual of a network that contains it a capacitance element corre¬ 
sponds to it. This introduces an exception to the principle of equality 
holding otherwise between the number of elements in the original and 
in the dual network. Furthermore, if subscripts 1 and 2 designate, 
respectively, the original and the dual network, then h = but 
^Pi 5*^ ^2* If subscript 3 designates the succeeding network derived 
from network 2, then = rip^ = hi but = Z2 5*^ rip^. Network 3 
may be recognizable as network 1 with all mutual inductances replaced 
by common self-inductanc*es, and the essential compensating reductions 
made in the original self-inductances. 

An example of the derivation graphically of the dual of a network in 
which mutual inductance is present is shown in Fig. 2*22, parts (a) and 
(5). The second derived network is shown in Fig. 2*22-c. 
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In a network that is nonplanar it is necessary for certain branches to 
serve as common parts of three or more loops. From the foregoing 
graphical scheme of deriving the dual of a network it can be seen that in 
any attempt to find a dual network a branch used in this way causes a 
serious geometric difficulty; its single dual branch should be common 
to three or more nodes — an evident geometric impossibility. If a 
network is planar then it has a topological dual; conversely if a network 
has a topological dual it is a planar network [Wh 4]. Furthermore, it 
can be shown that if it is impossible for a dual to exist geometrically, 
it is likewise impossible for it to exist physically. For example, in the 
i-d equations for a nonplanar network, written on either the loop or 
node basis, the constants, variables, and sources may be replaced by 
their respective dual quantities; but the equations so derived, although 
of identical mathematical form with those for the original network, will 
not be representable by a 
physical network. 

The geometric patterns of 
the two simplest nonplanar 
networks are given in Fig. 

2*23. Pattern a represents a 
5-node network in which each (o) (b) 

node connects to each of 2-23. Geometric patterns of the two sim- 

the other 4 nodes. Pattern plest nonplanar networks. 

b represents a 6-node net¬ 
work in which each node of the upper group of three connects to each 
node of the lower group of three. 

The distinction between the optional schemes for formulating the i-d 
equations for the same network, and the duality between two different 
networks, needs to be emphasized. The equations for a specified net¬ 
work may be written on either the loop or the node basis, that basis 
being selected which leads to the lesser number of equations or which is 
more convenient to use. This option is entirely independent of whether 
or not the specified network has a dual. If there is a dual it means 
that a second network exists whose i-d equations written on the node 
basis have the same form as the i-d equations for the original network 
written on the loop basis. Also it means that the equations for the dual 
written on the loop basis have the same form as the equations for the 
original network written on the node basis. 

B. LUMPEI>-CONSTANT MECHANICAL SYSTEMS 

Attention will be given here to certain principles of dynamics which 
will be helpful later in formulating the differential equations of motion 
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of rigid bodies subject to external constraints. By Hmiting the discus¬ 
sion to rigid bodies and to restraining elements of negligible mass, ques¬ 
tions of bending and of wave propagation of stresses will be excluded. 
Only one independent variable (and for problems in transients this is 
time) will be necessary, thereby making the problems one dimensional. 
The equations of motion will be ordinary differential equations rather 
than partial differential equations. In brief, the systems will be con¬ 
sidered to have lumped-constant rather than distributed-constant ele¬ 
ments and to present ** network rather than field problems. 

16. Coordinates of Motion 

The motion of a rigid body can be one of translation, of rotation, or of 
combined translation and rotation. In translation, the path of each 
point of the body is parallel to the path of the center of gravity. In 
rotation one line of the body or an extension of the body remains fixed. 
Any general motion of the body can be regarded as a combination of 
translation and rotation, but if the lines about which the body rotates 
are considered to pass through its center of gravity, the translation 
and rotation ai;e dynamically independent. The motion of any general 
point of the body can be expressed in terms of six coordinates: three 
translational coordinates such as x, y, and z for the center of gravity, 
and three rotational coordinates such as 6, <^, and ^ about orthogonal 
axes through the center of gravity. 

Systems will be classified here according to the number of coordinates 
necessary to describe the motions of all their points. For example, a 
system in which a rigid body can move by translation only parallel to a 
plane and can rotate only about a line normal to this plane will be called 
a three-coordinate system. A spring-connected, three-body system in 
which the bodies can move only along the same straight line and can 
have no rotation will likewise be called a three-coordinate system. The 
coordinates or their time derivatives or integrals required to specify 
the motion become the dependent variables of the equations of motion. 

17. MechanicaltStstem Elements 

Lumped-constant mechanical systems can be considered as mechanical 
networks.” This simplifies the extension to mechanical systems of 
methods of analysis that have been developed for handling lumped- 
constant electric systems. 

As with electric networks, mechanical networks are composed of active 
elements and passive elements. The active elements are the ^ergy 
sources; the passive elements are the masses, springs, and mechanical 
resistors. 
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Consider first the translational system. There are two kinds of 
sources: force sources and velocity sources. A known driving force 
fit) acting in the system is representable in 
the ^stem network as a force source. If in- ! 1 

stead of a force the driving velocity vit) of 
some point in the system is known, this known T T 

velocity is representable in the network as a 
velocity source applied at that point. Trans- « * x* 

lational sources will be represented diagram- mente in translational- 

matically as shown in Fig. 2-24. The arrow on mechanical networks, 

the source indicates the direction of the force 

when fit) has a positive value or the direction of the velocity when 
vit) has a positive value. 

Mass M is the inertia element. It is the passive element in which 
kinetic energy of translation is stored. It will be considered to be 
invariant with time and to be uninfluenced by its motion. If xm is the 


A dxM 


displacement of M with respect to a frame of reference, and vm ^ — 7 — 

at 

is the velocity of the mass with respect to this frame, the force in the 

a;-direction which will give to M an acceleration of is 

dt dr 

T T^^dvMit) 

= [40] 


The negative of this force in the x-direction, i.e., —M 


dPxM^t) . 


, is called 


the reaction force due to inertia. If IT is the weight of the body, and 
g is the acceleration due to gravity, its mass M = W/g, 

If equation 40 is integrated, it gives for the velocity 

vm(0 = M-^ JfM(t)dt = M-^ fjM m + ..jtf (0), [41] 


in which is called inverse mass. 

The diagrammatic representation for both M 

I and is shown in Fig. 2*25-*a. To empha- 
I size the fact that the displacement or velocity 
A of the mass is always taken with respect to some 
(a> (5) (c> reference, and in order to be able to show in 



Fiq. 2-25. TEUBsive dle> 
ments in translar- 
tional^meohanical 
networks. 


the mechanical-network diagram what this refer¬ 
ence is, the rectangle representing the mass has 
associated with it an L-shaped guide. The 
element has two terminals, one on the mass itself, 
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the other on the guide which in turn can be attached to the reference. 
The advantages of representing M as a two-terminal element will appear 
later when network diagrams are drawn [Fi 1,2]. To emphasize further 
the two-terminal nature of the mass, it will be convenient to consider 
/Af(0 ^ the force in the a:-direction that will produce an acceleration 

difference of across M. 

dt 

Springs provide the restoring forces of the system. If stretched, they 
trj/ to contract, and thus exert a pull; if compressed, they try to expand, 
and thus exert a push. For a given stretch or compression, the strength 
of the pull or push which a spring exerts is dependent upon its trans¬ 
lational stiffness K. The spring is the passive element that serves as a 
reservoir for potential-energy storage. It will be considered invariant 
with time, and uninfluenced by the amount of the net displacement 
between its two ends, i.e., the displacement difference across ” it. 

The force in the a:-direction that will give a displacement difference 
XK{t) across a spring of stiffness K is 

/k^) = KxK(t) = Fl y' VK{t)dt, [42] 

If equation 42 is differentiated, the velocity difference across the spring is 


vkH) - K-^ 


dhit) 

dt 


[43] 


in which is called translational compliance. The schematic repre¬ 
sentation of K and as a two-terminal element is shown in Fig. 2*25-6. 

If a mechanical system is to be linear its damping forces must be 
proportional to velocity differences. Damping forces caused by viscous 
friction and by magnetic induction in coils moving in magnetic fields 
are in general of this type. As a result of the action of the damping 
forces, there is a nonreversible transformation of the kinetic energy of 
the system into heat. 

In the network for a translational-mechanical system the passive 
element that represents an energy sink is translational resistance B. 
It is considered invariant with time and independent of the velocity 
difference across it. 

The force in the anlirection that will give a velocity difference 

vsit) » ^ - S-1 across the translational resistance B is 
dt 


fsit) = B 


dxsit) 


= Bvait). 


1441 
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T(0 


W (>) 


From equation 44, the velocity difference across the translational 
resistance is 

vB(t) = (45] 

in which is called translational inverse resistance. 

The diagrammatic representation for both B and as a two-termi¬ 
nal element is shown in Fig. 2-25-c. It is given the form of a dashpot 
and is considered to provide viscous friction between piston and cylinder. 

Considering now the rotational system, the active elements are the 
two kinds of sources: torque sources and 
angular-velocity sources. A known driving 
torque t(0 acting in the system is repre¬ 
sentable in the system network as a torque 
source, and a known driving angular velocity 
co(t) of a point in the system is representable 
in the system network as an angular-velocity 
source applied at that point. Rotational 
sources will be represented diagrammati- 
cally as shown in Fig. 2*26. The curved arrow on the source indicates 
the sense of the torque when t(0 has a positive value, or the sense of 
the angular velocity when w(0 has a positive value. 

For rotation about an axis, the distribution of the mass M with respect 
to the axis is as important as the mass itself. The inertia element here 
is the polar moment of inertia J = Mr^y in which r is the radius of gyra¬ 
tion about the axis of rotation. It is the passive element in which 
kinetic energy of rotation is stored. If dj is the angular displacement of 


Angular velocity 
source 

Fig. 2-26. Active elements 
in rotational-mechanical 
networks. 


A 


J with respect to a frame of reference, and o)j — —— is the angular 

at 

velocity with respect to this frame, the torque in the ^-direction which 

, I- T . 

will give to J an angular acceleration of — 


dt 

Tj (t) = J —= J ■ 


df 


IB 


dr 


dt 


[46] 


d^d (t) 

The negative of this torque in the 0-direction, i.e., — J —~~ is called 

dt 

the reaction torque due to the moment of inertia. 

If equtation 46 is integrated, it gives for the angular velocity 


Wj(<) == •r-* J* Tj(f)dt = J-^ + uj{0), 


[47] 


in which is called inverse moment of inertia. 
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The diagrammatic representation of both J and aa a two-terminal 
element is the same as for mass, Fig. 2*25~a. In view of this two- 
terminal nature of the moment of inertia, it wiU be convenient to con¬ 
sider Tj (t) as the torque in the ^-direction that will produce an angular- 


acceleration difference of 


dje(t) 

dt^ 


across 


J. 


In rotation the resilient or springlike bodies exert restoring torques 
as a result of angular twist, the magnitude of the torque being dependent 
upon the rotational stiffness K of the body. The torque in the 0-direc- 
tion that will give an angular-displacement difference BK{t) across a 
resilient member of rotational stiffness K is 




[48] 


If equation 48 is differentiated, the angular-velocity difference across 
the resilient member is 


0)K (t) 




[49] 


in which is called rotational compliance. The diagrammatic repre¬ 
sentation of K and as a two-terminal element is the same as in 
Fig. 2-25-6. 

Assuming linear rotational systems in which the damping torques 
may be caused by viscous friction, the frictional torques will be con¬ 
sidered to be proportional to the angular-velocity difference between the 
surfaces in frictional contact, the constant of proportionality being 
rotational resistance B, The torque in the 0-direction that will give an 


angular-velocity difference wsit) = 
ance B is 


A 


dt 


across the rotational resist- 


TBit) = B 


dBsit) 

dt 


Bti>B(t)^ 


[50] 


From equation 50, the angular-velocity difference across the rotational 
resistance is 

0)5(0 = [61] 

in which B^^ is called rotational inverse resistance. The diagrammatic 
representation of B and B^^ is shown in Fig. 2-25-c. 

It will be noted that the same diagrammatic representations have 
been given for translational and rotational elements and the 8amt> 
symbols used for their stiffness constants and likewise for their resistance 
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constants. Where an ambiguity might result as to whether they refer 
to translational or rotational motion, a subscript r will be given to the 
rotational constants. 

Just as with the electric-network elements, pure elements such as 
presented above are mathematical fictions. The physical elements 
possess a combination of the properties ascribed separately to the pure 
elements. Bodies represented by mass are also resilient, and bodies 
represented as springs have mass and internal losses effective as damping; 
and damping devices have masses. It is a question only of the degree 
of importance of these subordinate properties, and the conditions of a 
particular case must govern whether they should be included or omitted 
in the treatment to be made. 

18. Newton^s Second Law of Motion; D’Alembert’s Principle 

The differential equations of motion of a mechanical system can be 
obtained from Lagrange’s equations derived by Hamilton’s principle 
from energy conditions in the system, or more directly by use of Newton’s 
second law of motion. Newton’s second law, or a slightly different 
expression of it known as D’Alembert’s principle, will be used since it 
corresponds to the electric-network current law of Kirchhoff. 

Newton’s second law may be stated as follows: 

If a body is acted upon by several forces, the body is accelerated 
in the direction of the resultant of these forces, and the magnitude of 
the acceleration is proportional to this resultant and inversely pro¬ 
portional to the mass of the body. 

Assuming the motion is in the x-direction, this can be expressed by 
M g — = Jlfit) acting in x-direction. [52] 

Equation 52 can also be written in the form 

d^x(t) 

2/(0 acting in x-direction —Af =0. [53] 

(It 


It expresses D’Alembert’s principle, namely: 

The sum of the instantaneous external forces acting on a body in a 
given direction and the body’s reaction force in that direction due to 
inertia is zero. 

This principle is convenient to use since it gives a way of converting 
an equation in statics into an equation in dynamics. The external forces 
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become functions of time, and a term is added for the reaction due to 
inertia. 

Although Newton^s law and D^AlemberUs principle have been stated 
above in the terminology of translatory motion, they apply equally well 
to rotary motion. Thus for rotation, Newton’s law is 


J 


d^e(t) 

dt^ 


== acting in ^-direction, 


[54] 


with JyS{t), and the resultant torque all taken with respect to the same 
axis of rotation. 


19. Certain Conventions 

The positive direction for a force/(/) or a torque t(/) will be indicated 
by an arrow. The force or torque will be considered to be in the arrow 
direction at any instant at which/(O or r(0 has a positive value. 

In a problem concerning rectilinear displacement of a mass with 
respect to an origin, this origin will be taken at the initial equilib¬ 
rium position assumed by the mass when the forces supporting it exactly 
balance the force of gravity, whenever this choice is convenient. The 
positive direction for a displacement x(t) will be indicated by an arrow, 
and the displacement will be considered to be in this direction whenever 
x{t) has a positive value. 

Under certain conditions it is convenient to measure the displacement 
of a moving body with respect to a frame of reference which is moving 
with constant velocity relative to the original frame of reference. When 
this is done the selection of the frame controls the magnitude and sign 
of the displacements. 

Likewise, rotational displacements may be taken with respect to 
either a fixed or an unaccelerated rotating frame. The latter is useful if 
the body has a steady-state angular velocity, and only the departures from 
this caused by external disturbing torques are of interest. The positive 
direction for an angular displacement d{t) will be indicated by an arrow, 
and the displacement will be considered to be in this direction whenever 
0(0 has a positive value. 

Application of Newton’s law will now be made to a number of simple 
mechanical systems. 


20. One-Coordinate Translational System 

In Fig. 2-27 is shown a spring-supported mass M constrained by fixed 
guides so that it can move only in a vertical direction. A driving force 
f(t) acts vertically between the frame of reference and M. There is 
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viscous friction between the mass and its guides which may be repre¬ 
sented as a translational resistance B. At ^ = 0 , the body is at rest at 
its equilibrium position, i.e., at a position where the 
spring is compressed sufficiently to support the 
weight Mg. The equation of motion of this system 
will now be formulated. *(01 

The support is assumed to be immovable, and the 
mass of the spring K is assumed to be negligible. 2.27 One 

This leaves M the only mass to be considered. coordinate trans- 

Since M can have only a vertical rectilinear motion, lational system, 

a single coordinate is sufficient to describe its posi¬ 
tion at any instant. Let this coordinate be the downward displace¬ 
ment x(t) of M with respect to its initial equilibrium position. 

Using the diagrammatic representations given in Sec. 17 for the 
mechanical element.s, a network diagram can be constmeted for the 
mechanical system as in Fig. 2*28. 

Just as in communicating ideas by writing, pictures were used first 
and then abstract symbols, and in electrical engineering pictorial connec¬ 
tion diagrams were used first and then replaced by sym})olic diagrams, 

so now in mechanics pictorial 
diagrams such as that shown in 
Fig. 2*27 are being replaced by 
symbolic diagrams such as that 
shown in Fig. 2*28. Pictorial dia- 
Fig. 2-28. Network diagram of system grams are still useful as an ele- 
shown in Fig. 2*27. mentary introduction to symbolic 

diagrams, especially for compli¬ 
cated systems. The procedure [Fi 1 , 2] for the construction of symbolic 
diagrams is as follows: 

a. Identify the two terminals of each active and passive element. 

h. Connect together at a common junction those terminals that move 

together. 

c. Connect to the reference junction all terminals that remain stationary 

with respect to the reference frame. 

d. Mark each source element with an arrow to indicate the positive direc¬ 

tion of the force or velocity which it represents. 

e. Assign a coordinate to each movable junction, and indicate by an arrow 

the direction for positive values of this coordinate. 

The analogy between mechanical networks obtained by this procedure 
and electric networks will be discussed in Sec. 22. 
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Referring now to either Fig. 2*27 or Fig. 2-28, and using Newton's 
second law, the equation of motion is * 

^ 5 = /(O - fK(t) - Mt), X 4 x(t). [55] 

Or using D'Alembert’s principle, it is 

m - Mt) - /b(0 - M ^ = 0. [56] 

Substituting the explicit expressions for the forces exerted by the spring 
and the translational resistance, equation 55 becomes 

[57] 

The signs of the terms in equation 57 can be justified as follows; 
The positive direction of the driving force / (t) is such as to cause a posi¬ 
tive acceleration of M. If x is positive the spring is compressed, and 
pushes upward on M, i.e., tends to give M a negative acceleration. If 
dx 

“T- is positive the mass is moving downward against frictional forces 
at 

which push upward on M, i.e., tend to give M a negative acceleration. 
Equation 57 can be written 

As a result of choosing the reference for x at the initial equilibrium posi¬ 
tion of My the initial conditions are 

«(0) = 0, and x'(0) = 0. 

21. Two-Coordinate Translational System 

The mass Mi of Fig. 2-29 is supported by a spring upon mass M 2 . 
The latter is supported elastically upon a frame that moves vertically 
with a known displacement x^{t) with respect to 
a fixed reference, downward being chosen positive. 
Both masses are constrained by guides to move only 
in a vertical direction; there is viscous friction 
between the masses and the guides. Designate the 
equivalent translational resistances by Bi and B 2 
and the stiffness constants of the springs by K\ and 
K 2 . The masses have initial displacements from 
tbeir initial equilibdum positions and initial vek>ci- 
ties as follows: 



Fro. 2-29. Two- 
coordinate trans¬ 
lational system. 
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Mass Displacidmbnt Velocitt 

Ml ai units downward fei units upward 

M 2 02 units upward 62 units downward 


The formulation of the differential equations for the system will now 
be carried oui. 

The two masses, as well as the 
frame, can move independently, but 
only in a vertical direction. Conse¬ 
quently the dependent variables are 
taken as the displacements downward 
of these two masses from their in¬ 
itial equilibrium positions. The dis¬ 
placement downward of the frame is 
known. 

The network diagram for the system Fig. 2 30. Network diagram of 
is given in Fig. 2-30. Since the veloc- system shown in Fig. 2-29. 
ity of the frame is known, a velocity 

source 1 ^ 3(0 == is used as the driving source of the network. 

Newton’s second law, applied first to Af 1 and then to M 2 , gives the two 
equations 



_ _ d Xi \ ^ / \ 

-*^1 -^ = Ki(,X 2 - Xi) + Bi - (053 - * 1 ), 

■*^2 ^ = -KliX 2 - Xi) + Kiixs - Xz) + ^2 ^ (*3 - X 2 ), 


[69] 


in which a5i = Xi(l), X 2 = xzit), and Xs = x^ii). The signs of the 
terms in the right members of equations 59 can be justified by the 
following reasoning: If X 2 is greater than xi, spring Ki is stretched and 
exerts a pull downward on Mi, and this tends to give Mi a positive 
acceleration. On the other hand this stretching of Ki exerts an upward 

dxg 

pull on M 2 and tends to give M 2 a negative acceleration. If — is 


greater than 


dxi 

dJt 


the guide is moving downward faster than Mi* 


This 


exerts a pull downward on Mi and tends to give it a positive accelera- 


dx d 

tk>n. Similarly the pull on M 2 is downward if ~ is greater than 

(M dt 
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Equations 59 can be put in the symmetric form 

-Aixi + M2+ B2 + (K^ + 

at at at 

+ K^Xz ^ f2(t). 


> [60] 


j Since (t) and its derivative vz (0 are known functions of time, 
fi(t) = Bivzit) is a known force applied to Mi; likewise, 

/ 2(0 = B2Vz{t) + K 2 J*vz{t)dt — B2Vz(t) + K 2 J* vz{t)dt + K2XsiO) 

is a known force applied to M 2 . In terms of the mechanical network 
(Fig. 2*30), a velocity source vz(t) in series with Bi has been replaced 
by a force source fi{t) in parallel with Bi, A velocity source in series 
with a parallel group composed of B 2 and K 2 has been replaced by two 

force sources that add to give a 
single force source f 2 {t) in par¬ 
allel with B 2 and K 2 . The new 
mechanical network is given in 
Fig. 2*31. 

This substitution of force 
sources for velocity sources is 
similar to the exchange of 
sources (Sec. 14) that can be 
made in electric networks. A 
summary of certain useful 
source exchanges that can be made in mechanical networks and in 
electric networks and still maintain terminal conditions invariant is given 
in Table 2 . 

Since the origins for the coordinates were chosen at the initial equi¬ 
librium positions of the masses, the initial conditions for the system of 
Fig. 2*31 are 

^i(O) = oi, xl(0) == 

0 ^ 2 ( 0 ) = — O 2 , X2(0) = 62 . 

22. Formulation of Electric Analogs 

Analogous systems were defined in Sec. 15 as different physical repre¬ 
sentations of the same set of i-d equations. The electric analog for a 



Fig. 2*31. Network diagram of Fig. 2*30 
after substitution of two force sources 
for a velocity source. 
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Table 2. Exchanges of Sources Which Maintain 
Terminal Conditions Invariant 



mechanical system can be formed by finding an electric network having 
a set of i-d equations of the same form as the set for the mechanical sys¬ 
tem. In many cases the analog can be arrived at intuitively, but a 
more reliable way to obtain a correct analog is to (1) write the equations 
for the prototype system, (2) rewrite the equations using electric- 
network constants and variables, and (3) interpret these network 
equations by sketching the network whose behavior they describe. 

It has been noted in Sec. 15 that, within certain limitations of realiz¬ 
ability, electric networks have duals. There is thus a possibility of 
there being more than one electric analog of a mechanical system. As 
an illustration of this, consider a problem in translation. The linear 
constant-coefficient equations of mechanical systems derived by appli¬ 
cation of Newton’s second law are equations of forces. For the electric 
system the equations of the same type derived by application of Kirch- 
hoff’s laws are equations of either currents or voltages. It is possible 
then to have (read “ current analogous to force ”) [Ha 2 ] or to 
have V The two networks thus derived will be duals since node¬ 
pair voltages in one will be analogous to loop currents in the other. 
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Consider, for example, what the analogous electric networks are for 
the mechanical system shown in Fig. 2*27. Equation 58 for this system 

is rewritten here in terms of velocity y = ^ to facilitate comparison. 

at 

It is 

Mj^ + B^ + Kjydt-= /(«). [68] 

Making i ~ /, the analogous equation of currents is 

+Gv + T fvdt = lit). [61] 

at J 

This is the equation for the one-node-pair network of Fig. 2*32. This 
electric network has the same geometric pattern or topological form 
(Sec. 2) as the mechanical network of Fig. 2*28 and could have been 



Fig, 2*32. Electric analog of mechani- Fig. 2-33. Electric analog of mechani¬ 
cal system shown in Fig. 2* 27. Based cal system shown in Fig. 2-27. Based 

on oBv^f. 

derived directly on the basis of this topological identity by making the 
substitutions: 


current source i{t) 

P 

passive elements i G 

ir 

unknown v{t) 


for force source fit) 

for M 

for B 

for K 

for vit). 


Making v ^ the equation of voltage drops that is analogous to 
equation 68 is 



Ri -|- S 




[62] 


which is the equation for the one-loop network of Fig. 2*33. Topolo^- 
cally, this electric network is the dual (Sec. 15) of the mechanical net¬ 
work of Fig. 2*28 and of the electric network of Fig. 2^32. It can be 
derived directly on the basis of this topological duality by (1) sketching 
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the topological dual of the mechanical network and (2) inserting in this 
topological dual 


voltage source 
passive elements 
unknown 


vH) 

L 

R 

S 

at) 


for velocity source v(t) 

for 

for 

for 

for fit). 


If equation 61 is differentiated once there is obtained 



^dv 


+ Tv 


di 

dt 


[63] 


This equation in node-current derivatives has essentially the same form 
as equation 58 when the latter is written in terms of displacements 
rather than velocities. The network that corresponds to equation 63 
differs from that shown in Fig. 2.32 only by having the derivative of the 
source current prescribed rather than the current. It represents an 

di 


analogous network in which — ft 

dt 


- / Sdt, 


and V ‘ 


' X, 


Three analogous networks have been developed for the mechanical 
system of Fig. 2*27. Others can be developed similarly by iteration of 
the process of differentiation or of integration, starting with equations 61 
and 62. A summary of the analogous constants, variables, and geo¬ 
metric forms of network diagrams of mechanical and electric systems 
for four bases of analogy is given in Table 3. Other bases can be estab¬ 
lished by shearing the column of electric variables with respect to the 

df^v 

column of mechanical variables, as for example, by making — 

dir 


Note that, as in the transition from equation 61 to equation 63 by a 
differentiation, this does not change the correspondence of electric and 
mechanical constants, or change the network connections. 

The principles that have been applied here in deriving electric analogs 
of a simple mechanical network are equally applicable to more compli¬ 
cated mechanical networks [Ol 1], except that a dual is not obtainable 
if the original network is nonplanar. These principles, together with 
those governing exchange of sources, make it possible to establish analogs 
both geometrically and analytically with little difficulty. 

A tabular comparison of the loop and node bases of analysis of 
tranriational-mechanical networks is given in Table 4. Part of the 
material presented in Division 3 of this table will be discussed below in 
Sec. 27; certain other parts of the table will be dealt with in problems. 
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Table 3. Analogous Constants, Variables, and Geometric Forms of Network 
Diagrams of Mechanical and Electric Systems 



Mechanical Systems 

Electric Systems 


Translation 

Rotation 

i / or r 

di 

It 

V or T 

dv 

-~f0Tr 


M 

J 

C 

C 

L 

L 

Constants 

B 

Br 

G 

G 

R 

R 


K 

Kr 

r 

r 

S 

S 


ffot 

Jr* 

1 tdty q 

i 

fvdt 

V 


f 



di 

V 

dv 




dt 

dt 


df 

dr 

di 

dh 

dv 

d% 

Variables 

dt 

dt 

dt 

dt'^ 

dt 

dt^ 

X 

• 

0 

1 vdt 

V 

1 idty q 

i 


dx 

de 

\ ^ 

dv 


di 


dt ’ 

dt'"^ 

dt 

% 

dt 


d^x 

d^e 

dv 

dh 

di 

dH 




dt 


It 

dt^ 

Geometric 

Diagram is based on 

Same form as for the 

Dual (if realizable) 

Form of 

connections of the 

mechanical system. 

of the form for the 

Network 

mechanical system. 



mechanical system. 

Diagram 


1 






The similarity of Table 4 to Table 1 for electric networks makes un¬ 
necessary a detailed explanation here of Table 4. 

23, One-Coordinate Rotational System 

A torsional pendulum consisting of a shaft having fixed ends and a 
flywheel at its midpoint is shown in Fig. 2-34. The two lengths of shaft 
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each have a rotational stiffness iC/2. The flywheel has a moment of 
inertia J. The pendulum’s torsional oscillations are k 

damped by viscous friction, the rotational resistance i — 

being denoted by B, The flywheel is rotated through ^ 

an initial angle (t>i in a counterclockwise sense, ^ im 

K j K viewed from the light end of the < ^ 

|\ = shaft, and then released. The ^ 

p*=^ ^ equation of motion will be written. ? — 

network diagram for the 
6 system is shown in Fig. 2*35. ^ 

Fig. 2-34. One- angular twist of the Fig. 2*35. Network 

coordinate roter equilibrium posi- diagram for sys- 

t.onal aystem. tem of Fig. 2.34. 

d{t). Then the equation of motion for the flywheel is 


Fig. 2*35. Network 
diagram for sys¬ 
tem of P'ig. 2*34. 


d^e 


d 4 e(t). 


The signs of the terms in the right member may be explained as follows: 
A positive angular displacement 6 twists the shaft in a counterclockwise 
direction. The restoring torque is thus directed clockwise, and tends 

to give J a negative acceleration. A positive angular velocity ~ 

dt 

causes a frictional torque directed clockwise and this also tends to give 
J a negative acceleration. 

Since the initial angle of twist is in a counterclockwise sense, the 
initial conditions are 

9(0) = 4 > i , B '{ 0 ) = 0. 


24. Two-Coordinate Rotational System 

A shaft bearing two rotors (Fig. 2-36) is set in torsional oscillation 
by a fluctuating driving torque [tc + t( 0] applied to rotor 1, Tc being 
the constant part of the torque. This con- 
+ T. Ji ^2 Tj stant torque is balanced by a constant load 

^~torque and constant frictional torques, the 
TijT = ^"'^=^r sum of all of these being represented by Tc 

Bj Bj applied to rotor 2. The moments of inertia 

Fig. 2-36. Two-coordinate of the rotors are Ji and Jj; the rotational 

rotational system. stiffness of the shaft connecting them is K. 

The fluctuation of each rotor about its con¬ 
stant angular velocity is damped by viscous friction, the rotational resist- 


Fig. 2-36. Two-coordinate 
rotational system. 



Table 4. Translational-Mechanical Networks 
Comparison op Loop and Node Bases op Analysis 


66 


FORMULATION OF EQUATIONS 


[Chap. II 



Reservoir (kinetic) 
Self-mass (only) 
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anccs being Bi and B 2 . The initial angular positions and angular 
velocities of the rotors are those resulting from the constant torque tc. 
The equations of motion for the system will be formulated. 

Here the constant angular velocity Wc which is produced by the con¬ 
stant torque Tc is not of interest; consequently only the variations from 
this caused by t( 0 need to be considered in 
the equations of motion. A rotating but un¬ 
accelerated frame of reference will therefore 
be used. 

Viewed from the right end, the positive 
direction for the driving torque t( 0 is counter¬ 
clockwise. Let oji and 02 be the changes in 
the angular velocities of rotors 1 and 2, re¬ 
spectively, from 03c of the system, taking 
counterclockwise increases as positive; as in¬ 
dicated in Fig. 2*36. 

The network diagram for the system is 
given in Fig. 2*37. 

Application of Newton’s second law first to Ji and then to J 2 gives 
the two equations 


r{f) 





Fig. 2-37. Network dia¬ 
gram for system of Fig. 
2*36. References are ro¬ 
tating at constant angu¬ 
lar velocity wc. 


do3i 

^ dt 



— T{t) — ^ ^ — Bio)if 

~ A J* (o3i — 0}2)dt — B2<Jii2} 


[65] 


in which a?i = wi(0 and 0)2 = 0 ) 2 ( 1 ). If the integral J (o)i — o) 2 )dt is 

positive, rotor 1 has gained on rotor 2 and the left end of the shaft is 
twisted counterclockwise with respect to the right end. The restoring 
torque developed by the shaft is then such as to give Ji a negative accel¬ 
eration and J 2 Si positive acceleration. When o)i is positive, the damp¬ 
ing torque is directed clockwise and tends to give Ji a negative accelera¬ 
tion. It is similar with 0)2 and J 2 . Equations 65 can be written in the 
symmetric form 


Ji + *^1^1 + K J* o 3 idt — K J* o >2 idt ~ t(<), I 

“ K ^ o)idt J2 “h B ^2 ^ ^ o )2 dt =* 0. 


[66] 
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Note that by inspection of the mechanical-network diagram (Fig. 2-37) 
and the use of the node basis of analysis equations 66 could have been 
written directly, which amounts in effect to an application of D’Alem- 
berUs principle to each rotor separately. 

Turning now to the statement of the initial conditions and recalling 
that displacements and velocities were measured from the equilibrium 
values corresponding to Tc, the initial conditions to be used are 

«i(0) = 0, , - 4"”(0) = 0. 

<- 2 ( 0 ) = 0 , 


25. Two-Coordinatf: Rotational System with Coupling through 
Moment of Inertia 

Three short rotating shafts (Fig. 2*38-a) are connected through a 
differential gear (Fig. 2-38-6) which makes shaft 3 have an angular 
velocity r times the difference between the angular velocities of shafts I 
and 2. The shafts with their gears have moments of inertia Ja, Jb, and 
Jc- The external driving torques applied to the shafts are Ti{t), r 2 {t), 
and 73 ( 0 * The equations of motion for the system will be formulated. 









ib) 


0)2 

Ring gear 


Fia. 2-38. Three shafts connected by a differential gear. Details of the differential 
gear are shown in 6. 


Let wi, 0 ) 2 , and 0)3 be the angular velocities of the shafts, their positive 
directions being indicated by arrows in Fig. 2-38-a. For convenience 
in writing the equations let ra be the equivalent load torque exerted 
upon shaft 1 by the differential gear. Conversely the reaction of v 
will be a driving torque exerted through the differential gear upon shafts 2 
and 3. It will be noted from Fig. 2-38-6 that the gear ratios between 
the shafts are such as to make o)i/o )2 = 1 when 0)3 = 0 ; 0 ) 3 / 0 )! = ^ 
when 0)2 «= 0; and o) 8 /o )2 » — r when o)i = 0. These are derivable also 
from the relation 


0)3 == r(o)i — 0)2). 


[67] 
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Applying Newton’s second law to shafts 1, 2, and 3 in turn, the 
following equations can be written: 


dcDi 

[68] 

J b = rg + Td, 

[69] 


[70] 

Eliminating from equations 68 and 70, 


do)i dwg 

[71] 

Eliminating rd from equations 69 and 70, 


_ daj2 , dw3 

j^ - -_ = t 2 — rrg. 

dt dft 

[72] 

Finally, eliminating «3 by use of relation 67, equations 71 and 72 become 

(J^a + ^ ^ = n + TTi, 

+ {Jh + ^Jc) ^ = ’•2 - "8.^ 

1 [73] 

Equations 73 can be interpreted as the equations of a two-coordinate 
rotational system with coupling through moment of inertia [Pa 4]. In 




other words, the differential gear affords 
a way of realizing mutual moment of 
inertia in rotational-mechanical systems. 

If mutual moment of inertia is repre¬ 
sented by Jm, then for this example Jm 
= Jc. In rotational-network diagrams 
Jm can be represented by the three-ter¬ 
minal symbol shown in Fig. 2«39“-a. An 
optional form displaying Jc and the gear 
ratio r/1 is shown in Fig. 2*39-6. 

The definition of mutual moment of inertia can be derived from 
equations 73. If rg is zero, so that shaft 3 is left free to turn, and 
cient torque ti is applied to shaft 1 to keep it from accelerating vdim 


f 


(o) ib) 

Fig. 2*39. Graphical symbols 
for representing mutual mo- 
ment-of-inertia in rotational- 
network diagrams. 
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(jlCljn 

shaft 2 is given an angular acceleration —, then 

at 



dt 


Thus Jfn is numerically equal to the torque which must be applied to 
shaft 1 to keep it from accelerating when shaft 2 is given a unit angular 
acceleration and shaft 3 is free to turn. 


Similarly, Jm is numerically equal to the 




torque which must be applied to shaft 2 to 


•■•JcO 

i^rr, 

keep it from accelerating when shaft 1 is 




given unit angular acceleration and shaft 3 



is free to turn. | 

"lEiH 



The network diagi’am for the system of I 




Fig. 2*38 is shown in Fig. 2-40. The electric | 



koJ 

analog with i ^ t is given in Fig. 2-4l-o. 




and the analog with t; 7 is given in Fig. yiq. 2-40. 

Network diagram 

2-41-ft. 

for system shown in Fig. 


In the above development ti, t 2 , and 2 38. 


73 have been considered external applied 

torques so that the mechanical-network equivalent of the differential 
gear could be established. More generally, ri, t 2 , and 73 would be 
produced by combinations of active and passive network elements. 



Fio. 2>41. Electric analogs of mechanical S 3 rstem shown in Fig. 2-38: a with i ^ r; 

h with V ^T. 


A summary comparison of the loop and node bases of analysis of 
rotational-mechanical networks is given in Table 5, This table is 
arranged identically with Table 4 for translational-mechanical networks 
and Table 1 for electric networks in order to emphasize the network 
analogy between the mechanical and electric systems. 

Various exchanges of sources in rotational-mechanical networks which 
maintain terminal conditions invariant are included in Table 2 . 
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Inverse moment-of- — Moment of inertia 

inertia. _ . , v (abbreviation mi'' 

Reservoir (kinetic) 

Self-mi (only) 



Tab. 61 BASES FOR ROTATIONAL NETWORKS COMPARED 
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Exf^nation of Divisions of Table: 

1. Active elements. 4. Independent loops and node-pairs in geometric pattern of network. 

2. Passive dements. 5. Number of dependent variables needed. 

3. Mutual moment-of-inertia; network representation of a differential gear 6 Law of mechanics used in writing equations. 
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26. One-Coordinate System with Combined Translation and 
Rotation 

So far, only translation alone and rotation alone have been considered. 
In this section, and in the one following, a simple example will be given 
of a system in which there is combined translation and rotation. 

In Fig. 2*42-a are shown the essential features of a seismic instrument 
for measuring rectilinear vibrations by means of a rotational-mechanical 
system. It consists of a frame supporting a pendulum which can swing 
only in a vertical plane. The frame is clamped to the body whose vibra¬ 
tion is to be measured and has the same vertical motion as that body. 



Fig. 2-42. One-coordinate sjrstem combining translation and rotation. 


The pendulum has a mass M, Its center of gravity {eg) lies at a 
distance I from the pivot, and its radius of gyration about a horizontal 
line through the cg\Bh. A spiral spring of rotational stiffness Kr tends 
to keep the pendulum in a horizontal position. The angular motion 
of the pendulum with respect to the frame is damped, the rotational 
resistance being Br. 

Let the frame start from rest at ^ = 0 and have a vertical displacement 
thereafter of 2/0 upward being positive. The pendulum is at rest 
initially with respect to the frame. The equation for the subsequent 
rectilinear displacement of the eg of the pendulum relative to the frame 
will be written, assuming that the angular swing of the pendulum is 
small. 

The pendulum is shown in a general displaced position in Fig. 242-4). 
The displacement y^it) of the pivot is measured from a stationary refer¬ 
ence. B{t) is the angular displacement of the axis of the pendulum 
relative to the frame. yi (t) is the displacement of the eg relative to the 
frame, and since the angular displacement is small, yi(t) = Z sin ${t) « 
W{t). 

When the pendulum has an angular displacement e and an angular 


dB 

velocity -j the change in the torque exerted by the frame on the pendu- 
(tt 
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Imn is KiB + ^. This may be replaced by an equivalent torque Ifz 

at 

produced by forces /s acting through the eg and the pivot. If in addi¬ 
tion the frame is accelerated vertically there is an additional force /4 
acting on the pendulum at the pivot. 

The motion of the pendulum is planar and can be considered to be a 
combination of ( 1 ) translation with every point moving the same as the 
eg and ( 2 ) rotation about a line through the eg and normal to the plane 
of motion. In other words, the motions of translation and rotation can 
be treated separately. 

Considering first translation without rotation, the absolute displace¬ 
ment of the eg is (yo + 2 / 1 ), and 

^ ^ ( 2/0 + 2 / 1 ) — fa "f~ /t — /s = /4» [74] 

Since the angles are small it is permissible to replace the vertical 
components of forces /s by the total forces. Considering next rotation 
about a line through the eg without translation, the moment of inertia 
about this line is Mh^y and 

-ISz-lSi. [75] 


Substituting for 2/3 and / 4 , 

Replacing B by yi/l and MQi^ + i*) by J, there is obtained 




Brdyi 

dt 




[76] 

[77] 


In equation 11, J ^ M {h^ -h l^) is the moment of inertia of the 


pendulum about a transverse horizontal 
line through the pivot. It is composed 
of the moment of inertia Mh^ about a 
parallel line through the eg plus the prod¬ 
uct of the mass M and the square of 
the distance I between the lines. This is 
in fact the paraUel^is theorem for find¬ 
ing the moment of inertia about a line 
that does not pass through the eg. 

Equation 77 is an equation for recti- 



Fig. 243. Translational sys¬ 
tem equivalent to the pendu¬ 
lum system shown in Pig. 2 42. 


linear motion. The division of the rotational constants J, B,., and Kr 
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by has converted them to translational constants. The equivalent 
translational system for the pendulum system is shown in Fig. 243 and 
is similar to the translational system treated in Sec. 20 except for the 
positive direction for the displacement. 

Since the pendulum was at rest relative to the frame at ^ = 0, the 
initial conditions are y\ (0) and y[ (0) = 0. 

27. Two-Coordinate System wuth Combined Translation and 
Rotation 

The rigid bar of Fig. 244-a is supported on springs at its ends and con¬ 
strained so that it can vibrate only in a vertical plane [Ti 1]. The radius 
of gyration of the bar about a horizontal axis through the bar's center 
of gravity is h. The mass of the bar is M, The springs, the stiffness 
constants of which are Ki and K 2 y support the bar in a horizontal 



(o) '• (b) 


Fig. 244. Two-coordinate system combining translation and rotation. 

position when at rest. The damping of the system can be considered 
negligible. The bar is depressed until each end has an initial displace¬ 
ment of Oi units downward and is then suddenly released. The equa¬ 
tions of motion for the system will be written and the initial conditions 
expressed. 

When the bar is released, its motion will be a combination of bouncing 
and pitching. Its departure from its equilibrium position can be ex¬ 
pressed in terms of a translation downward yo(0 of the center of 
gravity {eg) plus a rotation counterclockwise B{t) about an axis through 
the eg and normal to the plane of rotation (Fig. 2-44-&). Thus the two 
coordinates, yo and are used to describe the position of any specified 
point of the bar at any instant. These two coordinates become the 
dependent variables of the system. 

Disregarding the springs for the present, let/i(f) and/2(0 represent 
two external forces acting at the ends of the bar, the positive direction 
for/i being taken downward and the positive direction for /2 being taken 
upward. 
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Considering first translation and then rotation, the application of 
Newton’s second law gives the two equations of motion 


Mh^—^ = hfi + hh, 


[78] 


in which Mh^ is the moment of inertia of the bar about the transverse 
horizontal axis passing through the eg. 

Equations 78 can be made symmetrical by a change of variables. 
Let the displacements of the ends of the bar from their equilibrium 
positions be yi (t) and 2 / 2(0 as indicated in Fig. 244-6. Then 


Vi == Vo + lA I 

2/2 = -Vo + J 


[79] 


Differentiating equations 79 twice with respect to t and solving for the 
second derivatives of yo and 6, there is obtained 


in which 
yields 


€1 - 4. 

df l\de di^)’ 

dj^Vo _ 1 /, ^ , d^y2 \ 

df IV de ‘ diV’ 

= fi + h- Substitution of expressions 80 in equations 78 


M 


I dt^ 




d^y2 


dt^ 


= /i -f2, 


M 


I dt^ ^ I d^ 


— hh + hf2- 


[8i; 


Solution of equations 81 for/i and /2 gives the symmetric equations 


M 

-M 


lih-h^d^y2 
Z* df P de 

lil2-h^(f‘yi , ,Jl+h’‘cPy2 
dZ* Z* dZ* 


= /i, 

= h- 


[ 82 ] 
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The equations of the spring-supported bar can be made complete by 
substituting explicit expressions for the forces. These expressions are 


/i == —-K’lyii 

/2 = —K2y2- 


[83] 


These signs may be substantiated as follows: If yi is positive, the spring 
Ki is compressed and pushes upward on the left end of the bar, making 
fi negative for this condition. If 1/2 is positive, the spring K 2 is elon¬ 
gated and pulls downward on the right end of the bar, making /2 negative 
for this condition. 

The initial conditions are 

2/1 ( 0 ) = ai, 2 / 1 '( 0 ) = 0 , 

2/2(0) = -ai, 2/2(0) = 0 . 

Equations 82 describe a two-coordinate translational system with 
coupling through mass, the bar providing a way of realizing mutual 
mass in translational-mechanical systems. Referring to ends 1 and 2 
of Fig. 2*44-a, and using the parallel-axis theorem to identify Ji and 
J 2 about axes through ends 2 and 1, respectively, 


Ml =M 
M 2 = M 
M„^M 


H + h^ _ 
~ 

ll+h^ _ 
P ~ 
hh - 
P ’ 


^, self-mass for 1, with 2 fixed, 
J 2 

, self-mass for 2, with 1 fixed, 
mutual mass. 


If vi and V 2 are the velocities of ends 1 and 2, respectively, then equa¬ 
tions 82 can be written 


dt dt~ 

dvi dv2 


[84] 


A definition of mutual mass may be obtained from equations 84. 
It is 


Mm ^ 


zero. 


-A, 

with^‘ 

€1 

dt 

dt 


— ik., 

with ^ 

dyi 

dt 
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Stated in words, mutual mass Mf^ is numerically equal to the force 
necessary to hold end 1 from being accelerated when the acceleration 
of end 2 is unity. It is also numerically equal to the force necessary to 
hold end 2 from being accelerated when the acceleration of end 1 is unity. 

Mutual mass can also be identified in certain expressions for a physi¬ 
cal pendulum. If a pendulum is struck a transverse blow at a point 
other than the center of percussion, a transverse force is exerted by the 
pivot on the pendulum. Consider the bar to be a pendulum pivoted 
at end 1 and subjected to a transverse blow at end 2 producing an 

acceleration of end 2. The force of the transverse blow is then 
dr 

M 2 ) and the transverse force exerted by the pivot is 


^ -M„. 


This follows since 


(1 - dfi 

ce 

V li + h^J V i\ + aV 


M 


kk - 


M ^ -Mr. 


A diagrammatic representation of mutual mass is included in Fig. 245. 
The relations in this network are displayed in equations 84. 

A summary of the relations for the bar is given in division 3 of Table 4. 



Fig. 2*45. Network diagram of a bar with external impressed forces. It introduces 
a symbol for mutual mass. 


28. Electric Analogs of the Rigid Bar 


The rigid bar, and the lever which is a pivoted bar, are very common 
mechanical coupling devices. They have their analogs among the elec¬ 
tric-network coupling devices. The analog on the v ^ f basis is found 
by first rewriting equations 84 as equations of voltages. They become 


u 


di\ 

dt 





di\ di2 


f2, 


[85] 
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in which has been used for mutual inductance to avoid confusion with 
the use of M for mass. These are the equations of a transformer without 
losses, the network being as in Fig. 246-a or Fig. 246-6. The analogous 
elements can be determined by comparison of the coefficients in equations 
85 and 84. 



(o) 


(b) 





th 


Fig. 2*46. Electric analogs of the bar with external impressed forces, o and h are 
based on v '•^f; c is based on t 


Two coupled circuits such as shown in a or 6 of Fig. 246 have a 
coefficient of coupling k = Lml^LxL^. Analogous to this, the bar 
of Fig. 244-a has a coefficient of coupling. It can be found by substitu¬ 
tion of the mechanical equivalents of Liy and in the definition of k. 
This gives 


I1I2 - 

V(if + + h^) ■ 


[ 86 ] 


It is seen that k = Q when = I 1 I 2 , and k = \ when A = 0. When 
A; = 0 the bar will pivot about either point 1 or point 2, i.e., a motion of 
point 1 will cause no motion at point 2, and conversely a motion of 
point 2 will cause no motion at point 1. The condition A; = 1 can be 
approximated by concentrating the mass at the center of gravity. 
The system tends then to pivot about its eg, A second way in which k 
can be made unity is to pivot the bar at its eg to some fixed support. 
The bar then becomes a simple force-multiplying mechanism. If the 
friction in the pivots is negligible, then the analog is an ideal transformer 
having unity coupling, no exciting current, and no losses. 

The analog on the t ^ / basis is found by rewriting equations 84 as 
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equations of currents. They become 

^ dH_. 

dt dt ~ 


-Cr. 


,r 'tl 
dt dt 


^ 2 , 


[87] 


in which the node-pair voltages vi and V 2 are the dependent variables 
analogous to velocities Pi and 1^2 • The electric network represented by 
equations 87 is shown in Fig. 2-46-c. Comparison of coefficients in 
equations 87 and 84 discloses the analogous elements. The network of 
Fig. 2-46-c is topologically the same as the mechanical network of Fig. 
2-45 and is the topological dual of the network of Fig. 2*46-6. 


C. LUMPED-CONSTANT ELECTROMECHANICAL SYSTEMS 
Having shown the procedure for treating electric systems and mechan¬ 
ical systems, there remains to be shown the procedure for treating them 
when they occur in combination. Here the careful specification of vari¬ 
ables, choice of reference systems for the variables, and choice of units is 
especially important. 


29. One-Loop Electric System and One-Coordinate Mechanical 
System Combined 

In Fig. 2*47 is shown an elementary electromechanical system 
for the conversion of electric energy into the energy of rectilinear 
mechanical motion such as is used in the electrodynamic loud 
speaker. The mass M is spring supported and frictionally damped, 



for coit current 
(o) 




R, V 


Electric equivalent 
of the mechanical 
system 


(b) 


Fig. 2*47. One-loop, one-coordinate electromechanical system. 


the spring stiffness being K and the mechanical resistance being B. 
Attached to the mass is a current-carrying coil of N turns lying in a radial 
magnetic field of flux density jS provided by the cylinder-shaped magnet 
with concentric poles. The coil is cylindrical, the radius of its mean turn 
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being r. The coil has a resistance Ri and self-inductance Li. At 
t = 0 the switch is closed, appl 3 dng the driving voltage vo{t) to the coil. 
The mass at that instant is at rest at its equilibrium position. The 
equations of this electromechanical system will now be formulated. 

The system is composed of a one-coordinate mechanical system and a 
one-loop electric system. Let x(t) be the downward displacement of M 
from its equilibrium position, and let i(t) be the coil current. The 
choice of the arrow direction for i in the loop fixes the positive direction 
for i in the coil winding. Assume it is as indicated by the dots and 
crosses on the cross sections of the conductors in Fig. 2-47-a. 

By Kirchhoff’s voltage law, the equation for the electric circuit is 

Here U = 2TrN^. It is called the electromechanical coupling constant, 
dx 

f/ is the emf induced in the coil by its motion normal to the magnetic 
dt 

dx 

field. Wlien is positive, the coil is moving downward through the 
dt 

field. The polarity of the motional emf is such as to make it a drop in 
potential in the arrow direction.^ The sign of the term is thus +. 

By Newton’s second law of motion, the equation for the mechanical 
system is 

+ [89] 

U is the same electromechanical coupling constant appearing in equa¬ 
tion 88. It is assumed that the units used for every constant and vari¬ 
able appearing in the two equations are taken from the same system, e.g., 
the mks (meter-kilogram-second) practical system, or the egs (centi- 
meter-gram-second) absolute electromagnetic system, or any other 
single system of units [Ha 3]. This eliminates from the equations any 
dimensionless factors such as powers, or inverse powers, of 10. 

The coil conductors, carrying current lie normal to the magnetic 
field and are acted upon by a force Ui, When i is positive, the coil is 

^ This may be established by use of Fleming's right-hand rule for the direction of 
a motional emf. An alternative rule, easier to remember and usually more con¬ 
venient to apply, is as follows: Extend the fingers of the right hand in the positive 
direction for the flux density in which the conductor moves, i.e., from N to 8^ with 
palm in such a position that the motion is toward the palm. The thumb, if pointed 
along the conductor, will then point in the direction of the motional ^f. 
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urged downward.^ This downward force tends to give M a positive 
acceleration, so the sign of the term is -f. 

For X positive, the spring is compressed and pushes upward on M, 
tending to give M a negative acceleration, so the sign of the Kx term 

is negative. If ^is positive, the motion of Af is downward. The fric- 
dt 

tional force is directed upward, tending to give M a negative accelera- 
dx 

tion, so the sign of the B term is negative. 
dt 

The initial conditions for the system can be expressed as follows: 

f(0) = 0, 

a:(0) = 0, /(O) = 0. 

30. All-Electric Analog for an Electromechanical System; 
All-Mechanicai. Analog 

The mechanical portion of the electromechanical system treated in 
Sec. 29 can be replaced by an electric-network equivalent. Since this 
equivalent must function as part of the original electric circuit, and the 
coil must have the same coil current as with the combined electric and 
mechanical systems, the magnitudes of the constants in the equivalent 
network must be chosen accordingly. 

As a first step in the procedure, equations 88 and 89 are rewritten in 
the form 


di dx 

U-+Rxi^v^{t) -U-, 

[90] 

d/^x dx 

+ B—+ Kx Ui. 
df dt 

[91] 


A dx 

Then the change of variable v = 1/ — is made. Equation 91 is also 
divided by U, There results 
di 

1-1^ + Rii = »o(0 - V , [82] 

M do B . r . fn„, 

^ This may be established by use of the right-hand rule for the force. An alterna¬ 
tive rule is as follows: Grasp the current-carrying conductor by the right hand with 
the thumb pointing in the direction of positive current and the fingers extended in the 
positive direction for the flux density in which the conductor moves. The force on 
the conductor will be directed away from the palm of the hand. 
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From equation 93 it is seen that within a single system of units the 
factor converting mechanical constants (MfB,K) into electrical constants 
{C,G,T) is Designating the equivalent electrical constants as 

follows: 


U^’ 


U2> 


the all-electric network equations are 
di 

— + Rn — voit) — Vj 


[94] 


C Gv T f vdt — i. 

dt *J 


The all-electric network based on equations 94 and 95 is shown in Fig. 
2-48-a. It is the all-electric analog of the electromechanical system on 
the i J basis. If the voltage source in this network is replaced by a 
current source (see Table 2), the network is that shown in Fig. 2*48-6. 



Fig. 2-48. All-electric analogs of the electromechanical system of Fig. 2-47. 
Based on i 


If an all-mechanical analog of the electromechanical system is desired, 
it can be derived either analytically from equations 92 and 93 or graphi¬ 
cally from the network diagram in Fig. 2*48-6. With / the net¬ 
work diagram of the all-mechanical analog is that shown in Fig. 2*49. 



Fig. 2-49. All-mechanical analog of 
the electromechanical system of Fig. 
2*47. Based on / ~ i. 


i Gvhy substituting for i and v 
the mechanical equation / = GU^v 


The relation between analogous 
electrical and mechanical constants 
can be established by recalling that 
(1) the mechanical system produces 
a voltage drop i; = f/v in the electric 
circuit and (2) the electric system 
produces a force f — Ui in the 
mechanical circuit. For example, 
the relation between R and B can be 
found from the electrical equation 
obtaining = OUp. This gives 
— BPf in which B == U^O, Further^ 
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more, in any single system of units, the dimensions of U^G are those of B. 
Similarly it can be shown that K = U^FandAf = 

31. Summary 

In this chapter it has been shown how the variables can be chosen and 
their reference systenas established in one-dimensional electric and 
mechanical systems. The i-d equations have been formulated for elec¬ 
tric networks on both the loop basis and the node basis. The differen¬ 
tial equations have been formulated for mechanical systems having trans¬ 
lational motion, rotational motion, and a combination of these motions. 
The principles by which the electric analogs of these systems can be 
formed have been shown. Finally, the differential equations for a com¬ 
bined electric and mechanical system have been formulated and certain 
all-electric and all-mechanical analogs developed. 


PROBLEMS 

2-1. The diagram shows a bridged-T filter section with terminal resistances. 
R2 = L / C . 

(а) Give the number of independent geometric loops and number of independent 
geometric node-pairs. 

(б) Write the i-d equations for the network, using the loop basis. 

(c) Write the i-d equations using the node basis. 


v(f) 




2*2. For the network shown in the diagram give the following information: (a) 
Number of independent geometric loops, (6) number of independent geometric node- 
pairs, (c) the i-d equations for the network, using the loop basis. 

2*3. In the network illustrated, switch K is closed at < = 0. The initial energy 
storage in the condensers and inductances is zero. 

(a) Give the number of independent geometric loops and number of independent 
geometric node-pairs. 

(h) Give the number of dependent variables necessary if the i-d equations are 
written on the loop basis. Give the number if the node basis is used. 
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(c) If the voltage source is replaced with a current source, what is the relation 
between these sources? 

(d) Write the i-d equations for the network using the node basis. 


L\ Ri Lz Rz 



Fig. 2 P3 Fia. 2 P4 


2*4. The network illustrated is in the steady state when the relay K opens. F is a 
constant direct voltage. Letting the branch currents be as indicated, give the initial 
values (i = 0+) of: 

(a) ii, and i'l. 

(b) 12, 4 , and 4^* 

2*5. The network illustrated is in the steady state with the switch open. At 
i =* 0 this switch is closed, (a) Give the initial value and indicate the initial polarity 
or direction of vs^ and ii,. {b) Write the i-d equations for the network with K 
closed, (c) Give the initial value (t « O-h) of i/jj, tjjj, ii, and 


S. 3 ‘ .. s. 



Fig. 2 P5 Fig. 2 P6 


2*6. In the network shown in the diagram the switch is closed until steady-state 
conditions are reached and then it is opiened. (a) What is the initial value of the 
voltage across the switch after it opens? (b) What is the initial value of the first 
derivative of this voltage? 

2*7. The network illustrated is in the steady state when switch K closes at t » 0. 
Write the i-d equations for the network and express the initial conditions. 

2 *8. The diagram shows a three-phase rectifier with inductive load L 2 and “ wave 
smoothing ** inductances Li. There is equal mutual inductance M between each 
two inductances Li. The phase order of the balanced sinusoidal voltage drops at the 
terminals abe is Vabt ^oa- Ne^ect the voltage drop in the arc, Hie interval 
of overlap during which the arc is transferred from one anode to the next to oondact 
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may be neglected, i.e., each anode may be assumed to conduct for one third of the 
cycle. 

To 3'phase source 




(o) Using the branch currents indicated, write the differential equations holding 
for the third of the cycle in which anode 1 is conducting. 

(6) For boundary conditions, express the relations that hold among the initial 
and final values of these branch currents in this interval. 

2*9, The network illustrated is the equivalent network of a two-stage vacuum- 
tube amplifier with conductance-capacitance coupling and a conductance 

load G* 4 . The tubes are triodes and the amplification constant of each tube is m* 
(o) Write the i-d equations for the network using the basis which is more favor¬ 
able. Assume t^o is a direct voltage of 1 volt. 

(6) If the condensers have no charge at i = 0—, find vsCO-f). For brevity, 
let Cii, C 22 , and C 33 denote the self-capacitances of nodes 1, 2, and 3, respectively. 



V4 


Fig. 2 P9 




2-10. With the ignition system shown in the steady state, contact K opens at 
< 0. (a) Write for the system the i-d equations that hold for the interval between 



Fig. 2 P10 



the opening of K md the sparkover between the points, (b) Give the necessary 
initial conditions. 
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2-11. A tripping network used in the experimental study of transients is shown 
in the diagram. When the voltage which builds up slowly across gap 0 reaches 
7 volts this gap breaks down and serves as a short-circuiting switch. The voltage 
across R2 is used to trip the oscillograph, and the voltage across C4 is used to start 
the transient in the circuit which is under observation. 

(а) Express the initial conditions in this tripping network. 

(б) Write the differential equations for this network. 



2-12. (a) Write the set of i-d equations for the general network having n inde¬ 
pendent node-pairs, (b) Express this set of equations by means of a typical term of 
a typical equation using index notation (see equation 24). 

2-13. A simple nonplanar network is shown in the diagram. Demonstrate that it 
is impossible to form a physically realizable dual for a network having this geometric 
form. 


/2i = 1 ohm 

R4 

R2 — 2 ohms 

Rg 

i?8 = 3 ohms 

Ra 


4 ohms R7 = 7 ohms 

5 ohms Rg — 8 ohms 

6 ohms iijg = 9 ohms 



Fig. 2 P13 


Fig. 2 P14 


2*14. The mass Mi is suspended from a support by the spring of stiffness constant 
Ki. Attached to Mi is a vibration damper consisting of a dashpot, spring, and mass. 
The plunger which carries the piston is rigidly attached to Mi. The chamber of mass 
M2 is attached to and supported by the spring K2. The lower end of K2 is attached 
to the piston. The viscous friction of the dashpot can be represented by the tran^ 
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lational resistance B. Assume that the upper end of spring Ki is given an up-and- 
down sinusoidal motion. 

(a) Write the differential equations for the system. 

(b) Sketch the mechanical-network diagram. 

(c) Write the differential equations for the analogous electric network with v 
and sketch this network. 

(d) Repeat part (c) using i '^f. 

2-15. In the mechanical system illustrated, the mass Afi is given translatory 
.horizontal motion through the spring K\^ one end of which has the known forced 
velocity vQ{t). Attached to Mi is a vibration damper consisting of dashpot, spring 
iv 2 , and mass M 2 . The viscous friction within the dashpot, between the dashpot and 
the supporting surface, and between Mi and the supporting surface can be repre¬ 
sented, respectively, by the translational resistances R 2 , ^ 3 , and J5i. Assume that 
the masses are at their equilibrium positions at i = 0. 

(a) Sketch the mechanical-network diagram and write the i-d equations for the 
system. 

{h) Sketch the analogous electric network having i '■^f, and write the i-d equa¬ 
tions for this network. 

(c) Sketch the analogous electric network having v '^fy and write the i-d equations 
for this network. 





2 ^’ E 

bw 

Ki 

7T/7;77} 

Ml 
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W; 
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Fig. 2 P15 



2*16. A motor is mounted on a carriage supported at its ends on springs. The 
carriage is constrained so that it can vibrate only up* and down in the vertical plane. 
The rotor assembly is slightly unbalanced by attaching a small mass M 2 at a dis¬ 
tance r from the axis of the shaft. With the rotor revolving at a constant angular 
velocity above the critical angular velocity for the system and the entire system 
vibrating in the steady state, the power to the motor is cut off at the instant when 
the carriage is at the lowest position in its travel. The system is to be considered 
linear. 

Write the differential equation that describes the instantaneous equilibrium con¬ 
ditions in the system during the decrease of rotor angular velocity, and give the 
initial conditions. 

The mass of the carriage and motor before unbalancing is Mi. The translational 
resistance for vibrations of the carriage is B. Assume that the angular velocity of 
the rotor after the power is cut off is woe"®*. 

2*17, Three short rotating shafts are connected through a differential gear that 
makes shaft 3 have an angular velocity r times the difference between the angular 
velocities of shafts 1 and 2. The shafts with their gears and flywheels have moments 
of inertia Jh J% and Jz, Shafts 1 and 2 are subject to viscous damping, the damp-- 
ing torque on each being proportional to the angular velocity of the shaft with 
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respect to a stationary casing. Shaft 3 is connected through a hydraulic clutch with 
a driving shaft. The torque transmitted by the clutch is Bz times the angular 
velocity difference between the two elements of the clutch. The system, including 
the driving shaft, is at rest at < = 0. The angular velocity thereafter of the driving 
shaft is 0 ) 4(0 = a(l — 

(a) Write the differential equations and sketch the mechanical-network diagram 
for the system. 

(fe) Show the analogous electric network based on i r. 

(c) Repeat i>art (fc) using the v basis. 

2*18. Assume that an automobile can be represented by the much-simplified 
mechanical system illustrated. The radius of gyration of the frame about its eg is h. 
Neglect sidewise roll of the car and consider only pitching and bouncing through 
small displacements. Consider the frame to be rigid. 



Fia. 2 P18 


(a) Write the differential equations of motion for the system. The road surface 
has the form given. The car is moving to the left with velocity y. 

(b) Write the differential equations for the analogous electric network with 
i and sketch this network. 

(c) Repeat part (b) for the analogous electric network with v 

2-19. A long rotor of total mass M rotating with constant angular velocity w is 
supported on pedestal bearings which permit vibratory motion of the shaft in the 
horizontal plane. The effective translational stiffness and translational resistance 
for motion in this plane are as indicated in the diagram. 



Fig. 2 P19 


Assume that the rotor is statically but not dynamically balanced. The dynamical 
unbalance can be represented by two small equal masses m lying in the same aidal 
plane but on opposite sides of the aids of rotation. These masses are equal distances 
a from the axis of rotation; their planes of rotation are equal distances 6/2 from the 
center of gravity. Assume that the angle of vibration of the shaft in the horisontid 
{dane remains small. Assume that the radius olt gyration of the rotor about a vertical 
axis through the is 6. 


PROBLEMS 


91 


(а) Write the differential equations of motion of the Bystem^ and eketoh the 
mechanical-network diagram. 

(б) Sketch the analogous electric network with i '^f. 

(c) Sketch the analogous e'ectric network with v 

2*20. (o) Show that if a rigid bar of mass M is to be treated mathematically as an 
equivalent rigid massless bar bearing three concentrated masses, one at the center of 
gravity and the other two at distances h and h, respectively, either side of the center 
of gravity, these masses should be as follows: 


M, 


Ml, 


Ml, 


M 

M 

M 


hh - 

hh 

11 + hh 

1 2 + hh 


Here h is the radius of gyration about an axis through the center of gravity. 

(5) Show the analogy to a transformer with leakage inductances. 

2-21. In the mechanical system illustrated, two unequal masses Mj and Mq are 
connected by a cable-and-puUey system in such a way that their translational motions 
with respect to the frame are equal and 
opposite. There is viscous friction be¬ 
tween 3/1 and M 2 , and between Mi and the 
frame. A spring attached to M 2 and the 
frame tends to keep the masses in a cen¬ 
tral position. The mass of the cable and 
of the pulleys may be neglected. The 
frame is attached to a vibrating body that 
gives it translational motion represented 
by xz with respect to a reference. 

(o) Write the differential equations for the system. 

(6) Show the mechanical-network diagram. 

(c) Show the electric network that is analogous to it using i ^/. 

2*22. One form of seismograph consists essentially of a horizontal pendulum that 
swings like a gate. The pendulum consists of a horizontal beam pivoted at one end 
in a conical socket and supported at the other by a stay wire running back diagonally 
to a point of attachment considerably above the pivot. The beam bears a large mass 
near its free end. The pivot is attached to the earth and moves with the earth's 
crust when there is a crustal disturbance while the pendulum mass tends at the outset 
to remain in its original position. There is viscous damping that provides a damping 
torque proportional to the angular velocity of the pendulum. The relative motion 
between the earth and the pendulum's center of gravity (eg) is recorded graphically 
by a suitable electric linkage consisting of a magnet, electric circuit, and galva¬ 
nometer. 

With all the system initially at rest, the earth surface experiences a sudden crustal 
disturbance expressible as a horizontal velocity /(<) ^ sin wit, 0 ^ f, in a direc¬ 

tion normal to the pendulum. The displacement y{t) of the earth's crust is measured 
from its undisturb^ position. All displacements are small and the system may be 
treated as linear. 



Fig. 2 P21 
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(a) Write the differential equations for this electromechanical system and express 
the initial conditions. (6) Find an all-electric analog. 

The constants in a single system of units are as follows: For the pendulum, M is 
the total mass, K is the rotational stiffness, B is the rotational resistance, I is the dis¬ 
tance between pivot and cg^ and h is the radius of gyration of the beam about a verti¬ 
cal axis through the eg. For the electric circuit, R is the total resistance and L is the 
total self-inductance. For the galvanometer, Ji is the moment of inertia, Ki is the 
torsional stiffness, and Bi is the torsional resistance. The electromechanical coupling 
constants are Ui for pendulum and electric circuit and U 2 for electric circuit and 
galvanometer. 

2-23. An electromagnetic pick-up for investigating mechanical vibrations is shown 

in the diagram. The motion of the arma¬ 
ture of mass M relative to the core changes 
the length of the air gap in the central leg 
and the reluctance of the magnetic circuit. 
Starting with the system initially at rest, 
the core is given a vertical velocity 
Ae~^^ sin iait. 

Write the differential equations for 
the system, considering that all units 
are taken from a single system. 

The length of the air gap is xq — x, the current in the coil is io 4- h and the electro¬ 
dynamic force on the armature is/o +/. Here Xq, ?o, and /o are the initial equilib¬ 
rium values and x, i, and / are increments. For x small, assume that the sclf-induc- 
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tance L{x) = Lq -f- ax. 


The voltage drop across the self-inductance is ~ lL{x)ic 

dt 


and 


the force on the armature is /o + / = hit 


dx 


For X small, the square of i and 
The effect of the vibrator on the 


the derivative of the product xi may be neglected, 
circuit is negligible. 

2*24. An electromechanical system using a varying 
capacitance for coupling is shown in the diagram. With 
the system initially at rest an external force Fm sin wi/ 
is applied to the movable plate at ^ = 0. 

Write the differential equations of the system, consider¬ 
ing that all units are taken from a single system. 

The area of the movable plate is A and the dielectric 
present is air. The distance between the plates is xq — as, 
the charge on the plates is go + and the force on the 
movable plate due to the charges is/o + /• Here xo, go» 
and/o are the initial equilibrium values and x, g, and / are 
increments. The voltage drop Vc across the varying capac- 

itance is (go 4- g) IC(x) and the force on the movable plate is /o + / ^ ^— • 

dx 

For X small, the square of g and the product xq may be neglected. The elongation of 
the spring product by go is Ao- 




Chapter III 


AN INTRODUCTION TO THE £ TRANSFORMATION 
AND ITS INVERSE 

In the preceding chapter attention was directed to the formulation of 
one-dimensional integrodifferential equations of the type whose solu¬ 
tion is simplified by the ^-transformation method. In the present 
chapter the nature of the £ transformation will be brought out so that 
it, together with its inverse, may be applied intelligently in solving 
equations of this type as well as others to be treated later. 

1. Method of Logarithms Analogous to Method op £ Trans¬ 
formation 

The best-known and simplest analogous method is the method of 
logarithms in arithmetic. This well-known method can be discussed 
in the language of transformations, as will be shown by treating the 
arithmetic problem of multiplying two numbers. 

One way of finding the product of two numbers is to use a table of 
logarithms. In its simplest form such a table (Table 1) consists of two 
columns of numbers which are associated in pairs. In the column 
labeled Original appear the original numbers. In the column labeled 
Transform appear the numbers obtained from the original numbers by a 
transformation. This particular transformation consists of an expres¬ 
sion of the original number as a power of 10. This power (exponent, or 
logarithm) is the transform. The transformation is called finding the 
logarithm. 

Table 1. Numbeb Transforms 


Original 

Transform 

1 

0 

10 

1 

100 

2 


If the columns are arranged as in Table 1, the result of the logarithmic 
transformation is obtained by entering the table in the left-hand column 
and passing from the original to its transform in the right-hand column. 
If the table is used in the opposite direction the transformation is called 

93 
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the inverse logarithmic transformation, and the first transformation is 
then called the direct transformation. 

The familiar solution of a multiplication problem by logarithms can 
be described using this terminology. Applying the direct transforma¬ 
tion, that is, proceeding from left to right in a more complete table of 
the type of Table 1, the transforms of the original factors are found. 
Next these transforms are added to find an intermediate result. The 
inverse transformation is then applied to the intermediate result, i.e., 
the table is used from right to left. The number corresponding to the 
intermediate result is the final result or product. 

This familiar use of the logarithmic transformation serves to simplify 
the multiplication problem. The simplification results, because, by 
use of the transformation table, the operation of multiplication is 
replaced by the simpler operation of addition. Similarly, the operation 
of addition might be replaced by that of multiplication by using the 
table from right to left and then left to right, but this is not done because 
it makes the addition problem harder rather than easier. 

Used in the ordinary way the logarithmic transformation simplifies 
the solution of arithmetic problems because it replaces the operations of 
multiplication, division, involution, and evolution by the simpler opera¬ 
tions of addition, subtraction, multiplication, and division, respectively. 

The £-transformation method is used to simplify the solution of linear 
constant-coefficient integrodifferential equations (and other types of 
equations) in an analogous way. That is, by applying the direct trans¬ 
formation to the equation and its initial conditions there is obtained a 
simpler equation. In fact, it is an algebraic equation rather than an i-d 
equation. This simpler equation is then solved for an intermediate 
function, from which the desired solution of the original equation is 
obtained by the application of the inverse £ transformation. In prac¬ 
tice, the direct and inverse tran^pnnations are effected by a table which 
is used both from left to right and from right to left. 

It will appear that there are essential differences between the logarith¬ 
mic and the £ transformations. One in particular may be mentioned. 
The logarithmic transformation is used to transform numbers into other 
numbers, whereas the £ transformation is used to transform functions 
into other functions- The basic methods are quite analogous, however, 
both transformations having in common the important property of 
transforming certain operations into simpler operations. This property 
constitutes the fundamental reason for their use. 

For those who are not already acquainted with the £ transformation 
and its inverse, this chapter will introduce these transformations throng 
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a comparison with Fourier series and integrals. This approach is 
chosen because those who are interested in the £-transformation method 
frequently have some previous knowledge of the Fourier series. From 
the series follow naturally the Fourier-integral transformation and then 
the £ transformation. Another reason for the approach chosen here is 
the comparison which it affords of the Fourier and Laplace integrals — 
a comparison which would be desirable regardless of the approach. 

2. Periodic and Nonperiodic Functions 

At the outset it is important to have clearly in mind the distinction 
between a periodic and a nonperiodic function. For t a real variable, 
a function p(0 is called periodic with period T if there is a real number T 
such that it T) = p(/) for — 00 < ^ < 00 . If a function of t does 
not satisfy this definition it is said to be nonperiodic. For example, with 
a, 6, and T real numbers, the function 

p{t) ^ a cos ~ + 6 sin ^ f, — oo < ^ < oo 

is periodic with period T and angular frequency 27r/r, whereas the 
function 

0 , ^ < 0 

fd) 4 27r 27r 

^ a cos — < + 6 sm ~ 0 < ^ 

is nonperiodic. It will be observed that at its point of discontinuity 
f{t) has been left imdefined. This same practice will be followed for 
functions introduced later. The reason for this will be given later in 
Chapter 4, Sec. 7. 

Here, and in much of the mathematical treatment that follows, the 
symbol t is used for the independent real variable because in the appli¬ 
cations of the theory, time is usually the independent variable. Tliis 
symbol, however, may be considered to represent any independent real 
variable, as for instance, a space coordinate. 

The periodic function of the above example is sinusoidal. It can be 
writtoi as a cosine with an initial phase angle, i.e., 

in which | P | A («* -(- ^ 4 tan~* (—6/a). It can be resolved 

by Euler’s formula into the sum of two complex exponential functions 



96 AN INTRODUCTION TO THE £ TRANSFORMATION [Chap. Ill 
as follows: 

p(«)4|P|cos^y<+i;') 

= ^(1 P |e^VT‘ + I P \e-’^e-^T*), 

= +Fp-^I‘), [1] 

in which j = V —1, P = | P| and P = | P Here P and P 

are the conjugate complex amplitudes of the exponential functions of t 
composing p(/), and ^ is the angle of initial phase difference with respect 
to a chosen reference line. Observe that the angular frequency 2Tr/T 
of the cosine appears in the exponents of both exponentials — in one 
with a positive sign and in the other with a negative sign. These expo¬ 
nentials, which are complex functions of the real variable are not 
individually interpretable in physical terms. They form, nevertheless, 
the basis of the representation of sinusoidal functions by rotating plane- 
vectors which have played such an important role in the treatment of 
steady-state sinusoidal oscillations in physical systems. 

In steady-state calculations it is customary to use complex numbers in 
place of sinusoidal functions. The substitution of the complex number 

P for the sinusoidal time function | P | cos is in a sense a 

functional transformation. To indicate this transformation, it can be 
written 3”[p(<)] = P and its inverse T”^[P] = p{t). Periodic functions 
are transformed into complex numbers because the operations of addi¬ 
tion, subtraction, multiplication, and division are carried out more easily 
with complex numbers than with periodic functions. 

. 2r 

With the introduction of co^jplex functions such as r Mt becomes 
necessary to consider functions of complex variables and complex func¬ 
tions of real variables. This will be done in more detail in the next 
chapter. 

3. Fourier Series 

Consider next a function p{t) which is periodic but nonsinusoidal. 
A portion of such a function is shown in Fig. 3-1. 

Under certain conditions a function can be expanded in a Fourier 
series which converges for all points at which the function is continuous. 
Written in the familiar trigonometric form the Fourier series which 
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represents such a function p(t) with period T is 

P(t) (=)-^ +-L^^ttncos — i+fo„sin—<j. [2] 

in which n is a positive integer, and the coefficients are computed from 
the integrals 



K = I p(t) sm~-~ tdt. 


In equation 2 the symbol ( = ) means equals almost everywhere. 
** Almost everywhere is a precise mathematical expression meaning 
“ everywhere except for a set of points (here representing values of t) 
which can be covered by a set of line segments the sum of whose lengths 
is arbitrarily small/^ Such a set might contain infinitely many points. 
Equals almost everywhere implies in particular “ equals at all points of 
continuity [Ho 1], 

The factor 1/T which usually appears in the equations for the coeffi¬ 
cients ao, an, and hn of equation 3 has here been transferred to equation 2 
in order to facilitate comparisons that will be made later in Secs. 4 and 6. 

The conditions alluded to on page 96 for the representation of a func¬ 
tion by a Fourier series in¬ 
sure the convergence of the 
coefficient integrals 3 and 
the convergence of the 
series 2 to p(0- In other 
words, it must be possible 

to impute the coefficients ^ nondnusoidal funoUon. 

and to find the sum of the 

series, and the series must converge at points of continuity to the 
function. 

The complex-exponential form of the series can be written more com¬ 
pactly than form 2 and is often more convenient to use. To derive it, 
each pair of single-frequency terms in equation 2 can be written as the 
sum of two complex exponentials, as shown above for the sinusoidal 
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function. Thus the typical pair, 

n2ir , n2ir 
o„ cos — < + 6„ sin — t 

_ .n2v , , n2ir 

= I [(“n - jbn)e’ T * + (a„ +jbn)e ’ r ‘]. 

By use of equations 3 and Euler’s formula, 

a« - jbn ^ J p(i)e-’'T'‘dt = P [41 

If now the angular frequency n2Tr/T is set equal to cij, the typical pair of 
terms can be written as 

Note that P(—w) = P(aj). P(co) and P(—a>) are conjugate complex 
amplitude coefficients. They are called “ coefficients ” because they 
represent only the relative magnitudes and initial phases of the actual 
complex amplitudes which are 2/T times these coefficients. 

If n is extended to include zero and negative integers, it is observed 
from equation 4 that P(0) = Oq, and the trigonometric form of the 
Fourier series given in equation 2 can be written 

p(o (=)^ “zT [5] 

But l/T = «/27rn, so equation 5 can be written 

p(o (=)^ “if [6] 

and equation 4 becomes 

^nT/2 

P(<o) = / [7] 

•/_r/2 

It will be observed that in this form a single sum 6 and a single coefficient 
integral 7 suffice. 

Equations 7 and 6 are functional transformations and can be written 
y.[p(Oi = PM, 17'] 

and 

3^r'[PM](=)p(0. (6'] 

By means of equation 7 a complex function of w is obtained which is 
easier to handle algebraically than the real function of t which it repre^ 
sents. This is an extension to a complicated periodic function of the 
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advantages gained when a complex number is substituted for a simple 
sinusoidal function as stated on page 96. 

4. Fourier Integral Transformation 

In the foregoing discussion only periodic functions have been con¬ 
sidered. Nonperiodic functions will be considered next. An example 
of such a function is shown in Fig. 3*2. 

Under certain conditions a nonperiodic function/(O can be represented 
in a finite range by a Fourier series which is convergent almost every¬ 
where.^ The origin can be chosen, as in Fig. 3*2, at the midpoint of the 
selected range and the time values — T/2 and T/2 assigned to the ends 
of the range. This interval is chosen as the period T of an artificial 
periodic function which re¬ 
peats, in equal intervals in 
each direction, the same 
form as found in the inter¬ 
val -T/2 St ^ T/2. The T 

expansion of this artificial 
periodic function in a 
Fourier series, with coeffi- Fig. 3*2. A nonperiodic function, 

cients found from the values 

of the function f{t) in the interval chosen, will yield a series which in 
general will converge to the function f(t) in this chosen interval only. 

Carrying this treatment of nonperiodic functions further, consider a 
nonperiodic function which is representable by a convergent Fourier 
series almost everywhere over every finite range. It may then be asked: 

(1) What becomes of the Fourier series that represents a chosen range of 
the function as this range is extended indefinitely in both directions? 

(2) What happens to the integral giving the coefficients? 

The answers to these questions are: (1) With certain additional re¬ 
strictions on the growth of the function as | ^ | > oo, formally the sum 
in the series becomes an integral 

[ 8 ] 

which is called a Fourier integral [Wi 5]. (2) The coefficients merge 
into a continuously defined function; the limits on the coefficient 
integral become infinite; and this integral 

r [9] 

^ For meaning of ** almost everywhere see page 97. 
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which is also called a Fourier integral, now provides the coefficient func¬ 
tion. Equation 8 should be compared with equation 6 and 9 with 7. 
F(co) is the complex amplitude “ coefficient — it represents only the 
relative magnitudes and initial phases of the actual complex amplitudes, 
these amplitudes being infinitesimals. 

Since the concern here is with a nonperiodic function, the range of 
integration must be the entire range of definition of the function, i.e., 
— oo < t < 00 , rather than merely a typical period as in the case of 
periodic functions. 

The integral transformations given in equations 9 and 8 are called 
Fourier transformations. They can be written 


ymt )] = 

[9'] 

(=)/(<). 

[8'] 


The one given in equation 9 will be called the direct Fourier transform 
motion; the one given in 8 will be called the inverse Fourier transforma¬ 
tion. These transformations are functional transformations since they 
transform a function of the variable t into what is in general an entirely 
different function of the variable w, and vice versa. The advantages 
that result from the replacement of a complicated function of a real 
variable by a relatively simple function of the angular frequency are in 
this way extended to nonperiodic functions. 


5. Unilateral Fourier Transformation 


Among the driving functions most commonly used in problems whose 
solution is simplified by the transformation method are the unit step 
function 



t < 0, 
0 < <, 


shown in Fig. 3*3, and the unit sinusoid section sin {fit 4- shown 

in Fig. 34. Neither of these nonperiodic functions can be handled by 
the 7 transformation 9 without an additional limit process. Any 
attempt to compute the JF transform of either leads to an improper 
integral in the sense that it is not convergent, i.e., the limit process 
implied by the integral does not lead to a finite limit. Since these two 
functions, which are examples of the most elementary types of driving 
functions, cannot be transformed directly by the 7 transformation 9, it 
follows that a transformation capable of handling these and more general 
functions is needed. The Laplace transformation fills these require- 
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ments. The Fourier transformation 9 may be generalized to fill them 
also. Attention is directed now to these forms, the generalization of 
the T transformation being treated first. 

One way to extend the range of applicability of the transformation 9 
is to multiply the function to be transformed by a convergence factor 
0 < c, so that the product function will decrease as ^ » oo and make 
the integral converge. Notice, however, that if the product of the func¬ 
tion to be transformed and the convergence factor does not approach zero 
for - 00 , such a factor becomes a divergence factor for ^ — oo. 

This mathematical difficulty can be overcome by shifting the lower limit 
of integration in equation 9 from — oo to 0. That this sectioning of the 
range of integration is permissible without loss, so far as application to 
problems treated in this text is con¬ 
cerned, follows from the fact that 
in these problems interest centers on 
what happens after a particular in¬ 
stant of time, i.e., one is looking for¬ 
ward in time. For example, one's 
interest may begin at the instant 
at which a switch closes an electric 
circuit. By choosing the origin of the time coordinate at this special 
instant, attention may be confined to what happens for only non¬ 
negative values of the time variable. Later, in Chapter 5, it will be 
seen that cutting off the range of integration is necessary if the trans- 


f 

1 

uU) 

X 



0 

t 


Fig. 3*3. Unit step function. 



formation is to bring in naturally the boundary conditions at the origin. 
Because of the one-sided nature of the transformation remaining after 
the range of integration has been reduced to that from 0 to the trans¬ 
formation is called \milateral. 

Although the point of view taken here is that the transformation is cut 
off to the left of the ori^n, it is also possible for certain purposes to take 
the point of view that the transformation range of integration is un- 
chan^, but that all the functions to be transformed are cut off to the 
left of the origin. Where, as in most cases, it is desired to bring in 
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naturally the boundary conditions at the origin the first point of view 
is the preferable one to take. 

More specifically, it can be stated that if the function f(t) is single 
valued almost everywhere for 0 ^ t, and if there is a real number c 
such that 


lim 


r \m \e-^‘dt 

t/0 


< 


[ 10 ] 


then the unilateral JF transformation can be used to find the transform 
of for 0 ^ Under these conditions the direct transformation 

can be written 

= F{c,o>). Ill] 


With /(<) specified, the abscissa of absolute convergence of integral 11 
is defined as the greatest of the lower bounds of the set of numbers c 
that satisfy equation 10. It will be denoted by cr^. Since (Xa depends 
upon /(O, for brevity it will be convenient to speak of the (Xa oi f{t)” 
Absolute convergence is required rather than merely conditional con¬ 
vergence so that later the order of performing certain limit processes 
may be changed, and in particular so that the strong form of multipli¬ 
cation theorem can be used [Am 1, Do 15]. 

In this treatment attention will be confined to only those functions 
whose <Ta < + ^- By considering a function’s form, usually it is not 
difficult to find the value of its <Xa- The examples in Table 2 illustrate 
this. A formula [La la] for Ca will be given in Volume 2. 


Table 2. Abscissa op Absolute Convergence 


m 

Inequality 10 holds for 

<Xa for Integral 11 

1 

^ 0 < c 

0 

u(t) 

0 < c 

0 

gin fit 

0 < c 

0 

Bin fit • u(t) 

0 <c 

0 

<a 

—a < c 

—a 

0 < a 

a < e 

a 


0 <c 

0 

u(t — o) — u{t — &), a < b 

— 00 < c 

— 00 

e** 

No value for c 

No value for <ro 


From Table 2 it may be observed that, for the functions shown, the 
ffa is unchanged if the portion of the function lying to the left of the 
origin is cut off. This is a result of the one-sidedness of the transfor¬ 
mation, which has zero as its lower liim^. 
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So far nothing has been said regarding the inverse of the unilateral 
direct transformation 11. This inverse is bilateral. In fact, it is the 
same inverse 8 as that for the bilateral direct transformation 9. Appli¬ 
cation of the transformation to the unilateral transform F(c,a>) 
gives as a result the product for 0 ^ t. Accordingly the uni¬ 

lateral transformation and its inverse are written 

jT = Fic,<a), <r« < c, [12] 

and 

® ^ tl3] 

The forms 12 and 13 can be used with the extra limit process of letting 
c 0 to extend the range of applicability of the 7 transformation to a 
few functions f(t) which would cause the improper integral in 12 with 
c = 0 to diverge because these functions f{t) do not decrease rapidly 
enough. This method of finding transforms works, for example, on a 
function such as u{t) but fails with one such as 0 < a. The reason 
for this can be better appreciated after a discussion of the relation 
between the form of the time function and the positions in the complex 
plane of the singularities of its transform. Although this use of the 
y transformation with a convergence factor and subsequent limit process 
works in many cases, it is at best a circuitous procedure for extending 
the range of applicability of the transformation. 

By slight modification, equations 12 and 13 give what is called a 
generalized (or complex) form of 7 transformation. Thus by associat¬ 
ing the convergence factor with the kernel of the transforma¬ 
tion instead of with the function f(t) to be transformed, equation 12 
becomes 

+i«), <Ta<c. [14] 

Jo 

The corresponding generalization in the inverse transformation can be 
made by multiplying both sides of equation 13 by the factor e®* and 
changing the variable of integration from w to c + jct>. There results 

r -.I F(c («)/(0, 

0 s < c. [15] 

This generalization (rf the 7 transformation and its inverse leads 
naturdly to the Laplace transformation by letting c be a real vaiiable <r 
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instead of a real constant. The Laplace transformation is thus the 
result of one further step in generalization. Because of this generaliza¬ 
tion it has an even wider range of application than the complex T trans¬ 
formation which it includes. But more important, by its use the compli¬ 
cation of the ordinary CF transformation, with the extra limit process 
which is needed in many practical cases, is avoided. 


6. Laplace Transformation 


Although actually some 30 years older [Appen C] than the Fourier 
transformation, the Laplace transformation is not so widely known. 

The complex variable a + Jw of the Laplace transformation will be 
abbreviated to the single letter s. It replaces the complex variable 
c -f in equations 14 and 15. The restriction on c in equation 10 now 
passes to <7. Equation 14 for the complex amplitude coefficient becomes 


£ 


f(t)e = F{s)j Ga < (T. 


[16] 


This unilateral form of the Laplace transformation is but one of many 
forms. Others important for certain other uses are the bilateral and 
the Stieltjes forms. The form used in this text seems to be the simplest 
one which will handle the problems treated here. Equation 15 becomes 

■t pc-^jco 

— / F(s)e^^ds ( = )/(0, 0 g ^ (7a < c. [17] 

The constant c is retained in the limits of equation 17 to indicate a 
straight-line integration path paralleling the axis of imaginaries. 

The transformation 16 is called the direct Laplace transformation 
(abbreviated £ transformation). It can be appreciated that for the 
integral 16 to have a simple interpretation, f{t) must be single valued 
almost everywhere in the range 0 ^ t and must not grow so rapidly as 
t —^ 00 that the convergence factor, which has now been absorbed in the 
kernel will be inadequate. This will be more apparent if it is 
recalled that 

6“"*^ s (cos id — j sin oot), 


and 16 is rewritten in the expanded form 




COB U)tdt — 



sin (atdt. 


[18] 


One should note also that F (s) is defined by transformation 16 only in the 
region of absolute convergence of the integral, i.e., in the part of the 
oomple^f (s) plane (called a hcdf^plane in mathematics) for which txa < 
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For the inverse of the Laplace transformation (abbreviated trans¬ 
formation and given in equation 17) the number c is any real number 
greater than the a a belonging to f(t) and its transform F(s). Accord¬ 
ingly, the path of integration in the com¬ 
plex plane is generally a line through the 
point (T = c, paralleling the axis of imagi- 
naries as shown in Fig. 3*5. The evaluation 
of this integral by integration in the com¬ 
plex plane will be treated in Volume 2. 

The resolution of functions by the 
transformation is in terms of infinitesimal 
exponentially damped oscillations, only the 
relative magnitudes and phases of which 
are represented by F(s). 

The transformations £ and £~^, like T 
and are furu^tional transformations. 

The result of the direct transformation is 
called the direct Laplace transform (abbrevi¬ 
ated £ transform) y whereas the reeult of the 
inverse transformation is called the inverse Laplace transform (abbrevi¬ 
ated £~^ transform). In symbols, equation 16 can be abbreviated to 


S[/(0] = ^(s), <Ta < a, 

[16'] 

(=)/«), 

[17'] 


The sequence of forms in the foregoing progressive generalization from 
the Fourier series and coefficient integral to the Laplace integrals is 
given in Table 3. 

It may be noted from Table 3 that in all cases the inverse transfor¬ 
mations are bilateral, i.e., the variable runs over a doubly infinite range. 
This is true even where the corresponding direct transformation is 
unilateral. 

Furthermore, it may be observed that if era < 0, and f{t) = 0 for 
t < 0, the £ transformation reduces to the bilateral J transformation. 
Thus under these conditions the £ transformation and its inverse become 

r * F(jc), 

U —00 



Fig. 3*5. Path of integration 
represented by the limits on 
the £~ ^-transformation inte¬ 
gral. 




and 




Table 3. Sequence of Forms of the Direct and Inverse Transformations 
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Here the direct transform F^jw) is written with the imaginary argument 
j(j3 rather than the usual real argument oj because of an unessential 
change in point of view. 

In the next chapter several basic theorems on the £ transformation 
and its inverse will be stated and their use illustrated. Later, in Volume 
2, other forms of the direct and inverse transformations will be discussed. 

PROBLEMS 

3-1. (a) Detennine the complex amplitude coefiScient P(w) (i.e., the trans¬ 
form) for the periodic function pit) shown in the diagram and make plots of the 




1 

0 

pit) 



-4 

-2 


2 

m 




-1 









Fig. 3 P1 


magnitude and the initial phase of PM versus w. Keep the magnitude function 
positive and let the phase function account for any negative signs. 

(6) Repeat part a making the period P = 8. Plot the results to the same scale 
as used in o and describe the effect of doubling the period of p(t). 


1 

-2 0 

«f) 
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-1 


Fig. 3 P2 


3*2. Determine the complex amplitude coefficient FM (i.e., the 7 transform) 
for the nonperiodic function /(i) shown in the diagram and plot the magnitude and 
initial phase of FM versus w. 



3*3. Determine the complex amplitude co^dent F(b) (i.e., the £ transform) for 
the nonperiodic function f(t) ^ dn 10<, 0 ^ shown in the diagram and plot the 
magniti^e and initial phase of F(s) versus s for (o) <r 1 and (b) ir 5. 


Chaptek IV 


THE £ TRANSFORMATION AND ITS APPLICATION 
TO SIMPLE FUNCTIONS 

A. INTRODUCTION TO THEORY OF FUNCTIONS OF A COMPLEX 

VARIABLE 

Chapter 3 introduced the £ transformation and its inverse. There it 
was shown that the £ transform of a function / of a real variable t is a 
function F of a complex variable s. To provide a basis for the presenta¬ 
tion of theorems on the £ transformation and transforms in this chapter, 
and for similar treatment of the integral £“^ transformation in Volume 2 
it is convenient to begin with certain definitions and ideas from the ele¬ 
mentary theory of functions of a complex variable [Cu 1]. 

1. Complex Plane; Functions op a Complex Variable 

The values of the complex variable s = <r -fjw with its component 
real and imaginary parts, the real variables <r and w, can be represented 
geometrically by the points in a plane. This plane is called the complex 
planCj or s-plane. The variables cr and w are treated as rectangular 
coordinates, the axis of abscissas being used as the real or (r-axis, and the 
axis of ordinates as the imaginary or joj-axis. It is sometimes convenient 
to call the lim s, regardless of the path traversed, the point at infinity. 

8—*ao 

For a geometric representation of the values of s in such cases a sphere 
is used rather than a plane, the origin being chosen at one pole and the 
point at infinity at the other. 

Let G be an unrestricted function of s. In general, G will be a complex 
function, so it may be written 

G{s) 4 C/(^,a,) -hiV(cr,co), [1] 

in which U is its real part and V is its imaginary part, G can be repre¬ 
sented geometrically in a complex G-plane in the same way that s is 
represented in the complex s-plane. In the G-plane U is measured along 
the axis of reals and V along the axis of imaginaries. 

Example 1, Plot Gi(s) 4 —i— for a variation of a along the imaginary 
s -H a 

axis from —i « to y oo, 
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Here o- = 0, and 

GiW = -r-i— = 

J03 a a* + CO-® or ur 

Figure 41 shows the paths followed by s and G in their respective planes. 



Fig. 4*1. Plot of UiCs) = (s + o) ^ for a variation of s along the 
axis of imaginaries. 


Example 2. Plot with [(j 2 (s)]^ = —^ , for a variation of s along 

s a 

the imaginary axis from ~j oo to jcc. 

Again <r = 0, and 



in which = tan"^ «/a. <x 2 (s) thus has two values for each value of s. 

Figure 4-2 shows the paths of s and G in their respective planes. 



Fig. 4*2. Plot of [02(8)]® ^ (« -f- a) ^ for a variation of s along the 
axis of imaginaries. 


In equation 1, G(s) was given in rectangular form U{<r,o)) +iF(<r,cij). 
It can also be expressed in polar form in which R is the 

radius or magnitude function and ^ is the phase function. Since R is 
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taken as positive, negative signs are taken care of by Magnitude 
and phase functions are used extensively in showing graphically the 
steady-state characteristics of electric and mechanical systems. 

Example 3. Plot the magnitude and phase functions of Gi{s) ^ ^ 

« -f- o 

corresponding to the variation of s along the imaginary axis from —y oo tojoo. 
As in Example 1, cr = 0, and 

Gi(s) = 7 - 4 — = [ 2 '] 

jw "h a [or -f w*)* 

The magnitude and phase functions are shown in Fig. 4-3. They are related 
to the curve for this same G-function shown in Fig. 4-1 as follows: is 

the length of the radius vector, and ^(<u) is the angle this radius vector makes 
with the U-axis. 


R 

1 




0 




Fio. 4*3. Magnitude and phase functions of Gi(«) A (« -j- for 
a variation of 8 along the axis of imaginaries. 


2. Single-Valued Functions; CoNnNUiTy; Dbrivattve 

G(«) is a single-valued fundion of s if to each value of $ thcao corre¬ 
sponds only one value of (?. Gi (e) in Ex. 1 is an example of a single¬ 
valued function, whereas G^is) in Ex. 2 is an example of a double-valued 
function. 

(?(s) is continuom at the point si if 

iim ~ 0(8x) 

Ar-»0 


(41 
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regardless of the set of (complex) values through which As approaches 
zero. 

If 


. 0(^1 4~ As) — G(si) 
Ar -*0 As 




[5] 


regardless of the set of (complex) values through which As approaches 
zero, then G'isi) is the derivative of G with respect to s at Si. It is also 


written 


dG{8) 

ds 




3. Analytic Functions 

If a function G{s) has a unique derivative G\si) at the point si in the 
complex plane, the function is said to be analytic at the point Si. The 
Cauchy-Riemann necessary and sufficient condition that a function 
be analytic will be found in texts on functions of a complex variable 
ICu 1]. 

A function that is analytic at every point in a region of the complex 
plane is by way of abbreviation said to be analytic in this region. Fur¬ 
ther, it can be shown [Bi 1] that if a function of a complex variable 
possesses a first derivative inside a simple contour, then it also possesses 
derivatives of arbitrarily high order here, and these are all analytic func¬ 
tions. 


Example 1. Consider the function <?8(«) = s = or jta. 
Here the 


Gz{s -f As) — (a 4- Aa) -f* j(co + Aw) — (<r -j-jco) 

lim -- = hm ---—r- . 

As —>0 Aa -f- jAcif 

Aw——H) 

If the limit process is carried out by first letting Aa —> 0 and then letting 
Aw —> 0 there is obtained 


lim 

Am—K) 


<r 4" j(w 4- Aw) — (<r 4- jw) 
jAw 


1 . 


[6] 


If instead, the limit process is carried out by first letting Aw 
letting A<r —► 0, there is obtained 

(<r + A<r) -h iw - (<r 4- Jeo) 

lim -T- =“ 1. 

A<r 


0 and then 

[7] 


Furthermore, it would be found that the limit would be 1 regardless of how 
As—^ 0. The function s can be shoMm to be analytic everywhere in the finite 
part of the complex plane. 

Example S, Show that G^ 4 («) ^ s « o- — jw is not an analytic function. 
(? is read ** s conjugate/’ The conjugate of a function of a complex variable 
is obtained by replacing every j in the function by — j.) 
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Here the 


lim 

Aa—K) 


Gijs + As) 
As 


~ Gas) 


_ (o- + Aa) — j(co -h Aw) — (cr — jco) 

hm-——- 

A<r—K) Act + jAco 


If As is allowed to approach zero by first letting Aa —> 0, and then letting 
Aoj 0, the limit of the difference quotient is 


O’ - jicx) -I- Aw) — (o- - iw) 

--= — 1 . 

Aw—>0 .?Aw 


[ 8 ] 


If As —» 0 by first letting Aw —► 0 and then letting Aa —► 0, the limit of the 
difference quotient is 


(a -f- Act) - jo) - (tr - ^w) 
lim --- = 1. 

A<r—>0 ^0- 


[9] 


Since the limit of the difference quotient is not independent of the way in 
which As—^ 0, the function s is not analytic. 


4. Zeros; Singular Points 

If the function G(s) can be expressed as 


G{s) = (s - 


[ 10 ] 


in which m is a positive integer, and Ga(si) is finite and different from 
zero, then G (s) is said to have a zero of order m at the point si. 

Points of the s-plane at which a function G(s) is not analytic (i.e., 
does not possess a unique derivative) are called singular points of G, 
The simplest type of singular point is a pole. If the function G{8) 
can be expressed as 


G(s) = 


Gbjs) 


[ 11 ] 


in which m is a positive integer, and Gbisi) is finite and different from 
zero, then 0(s) is said to have a pole of order m at the point si. 

Relation 11 might be rewritten as 

(s - si)^G{8) - Gb{s), [12] 


In this form it can be interpreted as stating that if G(s) has an mth-order 
pole at si, this pole can be removed by multiplying Gis) by the mth 
power of the linear factor (s — si). 

As an example of a function having zeros and poles, consider the 
rational fraction 


Gb(s) 


a(l±D1. 

s(« -f 2)^ 


[131 
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This function has a second-order zero at —1, a first-order pole at 0, 
and a third-order pole at —2. 

A single-valued function G(s) has an essential singularity at point si 
if it is impossible to reduce G(s) as in equation 12 to an anal 3 rtic function 
Gb(s) at this point by multiplying it by (s — si)”*, with m some finite 

positive integer. As examples, (reCs) = e* has an essential singularity 
1 

at 00 , and Gris) = has an essential singularity at —a. 

5. Extension of Region of Definition of a Function 

Frequently in the treatment that follows, a function of a complex 
variable is defined in a restricted region of the s-plane by an integral. 
The limitation on the region of definition of the function arises from 
difficulties with the integral defining the function. An extension of 
this region of definition therefore cannot be made through this integral. 
In this region of definition the function can often be expressed in closed 
form, for example, as a rational function. If so, an extension of this 
region of definition can be made by application of the principle of 
extendon through 'preservation of form of the function. 

It is natural, if the range of definition is to be extended more or lass 
by fiat, that one should choose to preserve the form of the function in the 
new range. Fortunately, an extension of the region of definition by 
preservation of form of the function turns out to be the most convenient 
way of extending this region for ordinary purposes. Furthermore, the 
function so extended will be identical with that which would be obtained 
by the method of analytic continuation [Cu 1, Bi 1] in the region in 
which the function can be analytically continued, i.e., at all points ex¬ 
cept where it is barred by singularities. 

This preservation-of-form method of extending the region of definition 
of a function beyond the boundaiy where it is defined by an integral 
has been applied to the gamma function in extending its definition into 
the left half-plane where there are singularities at the negative integers. 

Example 1 . Let the function l/s be defined by an integral in the half-plane 
in which 0 < 9l[s] in which 91 means real part of.” This function is analytic 
at every point in this half-plane. 

The region of definition of the function can be extended to include the entire 
plane by assuming that the function maintains the form 1/s throughout this 
extended region. By this reasoning it becomes permissible to examine the 
function 1/s at points other than where 0 < Oils]. 

It wiU be seen that in this extended region the function l/s is analytic 
everywhere except at the origin, and there it has a first-order pole. Thus the 
origin, which in this case is the point of greatest interest in the entire plane, is 
brought within the range of definition of the function. 
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B. £ TRANSFORMATION OF SIMPLE FUNCTIONS 

The £ transformation will be used in this book for two purposes: 
(1) to transform functions of a real variable into functions of a complex 
variable, and (2) to transform operations such as differentiation, inte¬ 
gration, translation, and differencing in the real domain into simpler 
operations in the complex domain. This second use plays an important 
role in the solution of differential equations and difference equations, 
and much that follows in subsequent chapters will pertain to this appli¬ 
cation. Our immediate concern, however, will be with the first-named 
use, or more specifically, with the transformation of certain simple 
functions of the real variable which will arise frequently in the work that 
follows. The results foimd here will be useful throughout the rest of the 
book and should be well known by anyone using the £ transformation 
in the solution of equations. 


6. Certain Properties of the £-Transformation Integral 

The £ transformation involves an improper integral in that its upper 
limit of integration is infinite. Moreover, the integral can be improper 
as a result of the behavior of its integrand at any point in the range of 
integration, and in particular at the lower limit of this range. When¬ 
ever this transformation is used, therefore, it will be understood that the 
integral is. defined by a limit process. That is, 

f ^ lim f [14] 

«/o r-->oo*/« 

«-->o 

This limit process will be shown explicitly in the first example that 
follows, but thereafter it will not be indicated specifically as a step in the 
solution unless some ambiguity might arise through its omission. 

The int^al in the £ transformation, equation 14, will be taken in 
the Lebesgue sense [Bu 1, pp. 366-367; Ho 1, To 1). This will make 
possible certain freedom in the use later of the £ transformation that 
would not be permissible otherwise. If the integral were taken in the 
Riemann sense the integral of a finite sum of fimctions would be equal 
to the sum of the integrals of the separate functions, but the same would 
not always be true if the integrand were an infinite sum of functions. 
Stating this in other words, it would not be permissible to replace the 
sum of an infinite set of integrals with a single integral. Yet it is essen¬ 
tial to the reasoning in certain cases to follow (e.g., Sec. 6, Chapter 8) 
that the limit processes of £ transformation and infinite summation be 
commutative. The £ integral will possess this property if it is defined 
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in the Lebesgue sense. In treating the functions arising in most phys¬ 
ical problems, however, the results provided by improper Lebesgue 
integrals will be the same as those provided by improper Riemann 
integrals. 


7. Unity; Unit Step Function 

Unity may be considered to be a function f{t) that is a constant 1 for 
all values of t The £[1], if it exists, will be given by the integral 

J »oo pT y 

1 • = lim / e-^^dt = lim - (e—‘ [15] 

0 r—t/ c 7’—>00 s 

c —>0 «—>0 

Since the limit does exist and equals 8^^ provided 0 < o-, the £[1] == 
for 0 < <r. 

Since the unit step fimction u{t) is defined as unity for 0 < ^ and the 
integration in the £ transformation is from 0 to cso, £[m(0 ] = £[1] = 
s"”^, 0 < <r. Thus the transform of both unity and u{t) is the simple 
rational fraction 

Although the transformation integral defines the transform only 
in the half-plane in which 0 < <r, the boundary of this region can be 
extended to include the entire finite plane by insisting that the form 
5'*"^ shall be preserved throughout this extended region. The function 
is analytic in the finite s-plane except at the origin where it has a 
pole of first order. 

The unit step function u{t) when introduced in Sec. 5, Chapter 3, was 
left undefined at < = 0. The step occurs at the origin. Even if the 
function is defined so as to have an explicit value at the origin, this value 
will not.influence its £ transform. For example, let the following five 
functions be defined as stated: 


Function t <0 i - 0 0 <t 


uijt) 0 


Ua{t) 0 J 

Ubit) 0 I 

Ueit) 0 1 

Ud(t) 0 2 


1 

1 

1 

1 

1 


These five functions differ only in their definition at the origin. In 
accordance with the concept of limited equality expressed by the 83 naabol 

«„(<), «.(<), and «d«) (=) m(0, [16] 

and the £ transform of each is s~^ with 0 < <r. This fact will be dgnifi- 
cant later when considering the transformation in Sec. 12. 
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8. Exponential Functions 
With a a positive real number, £[6““^] is 

r = r -a < a . [17] 

V 0 V 0 s -f- a 

Thus the transform of a decreasing exponential 6"““^ is an algebraic 
rational fraction (s -f a)'"^ An extended function (see Sec. 5) of the 
form (s -f is analytic in the finite s-plane except at —a where there 
is a first-order pole. 

It follows directly that for an increasing exponential the £ trans¬ 
form is (s — a)”^ a < (T. The pole of the extended function is now at 
+a, and the region of convergence for the direct transformation has 
been reduced slightly to a < cr. 


9. Sinusoidal and Damped Oscillations 
With l3 a positive real number, £ [sin jSl] is 


r°°sin /3< • e-“dt = ^. f (e’^‘ - 
Jo 2jJo 


_ 1 

pco 

I [e-(»->^)' - e- 

■(«+^W']d< 

2j. 

fo 


-U 

' 1 1 ^ 

\- ^ 


- j 0 S + 

f + /3' 


0 < (T. [18] 


An extended function of the form -f is analytic in the finite 
s-plane except at the two points dzjp where there are first-order poles. 
Thus the transform of a sine function with zero initial phase angle is an 
algebraic rational fraction with conjugate first-order poles on the axis of 
imaginaries. 

By steps similar to those in equation 18, £[cos pt] is 

cospt- e~’*dt = ^ ^^ 2 , 0 < (T. [19] 


Consider now the sinusoidal function A cos (pt -f of amplitude A 
and initial phase angle Since 

A cos (pt + ^ A cos ^ cos -- A sin ^ sin pt^ 

£[A cos (pt + rp)] can be found directly by use of results 18 and 19. 
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J "* 00 ^00 

A cos {^t -f yp) • e~^^dt = i4 cos^ I cos 

0 «^o 

J ^oo 

f sin/3^c“■*^Q(^ 
0 

__ {A cos ^)s A/3 sin ^ 

"" 5^ + i8^ 


CiS + tto 


0 < (T, 


in which a© = — A/3 sin ^ and ai = A cos 
Finally, a damped oscillation sin will be considered, a and /3 
being positive real numl^era. sin ^t] is 

J '^OO 1 rtOO 

c““‘ sin /3< • e-‘‘dt = - / 

0 •'0 

2jJo 


. l(—!—r _!—'I 

2j\s + a — s + a + ii8/ 


(5+„)2+^2> 

An extended rational function of the form of the fraction 
P/l{s + a)^ A -is analytic except at the two conjugate points 
—aztj^ at which there are first-order poles. 

In summary it will be seen that the exponential function with real 
exponent treated in Sec. 8 has in this section been generalized to include 
exponents that are complex. 

10. Positive Powers of t 

Integrate by parts, letting 

0 

u = tf and dv = e^^^dt in the equation Jvdv - uv — Jvdu. Then 
e = —-— ; hence 


+ - f 

0 ® *^o 


e *^dt = 0 - 1 -- 2 *=‘ 4 > 0<<r. [22] 

S (S 
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The function 5 ““^ is an algebraic rational fi action, and when extended 
is analytic in the finite plane except at the origin where there is a pole 
of second order. 

£[r], with n a positive integer, can be found by integrating by 

Let u — 

0 

/ *“ g 

e~^^dt = -; hence 

J ^oo I®® T) 

I f'e-’‘dt =-+ - / 

0 s lo «/o 

= 0 + - r 0 < <r. [23] 

S t/Q 

Integrating this result by parts 

- r =- ( 2 ^ r , 0 < <r. 

5 Jo fi \ fi Jo / 

This procedure is continued until there is obtained finally 

f r.-*- 

Jo 5** •/o 


n! 

, 


fi” 

0 < <r. 


[24] 


Thus the transform of the nth positive power of i is a rational algebraic 
function of fractional form. When extended it has a pole at the origin 
of multiplicity n 4- 1. 

11. Product of Positive Powers of t and Exponential Function 

£[te”“"^] can be found quickly by making an extension of the result 
found in equation 22. Let a be a positive real number. Then 

P U-“*e-’‘dt -= r°° = 7-4—72 , -a < <r. [25] 

Jo Jo (S + ay 

The effect on the transform of t of multiplying t by the exponential 
has been to shift the second-order pole from the origin to the point 
—a on the negative real axis and to move the boundary of the region 
of convergence of the integral to the left by the amount a. 

Further, £[<”e~“^ is found by an extension of the result found in 
equation 24 to be 

r . JT' , 


—a < ff. (26J 
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The effect has been to shift the (n -f l)-order pole corresponding to 
^ to —a on the negative real axis. The abscissa of absolute conver¬ 
gence for the function has likewise moved to the left by the amount a. 

12. Table of £-Transform Pairs 

In Table 1 the results of the transformations of functions carried out 
in the sections immediately preceding have been listed, with certain 
additions, as £-transform pairs. This is the beginning of a more com¬ 
plete tabulation of transform pairs given in Appendix A, the develop¬ 
ment of which will gradually unfold as the discussion proceeds. In these 
tables of pairs, the functions of the complex variable with their corre¬ 
sponding functions of the real variable have been placed side by side, 
and the operators £ and £‘~^ and the symbols of equality have been 
omitted. 

Although the pairs appearing in Table 1 have been derived by pro¬ 
ceeding from the function of the real variable to the corresponding 
function of the complex variable, it is apparent that, having the pairs, 
the table can be used also in the reverse direction. In fact, this is the 
way in which it will in general be the more useful, and for this reason the 
F(s) functions have been placed on the left, and all multiplying coeffi¬ 
cients have been placed with the fit) functions on the right. 

There is available in equation 17, Chapter 3, an explicit representation 
of the inverse transformation as a complex integral, and rules can be 
formulated for carrying out the indicated integration in the complex 
plane, but this integration represents, in comparison with the direct 
transformation, a process that is less well known and, in many cases, is 
difficult to carry out. 

The difference in the difficulty of effecting the inverse as compared with 
the direct transformation is similar to the difference in difficulty of 
effecting integration and differentiation in calculus. The definition of 
the integral is developed as the limit of a sum, but integration in accord¬ 
ance with this definition is difficult to carry out and, as a consequence, 
most integration is treated as the inverse of differentiation. Instead of 
integrating a function by taking the limit of a sum, another function is 
sought which, when differentiated, will yield the function to be 
integrated. To facilitate this inverse procedure a table of integrals is 
formed. In recognition of this use it is customary to indicate explicitly 
in these tables the operation of integration. It would be equally correct 
to indicate instead the operation of differentiation, for in all likelihood 
it is by differentiation that the tables have been built up. It is their 
subsequent use, however, that governs their form, and integration is the 
operation indicated. 
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Table 1. Elementary £-Tran8Porm Paieb 
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Even though the direct transformation is usually much easier to 
carry out than the inverse, it can still happen that the direct trans¬ 
formation of certain functions that satisfy the criteria of £ trans- 
formability will be difficult if the results are wanted in closed form. As 
may be expected, if the function to be transformed is the free solution 
of a linear i-d equation with constant coefficients, its transformation is 
relatively easy. This transformation can be carried out by direct 
integration as in the examples above and, in more complicated cases, 
with the assistance of the theorems of Chapter 8. An alternative 
method is to (1) treat the function as the solution of a differential 
equation, forming this equation by the well-known method of elimi¬ 
nating the constants through differentiation, and (2) find the transform 
of the solution of this equation by the methods developed in Chapter 5. 
The solution transform found in this way will be the transform of the 
function. If, on the other hand, the function to be transformed is the 
solution of a linear i-d equation with variable coefficients or — even 
worse — of a nonlinear i-d equation, difficulty in computing the direct 
transform may be expected with any of the methods. 

In the table of transform pairs presented here, neither the operation 
of direct transformation nor the operation of inverse transformation is 
indicated, as the table can be useful in either operation. It is under¬ 
stood that the following two equations can be formulated for each pair: 

F(s) - £[/(0], 

, 27 

o^L 

It has no doubt been gathered from the discussion in Sec. 7 that the 
direct transformation is unique and always takes the symbol of equality, 
whereas the inverse transformation requires in general the symbol (= ) 
of restricted equality meaning “ equals almost everywhere.^' Two 
functions fi(t) and f 2 (t) may have equal continuous portions but be 
unequal at points of discontinuity. They will both have the same £ 
transform E(s), but this F(s) may have either fi{t) or f 2 ( 1 ) for its 
transform. The symbol (=) indicates this possibility. 


C. BASIC £-TRANSF0RMATI0N THEOREMS 

After the preceding interlude on the theory of functions of a complex 
variable, and the use of the £ operator to transform simple functions, 
it will now be easier to understand several theorems on the Laplace 
transformation. These will make more precise the ideas introduced 
in Chapter 3. 
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Definition. A reaV- function f (t) which is defined and single valued 
almost everywhere /or 0 g t, with t a real variable^ and is such thai the 
improper Lehesgue integral [Ho 1, To 1] 


Cimie-^^dt ^ Km \fit)\ 
«/ 0 r—e 


e-^^dt < 00 


for some real number <t, will be called £ transformable. 


With any specified /(f), the (greatest) lower bound of all the real 
numbers which satisfy condition 28 is called the abscissa of absolute 
convergence corresponding to that/(f). It is denoted by <Ta. 


13. Theorem 1, £ Transformation 

//f (t) is £ transformablej then the Laplace integral {improper Lebesgue 
integral)^ 

/ f{t)e-“dt 4 lim / [29] 

J n r—>30 d . 

e—K) 

with s a complex variable a + jw, converges absolutely for Oa, < o to a func¬ 
tion F (s) which is analytic in the half-plane (7s,< a [Ha 5]. 

As mentioned in Chapter 3 (p. 105), this functional transformation 
will be written in abbreviated notation as 

£[/(0] = F{sl era < cr. [30] 

14. Theorem 2, £“^ Transformation 

The next definition follows immediately from the notion of the inverse 
of a functional transformation and from Theorem 1. 

Definition. The inverse Laplace transformation £“^ is defined 
implicitly here by the relcdion 

(=)/(0, ogf. [31] 

This can be written: If F{s) = £[/(f)], then for 0 ^ f, /(f) («) 

The £ ^ operation can be given an explicit representation in terms of 
known mathematical operations, as shown by the following theorem: 

^ Complex functions of a real variable can be treated by resolving them into 
real and imaginary parts which are real. 
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If F(s) is the £ transform of a function f (t), then 


J_ 

2Trj 



e^^ds{^)f{t\ 


0 ^ i, 


[32] 


in which <Ta < c [Me 1 , Appen Cj. 

Thus an explicit representation of [ ] is 

— / [ ] e“ds, <ra < c. [33] 

“ Explicit representation means here a functional transformation that 
can be effected directly. In contrast to this the above definition 31 
of £“^ defines £""^ implicitly. To effect the £~^ transformation using 
only this implicit definition it is necessary (1) to form a table of trans¬ 
form pairs by using the £ transformation and (2) to use the proper pair 
in the inverse order from that in which it was obtained. 

For the present the explicit representation which is shown in expres¬ 
sion 33 and was mentioned in Sec. 6, Chapter 3, will not be needed. 
Other explicit representations are known [Wi 2, Bo 0). 


15. Theorem 3, Unicity of £ Transform 

Theorem 3 states a property that follows from the defining integral 
29. 

If f(t) is £ transformable and £[f(t)] = F(s), then its £ 

transform F(s) is unique [Le 2]. 

Example 1. Consider/i(0 ^ u(t — 6), 0 < b. u{t — 6) is £ transformable 
(<Ta = 0), and by direct evaluation of the integral 29, S,[u{t — &)] = 

0 < or. Heree~*’*s“^ is the unique £ transform of u(t — h). 


16. Theorem 4, Lebesgue Unicity of £ ^ Transform 

From the fact that a Lrebesgue integral appears in the condition 28 
that a function/(O be £ transformable, it follows that any other function 
which is equal almost everywhere to f{t) will also be £ transformable. 
In the same way, from the fact that the defining integral 29 for the 
£ transformation is a Lebesgue integral, it follows that these other 
functions which are equal almost everywhere to f{t) will have the same 
£ transform as f(t ). This leads to the fourth theorem. 

// f(t) is an Sr^ transform of F(8), then f(t) is Lebesgue uniquey t.c., 
all other transforms of F(8) are equal to f(t) almost everywhere for 

In symbols tWs can be written; £"^[F(s)] (=) /(<)> 0 
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Example 1. Consider the two step functions Ua{t) and Ucif) defined on 
page 115. Recalling Ex. 1 in Sec. 15, it is permissible to write (=) 

Ua{t — h). But it is also true that ( = ) '^c{t — h). Thus 

Uait — 6) is a Lebesgue-unique £~^ transform of 


PROBLEMS 

4-1. (o) If Fi(s) = (8® + 1)~\ are there points in the s-plane at which Fifs) is 
not analytic? Explain. 

(6) If [F 2 (s)]^ = (s^ + 2s + 1)“^, is F 2 (s) analytic at any point in the s-plane? 
Explain. 

4-2 Show that the £ transform of a unit step function which has been translated 
to the right by the amount a is 

4-3. (a) Show that the rectangular pulse of height unity and located between 
points a and 6, with a <b, can be represented by each of the following expressions: 

1. u(t — a) — u{t — h) 

2. u{h — 0 ~ w(o — t) 

3. u{t — a) • u{b — t). 

(6) Show that the £ transform of the rectangular pulse described in part (a) is 

5-1 - e-6*). 

4*4. For each of the functions given below answer question (a) and if your answer 
is ‘‘ yes ” answer questions (b), (c), and (d). 

(a) Is the function £ transformable? 

(h) What is its tra? 

(c) What is its £ transform? 

(d) At what points in the finite portion of the complex plane does its £ transform, 
when extended, have poles and what is the order of each pole? 

The functions to be considered are: 

1 . —^ 

a — /3 

2. sin (/W H- i//). 

3. sin {fit + ^). 

4. sin fit. 

6. h 9 ^ 0 or 1. 

6. t\ 

[0 < <0 

7. \t/a 0 < < < o 

11 a <t. 

8. A single triangular-shaped pulse starting at the origin. Its base is 2, its 

maximum height is unity, and it is isosceles. 

« 

9. 1 + ^{ — l)^u{t — k)j k is positive integer. 

10. t — ^ u{t — k)f k is positive integer. 

kmi 

Note : a, fi, a, and b are non-negative real numbers. For parts 9 and 10, 
express the answer to (c) in closed form, i.e., sum the series, before answering (d). 
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4*5. Show that the following constitutes an £-transform pair: 




in which 


cerf 2 / = l— erfy^l 


tio 



Chapter V 


THE £ TRANSFORMATION OF INTEGRODIFFERENTIAL 
EQUATIONS IN ONE INDEPENDENT VARIABLE 

Having discussed the formulation of one-dimensional linear integro- 
differential equations with constant coefficients in Chapter 2 and having 
introduced the Laplace transformation in Chapters 3 and 4, the appli¬ 
cation of this transformation to equations of this type can now be pre¬ 
sented. It is applied first to a single equation and later to a set of 
equations. The immediate objective is to illustrate the first step in the 
£-transformation method of solving such equations [Appen C, Do 15, 
St 1 ]. In this first step the i-d equations are converted into algebraic 
equations, and in the process provision is made for the initial conditions. 
The second step is the algebraic solution of these equations. This yields 
functions of the complex variable, the inverse transformation of which 
constitutes the third step in the solution. This third step is presented 
in Chapters 6 and 7. 

An i-d equation in one dimension, as seen in Chapter 2, contains an 
unknown function, integrals and ordinary derivatives of this function, 
constants, and the known driving function. In addition, there must be 
a supplementary statement of initial or boundary conditions. The 
functions all have for their argument a real variable, and since they 
arise from physical problems are usually £ transformable into functions 
of a complex variable. Since the coefficients in the equation are con¬ 
stants, it will be seen shortly that one direct transformation applied to 
the entire equation eliminates all the integrals and derivatives and 
makes evident all the necessary initial conditions. 

Two notable results of applying the £ transformation are: (1) an 
i-d equation is replaced by an algebraic equation which is solvable by 
algebraic methods, and (2) this simpler equation contains all the infor¬ 
mation essential to the complete solution of the particular problem that 
was set. 

The £ transformation of the i-d equation is carried out by multiplying 
both of its members by the exponential kernel and integrating with 
respect to t with the limits 0 and «. As mentioned in Chapter 3, page 
101 , the origin for the variable ^ is so chosen that only positive values of t 
need to be considered. 
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In Chapter 4 the £ transformation of functions that satisfy certain 
conditions was discussed. To transform i-d equations the three follow¬ 
ing theorems for the^£ transformation of operations will be needed. 
They deal with the transformation of (1) a sum of functions, (2) the 
derivative of a function, and (3) the integral of a function. 

1. Theorem 5, Linearity 

If the functions f(t), fi(t), and f 2 (t) are £ transformable and have £ 
transforms F(s), Fi(s), and F 2 (s), respectivelyj and a is a constant or a 
variable which is independent of t and s, then 

£[ay(0] = aF{B), [1] 

and 

£[/i(0±/2(0] = ^i(s)±F2W. [2] 

If the functions F(8), Fi(s), and F 2 (s) are £ transforms of functions 
f(t), fi(t), and f 2 (t), respectivelyf and a is a constant or a variable which 
is independent of s and t, then 

£”HaF(s)] (=)a/(0, 0^ [l'] 

and 

£-HFiW ± F2is)] (=)/i(0 ±/2(0, 0 g f. 12'] 

This theorem defines the linear character of the £ transformation and 
its inverse. The proof follows directly from the linear property of the 
integral defining the £ transformation and the definition of the £~^ 
transformation. 


2. Theorem 6, Real Differentiation 


If the function f (t) and its derivative — j— are £ transformablej and if 

(it/ 

f(t) has the £ transform F(s), then 


£ 


' df(ty 

^ dt ^ 


sF{s) -/(0+). 


[3] 


In discussing this theorem and others to follow, it will be convenient 
to can the domain of the real variable the real domain and the domain 
of the complex variable the complex domain. 

Theorem 6 states that differentiation with respect to the variable in 
the real domain goes over in the complex domain into multiplication by 
the complex variable to within an additive constant/(0-f). 

Since functions with finite discontinuities arise naturally in the prob- 
loDQS to be solved here, it is necessary to distinguish between a derivative 
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defined as the limit of a difference quotient in which the increment 
approaches zero from the right (called a right-hand derivative) and one 
in which the increment approaches zero from theieft (called a left-hand 
derivative). If both exist and are equal, the result is called the deriva¬ 
tive. At points of discontinuity only right-hand derivatives will be of 
concern unless the contrary is stated, and the derivatives will be repre- 

df , 

sented by the usual derivative symbols ~ and f {t). 

dt 

The statement of Theorem 6 anticipates the possibility that the func¬ 
tion may have a step at the origin. The additive term/(0-f-) is the value 
of the function as the origin is approached from the positive or right side. 
For convenience, the + sign appended to the zero will usually be omitted 
hereafter, but its presence will be implied in the use of the theorem. 

It should be noted that the theorem requires that the derivative, as 
well as the function, be £ transformable. 

The demonstration of this theorem proceeds from the integral defini¬ 
tion of the £ transformation, 


= F{s). 

«/o 

by an integration by parts. Let u = f(t) and dv — (~^^dt in 


This gives 



I 


udv = uv — 




f(0+) 



[41 


The presence of 0-h is understood when the definition of the £ trans¬ 
formation is recalled. The lower limit c of the defining integral ap¬ 
proaches 0 from the right. Rearrangement of terms and multiplication 
by s gives 

X" [^] 

or 


as stated in the theorem. 
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Extension of this real-differentiation theorem to cover higher-order 
derivatives, when such are £ transformable, can be made readily by 
repeated applications of the process shown in equation 5. Thus 

£[/'«)] = -/(O), 

£[/"(0] = 4sF(s) -/(O)] -/(O) 


£[/'"> (<)] = s”F(s) - T. 

jfc«1 

in which=/(0- 
at 


[ 6 ] 


3. Theorem 7, Real Integration 

If the. function f (t) is £ transformable arid has the £ transform F(s), its 
integral 

/(-»«) = f mdt ^ J‘ f{t)dt +f-^Ho+) [7] 

is likewise £ transformable^ and 


This theorem states that integration with respect to the variable in 
the real domain goes over in the complex domain into division by the 
variable to within an additive constant of integration divided by the 

variable, . 

s 

That the integral of a function is transformable if the function itself 
is transformable follows from consideration of the requirements for 
£ transformability. If f{t) is defined and single valued almost every¬ 
where for 0 ^ its integral in this region will likewise be defined and 
single valued. If a real number cr can be found such that the product 
function f{t)e'^^ is absolutely integrable for 0 ^ then from the nature 
of an integral it will likewise be possible to find a real number rri such 

that the product function *ffm is absolutely integrable in the 

range 0 g Thus by fulfilling these three conditions the integral of 
S{t) is £ transformable. 
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Here, aa in Theorem 6, provision is made for treatment of functions 
less well behaved than the usual continuous type. If (t) has a step 
at the origin, the constant of integration (0 -f) is the value of (0 
as the origin is approached from the positive or right side. For brevity, 
the 4- sign will usually be omitted hereafter. 

The demonstration of this theorem proceeds from the integral defini¬ 
tion of the £ transformation, 


r = F(s), 

Jq 


by an integration by parts. Reversing here the choice of substitution 
that was made in proving Theorem 6, let u = and dv = f{t)dl in 

udv = uv — J* vdu. 

This gives 

JJme~'‘dt = e-*‘J* mdl^ 

= -/<-')(0+) + sJJ 1^ J [9] 
Upon rearrangement of terms and division by s, equation 9 becomes 


or 


:[/ mdt\ = 


s 


-(~1) 


(0-h) 


as stated in the theorem. 

Extension of this real-integration theorem to cover higher-order inte¬ 
grals can be made readily by its repeated application. Let/^~*^(0 ^ 

/ • • •//«)(*)*, and =/(<), then 




[la 
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4. Second-Order Differential Equation 

Having discussed the £ transformation of certain common functions 
and operations, this transformation will now be applied to the differ¬ 
ential equation 

^ ^ -f CV = fit), y ^ y(t), [12] 

in which A, B, and C are known constants. The unknown y{t) will be 
called the reponse function, and the known/(O will be called the driving 
function. The initial values of the unknown and its first derivative are 
y(0) and /(O). 

This being the first application of the method, the steps will be carried 
out in more detail than will be necessary in subsequent applications. 

Appljdng the £ transformation to both members of equation 12, 

The driving function fit) is assumed to be £ transformable and to 
have the £ transform E(s). F(s) will be called the driving transform. 

Since the response function yit) and its first and second derivatives 
are unknown, the question may well arise: How does one know whether 
or not the left member is £ transformable? The answer to this question 
is not obtainable at this stage in the solution, but it is possible to proceed 
on the assumption that equation 12 has a solution yit). Furthermore, 
assume that this solution is £ transformable, and let 

mm = Yis), [ 14 ] 

Here, as with most other methods of solution, the proof that y{t), when 
found, is a solution must be that it satisfies not only the original differ¬ 
ential equation but also the prescribed initial conditions. Y(s) will 
be called the response transform. 

Assuming that each of the derivatives y'it) and y^^(t) is £ transform¬ 
able, application of Theorem 6 provides that 

£[/(0] = sYis) - yiO), 

ny'\m = s^Yis) - yiO)s - y\0). 

This discloses the way in which the initial conditions y(0) and |/'(0) 
are incorporated in the solution during the process of transformation. 

Returning to equation 13 and applying Theorem 6, the operation of 
transformation is distributed over l^e three terms of the left member. 
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The result is 

^£[Jj]+Mg]+MW-£[/(01 

and upon substitution from equations 14 and 15 becomes 

- y(0)s - 2 /'( 0 )] + B[6 F(s) - 2 /( 0 )] + CK(s) = F(s), [16] 

which can be rewritten as 

+Bs + C)Y{s) = F(s) + y{Q){As + B) + y’{(i)A. [17] 

An algebraic equation, such as 16 or 17, obtained from the £ trans¬ 
formation of a differential (or i-d, or difference) equation will be called a 
transform equation. 

The polynomial coefficient of F(s) — in this case As^ + Bs + C — 
will be called the characteristic function^ since it completely characterizes 
the physical system described by the differential ecpiation. It contains 
the constants and the information on the interconnection or geometry of 
the system. The equation formed by setting it equal to zero is called the 
characteristic equation of the system. 

Solving equation 17 algebraically, 

Y(s) = [Fis) + 2/(0) +B)+ y'iO)A]. [18] 

This algebraic solution has a form which will be found typical of all 
transform solutions. It is 

response transform* = (system function) • (excitation function). 

The system function in this example is the reciprocal of the characteris¬ 
tic function, but in general it will be a fraction of which the characteristic 
function is the denominator. It incorporates in one function all the 
essential knowledge regarding the physical system. 

The excitation function includes the driving transform and the initial 
conditions, the latter in the form of an initial excitation function. It 
contains all the essential specifications of the excitations applied to the 
system. 

F(s) was taken as the transform of y(t). When the form of the 
driving function f(t) is specified, the algebraic form of Y(s) can be de¬ 
termined. Applying the £'~^ transformation to both members of equar 
tion 18, 

Fjs) d- y(0)(As + g) + /(0)A 
As^ + Bs^C 


lY { s )] 


= £-1 




119] 
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Carrying out the indicated operation on the left member, there results 
for 0 ^ 

/.X /X 0-1 r ^C^) + 2/(0) -\r B) y^(QM 

^ ^ ^ L As^ + 4- C 

If Y{s) were an algebraic function of the form of any one of the 
various transforms listed in Table 1, Chapter 4, its inverse could be 
written immediately by reference to that table. But since Y{s) is a 
more complicated function than any listed there, such a direct method of 
determining its inverse transform fails. A difficulty of this nature arises 
in ordinary integration when the integral to be evaluated does not come 
within the range of the table of integrals that is available. The method 
of surmounting it is to resolve the function to be integrated into a sum 
of simpler components the int-egi-als of each of which may appear sepa¬ 
rately in the table. Unless one resorts to a procedure like this the table 
of integrals must of necessity be long and unwieldy. The present 
difficulty can be sunnounted in the same manner, namely, by resolving 
the transfonn Y(s) into a sum of simpler component transforms each 
of which comes within the scope of Table 1, (4iapter 4. 

The final step indicated in equation 20 will be postponed, however, 
until certain general principles of the transformation applicable to 
all rational algebraic transforms have been developed in the following 
chapter. The remainder of the present chapter will be used for a number 
of examples, the solution of each being carried as far as the indication 
of the final inverse transformation. 

5. First-Order Integrodifferential Equation 

As a second example the £ transformation will be applied to the 
first-order integrodifferential equation 

A^ + By + cfydt=m, y ^ y(t), [21] 

Let the initial values of the unknown and its first integral be y(0) 
and 

In the previous section the procedure to be applied in the solution of 
an ordinary differential equation by the £-transformation method was 
presented in great detail. The procedure here will be abbreviated to 
only the major steps. 

Assume theA y(t), and/(0 are all £ transformable, and let 
at 

£[y(t)] ^ Yia), 
mt)] » Fis), 
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Then by Theorem 6, 

£[y'it)] = sY(s) - y(.0). 


And by Theorem 7, 


£[!/'-“ «)] = 


y(8) ^ y(-»(0) 

s s 


With the application of Theorem 5, the transform equation is 
A [sFW - 1/(0)] + HY(s) + CF(8) 4- F(s), [22] 

which can be rewritten as 

+ JS + = F(s) + i/(0)A - . [23] 

Here the characteristic function is the polynomial As^ Bs C. 
Solving equation 23 for Y(s) gives 

F(s) + 1/(0)A - i/<-i>(0)C- 

y(s)= --- 1. [24] 

As + B + - 

s 


Equation 24 can be written in the form 

response transform = (system function) • (excitation function), 


and contains all the essential information of the problem. 

In accordance with the assumption that F(s) is the £ transform of 
y(t), the response function is found from the transformation of Y(s). 
That is, for 0 g 


yd) ( = )£-' 


F{e) +i/(0)A -i/<-i>(0)C- 
_ 8 

As +B + - 
8 


[25] 


and the solution is reduced to the final steps of expressing F(a) as a sum 
of terms, each recognizable with the aid of Table 1, Chapter 4, as the 
transform of a particular function of time. 


6. Equation for One-Loop Electric Network 

The circuit of Fig. 5*1 is operating in the steady state with the switch K 
open. This switch is suddenly closed at an instant when the sinusddal 
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driving voltage is zero and has a positive derivative. At this instant, 
which may be called i = 0, there is energy stored in the inductance and 
in the capacitance. The £ transform for the circuit current i(t) after 
this switching will now be found. 

The initial energy conditions can be 
accounted for by specifying the initial 
current in the inductance and the 
initial voltage acioss the capacitance. 

Let the magnitude of the initial cur¬ 
rent in L be p, and the magnitude of 
the initial voltage across C be y. Let the sense of p and the polarity 
of 7 be as indicated in the diagram. 

The i-d equation for the circuit is 


Vn,sinu>,f 



Fig. 51 


di 1 r . 

L — -f- jKt -f - J idt == Vm sin i = i{t). 


[26] 


Introducing the condenser initial condition into the equation, 26 becomes 
di 1 

L-j- + Ri + - I idi^ Vm sin (^it -f 7. [27] 

dt L t/ 0 

By pairs 3 and 1, Table 1, Chapter 4, the 

sin -f 7] 2 , 2 d" “ * 

5 "T Wj 6’ 

Then letting £[i(0] = ^(s), the £ transformation of equation 27 gives 

L[8 /(s) - 1(0)1 + Rm + ^I{s) = ^ • [29] 

Cs s -Y ui i s 

Note that the result would have been identical if 26 instead of 27 had 
been the equation transformed. The real integration theorem brings in 
the initial condenser voltage when the indefinite integral is transformed; 
hence the condenser initial voltage need not be introduced into the i-d 
equation. It will be found convenient at first, however, to introduce it 
into the i-d equation — at least until a certain familiarity is acquired 
with the significance of the terms in the transform equation. 

Upon collection of terms, equation 29 becomes 

L Cfi J + <tfi s 


[ 30 ] 
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But i(0) = —p, the sign being minus since the initial current in L is 
opposite to the loop arrow direction. Solving equation 30 for /(s), 

+ w?) — pL y/s ~ (pLs — y)(s^ -f w?) 


Hs) = 


Ls -f- 4“ l/C's 


(s^ (ji3i){Ls^ 4“ Rs 4" 1/C) 


[31] 


[32] 


The £ ^ transformation of equation 31 gives, for 0 ^ t, 

. s «-! - (pLs - y){s^ + 0.1)1 

L(/+"!Ki.“ + R. + l/C)J' 

and the solution is reduced to the final steps of carrying out the inverse 
transformation. 

7. Equations for Two-Loop Network 

In Fig. 5*2 is shown the two-loop network for which the i-d equations 
were written in Sec. 5, Chapter 2. The driving voltage v(t) is specified 

to be Vm cos 0 ) 1 ^. The magnitude of 
the initial voltage across C 2 is 7 , with 
polarity as indicated; the magnitude 
of the initial current in Li is p, with 
direction as indicated. The £ trans¬ 
forms of the loop currents will now be 
found. 

The i-d equations for this network were given in equations 17, Chapter 
2 . They are 

RiH + -f ^ f iidt - ^ f Hdt = cos cait -h y, 

\Ll C2/«/0 V/2»^0 

1 , r diz „ . 1 r*. 

— ~ / iidt + Li — -j- j? 2^2 + TT / ^^di = — 7 . 

By pair 4, Table 1, Chapter 4, the 

£[7m cos 0)it] = V„ 


fti Cl R, Li 


Fig. 5-2 


[33] 


s 4“ 


2 = ns). 


If the £ transforms of zi(t) andiziO are denoted by /i(s) and Izis), 
respectively, the £ transformation of equations 33 gives 


Rih(^) + 


a 




F(s) 

s 


- + W2W - ^2(0)] + RnIM + ^ Iz(s) - - J- 


[ 34 ] 
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Collecting terms in equations 34, and noting that 4 (0) = — p, 

1 / 1 \ [ [ 35 ] 

“ ^ ■ r 

At this point it is desirable to introduce a type of simplifying notation 
that will be useful here and also later in similar problems. Let 


Z22(s) == Lis -H /^2 + 77“» 
C2S 

Zl2(s) = Z2l(«) = "”77“ » 
C 2 S 

Ei(s) 4 V(s) +-. 

s 

Ei(K) ^ -pLi-^- 


In these abbreviations, Zii(s) and 222 ( 5 ) are the self-impedance 
functions of loops 1 and 2, respectively. ZizCs) = 221 ( 5 ) is the mutual- 
impedance function of loops 1 and 2. It will be observed that these 
impedance functions can be formed directly from the corresponding a^s 
(i.e., the self- and mutual-i-d operators of the loops) by replacing the 

d /•* 

differentiation operator j with s and the integration operator \ [ ]di 
at t/o 

with Better still, they can be written directly by inspection of 
the connection diagram without writing the i-d equations. 

The abbreviations Ei{s) and E^is) will be called the excitation func¬ 
tions for loops 1 and 2, respectively. The excitation function for any 
given loop consists of the algebraic sum, taken aroimd thid loop, of 
the driving transforms, the initial-current-inductance products, and 
times the initial condenser voltages. The signs to be given driving 
transforms are the same as would be given their respective sources in 
writing Kirchhoff^s voltage equation for the loop. In summing the 
initial-current-inductance products, a product resulting from an initial 
current in a self-inductance in the arrow direction of the loop is con¬ 
sidered positive. Products resulting from pure mutual inductance will 
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be discussed in Sec. 8. In summing initial condenser voltages, a voltage 
rise in the arrow direction is considered positive. 

Using the abbreviations of 36, equations 35 become 

Zn(s)Ii{s) +Zi2(s)l2{s) = Ei(s), | 

Z2l{s)Il{s) + 222(s)/2(s) = ^2(s). j 

The transform equations 35 and 37 suggest a connection diagram 
which applies equally well to both transient and steady-state analysis. 
Instead of the usual L,R,Sf and source elements, its elements sym¬ 
bolize inductive-reactance^ functions, resistances, capacitive-reactance^ 
functions, and loop-excitation functions. The unknowns symbolized 
are the loop-current transforms. Such a diagram, which will be called 
a transform diagram, is given for this example in Fig. 5-3. Note that 

loop 2 has an excitation function 
^ I ^ 1 ^ 2 (s) although there was no im- 

^ pressed voltage in this loop. It is 
O -y. O (^M*> apparent that such a diagram can 
T I be constructed directly from the orig- 

Fig. 5*3. Transform diagram for the problem statement and that solu- 

network of Fig. 5*2. tion for steady-state and transient 

responses can begin here, omitting 
both the writing of the i-d equations and their subsequent transformation. 

The transform equations 37 can be solved by algebra for Ii(s) and 
by the substitution method. The solutions are 

r / \ Z22{s) TP f , ~Zi 2 is) ^ 

[38] 


'■<”> - ^ *■<*> + ■ 


A{s) = zn(s)s 22 (s) 
For further simplification, let 

V C.'i A 


^21(8) - Fi2(«) 


-zai(8) ^ -gia(«) 
A(s) A(s) 


‘ The term “ reactance ” is used h«e in a (jeneraliaed sense to apply to a funeticm 
of a complex variable s rather than to the usual steady state function of <«. 
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Fii( 5) and ^ 22 ( 5 ) are the short-circuit inpuircdrnittance furiclions of 
the network viewed from loop 1 and loop 2, respectively. F 2 i(«) the 
short-circuit transfer-admittance function for loops 1 and 2. 

On introduction of the abbreviations 39, equations 38 become 


his) ^ Yi^{s)Ei{s) + Fi2(^)^2(^), 
his) = Y2iis)Eiis) + Y22is)E2is). 


[40] 


It is seen that it takes three system functions Fii(s), ^ 22 ( 5 ), and 
F 2 i(s) and two excitation functions Ei(s) and ^ 2 («) to determine com¬ 
pletely the two response transforms his) and his) of this two-loop 
network. 

The indicated transformation of equations 40 yields, for 0 ^ 


Hit ) (=)£-MFu(s)^i(s) + r,2(s)£2(«)], 1 

Hit ) i=)S-^[Y 2 iis)Exis) + y22(«)£2(s)]. i 


The result will be left as two indicated £ ^ transformations. 


8. Equations for Two-Loop Network with Mutual Inductance 

In the previous two sections it was shown how in an electric network 
the initial conditions resulting from initially energized self-inductances 
and capacitances are brought into the transform equations. In the 
present section the effect of an initially energized mutual inductance 
will be considered, using as an 
example the network of Fig. 

5-4. This is the network for 
which the i-d equations were 
written in Sec. 7, Chapter 2. 

The driving voltage is 
F,n cos M-f ^). Themagni- Fig. 5-4 

tude of the initial current in L 2 

and La is p, with direction as indicated. The £ transforms of the loop 
currente will now be found. 

The equations for this network were given in equations 21, Chapter 2, 
and are repeated here, with the correct signs selected for the mutual- 
induction terms. 

(Li H- Lg) -P ~ (^3 Ezh ** 0 , 

(Lg -f M) — RzH *+* (Lg -f- Lg) 4" (^2 4* Rz)i2 

« Vnt 008 {njiit 4 - 

The initial conditions are h( 0) « 0, and 4(0) = —p. 
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By use of equation 20, Chapter 4, the 

£[V„ cos (o,it + ^)] = = ^(«). 

+ 0)1 

in which g ^ Vm cos and A = — sin 

Letting the £ transforms of ii(t) and i 2 {t) be denoted by /i(s) and 
/ 2 (s), the £ transformation of equations 42 gives 

(Li + Ls)8liis) + (Ri 4- Rs)Ii(s) — (L 3 + M)[sl2(s) — t2(0)] 

— ^ 3 / 2 ( 8 ) = 0 , 

— (Z/3 + M)sli{s) — RqIi(s) -{- (L2 4 - L3)[s/2(s) — ^2(0)] 

4- (R 2 + R3)l2(s) = F(60. 

Terms in ii(0) have been omitted because they are zero. Collecting 
terms, and using the fact that 12 ( 0 ) — — p, equations 43 become 

[(Li + Ls)s +Ri+ Ralhis) - [(L 3 + M)s + Rslhis) ] 

= (La + M)p, 

— [(Ls + M)s + iJ 3 ]/i(s) + [(L 2 + Ls)® + ^2 + RaVii^) 

= y(s) - (L 2 + Ls)p. 

For this network, the self- and mutual-impedance functions for the 
loops are 

2ll(s) ^ (Li 4- Lz)s 4- 4- Rsr 

2^22(^) ^ (^2 4“ ^ 3)5 4 - i ^2 + Rbj ^ [45] 

2 ? 12 («) = 221 (s) = ~[(jb3 4" M)8 4- -Ksl- , 

The loop-excitation functions are 

Elis) 4 (L 3 +M)p, 

E2is) ^ Vis) ~ (L2 -f L 3 )p. 

To the rules for forming these functions given in the previous section 
there can be added now the rule of signs for initial-current-mutual- 
inductance products. The sign of the ^ 2 ( 0 )M product in Eiis) will 
be 4 - if the loop -2 initial current, in subsiding to zero, induces a voltage 
rise in loop 1 in the arrow direction. A similar rule holds for the sign 
of the iiiO)M product in E 2 is). This rule applies equally well where 
there are three or more inductively coupled loops. In any case, the 
algebraic sum of the t( 0 )L and iiO)M products in the Eis) for any loop 
is the net number of flux linkages in that loop at < = 04 -* 
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Finally, the transform equations are 

Su(s)/l(s) + 212 ( 8 )/ 2 (s) = Ei(s), ] 

[47] 

Z2l(s)/l(s) + Z22(S)I3(S) = Ezis), ) 
and the corresponding transform diagram is as shown in Fig. 5-5. The 
algebraic solution of equations 47 for Ii(s) and / 2 (s) is the same as that 
of equations 37 in Sec. 7. 


if 

Fig. 5*5. Transform diagram for the Fig. 5-6 

network of Fig. 5-4. 




9 . Equation for One-Node-Pair Network 

In the three preceding examples the electric network equations have 
been formulated on the loop basis. In the present example the £ 
transformations will be applied to a network equation formulated on 
the node basis. 

The network of Fig. 5*6 is similar to the one in Fig. 2-13 for which 
the i-d equation was written in Sec. 11, Chapter 2. Here the closing of 
the switch Fl at < = 0 connects a capacitance, having initial voltage 
across it, with the parallel group consisting of an inverse inductance 
with initial current, a conductance, and a constant driving current /. 
Let the initial voltage across C have the magnitude y and polarity shown, 
and let the initial current in T have the magnitude p and direction 
shown. The £ transform of the node-pair voltage v(t) will be derived. 

The equation for this network was given as equation 26, Chapter 2, 
and is repeated here for convenience, 

dv r 

C—^Gv-\-Tjvdt^L [48] 

As a result of the initial current p in the inductance, 

rj'vdt rj' vdt p, [49] 

The positive sign appears because the initial current in P is directed 
away from the node. Substitution of expression 49 in equation 48 gives 

-hOv -h T f vdt^ I p, 

dt «/p 


[60] 
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Let F(s) be the £ transform of v{t). Then the £ transformation 
of equation 60 gives 

C[sF(s) - KO)] + GV{s) + - F(s) = - - - . [51] 

8 8 8 

But t;(0) = + 7 , the sign being + because the initial voltage across C is 
such as to make the node positive in potential with respect to the 
reference. Thus equation 51 can be written 


+ G + -V(s) = - + T-C - -. 
< 8 / 8 8 


[52] 


It will be noted that initial condenser charge yC in the node scheme is 
analogous to initial flux linkages in the loop scheme, and initial current 
p is analogous to initial condenser voltage. 

Solving equation 52 for T(s), there is obtained 

7/s + yC — p/s yCs (I — p) 


V(s) = 


Cs -f"C? “j“ L/s Cs^ -|- (js “h F 


[53] 


The indicated £ ^ transformation of equation 53 yields, for 0 g f. 


/.N / N -j- (7 - p) 

lc^ + a. + r 


]■ 
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and the result is left in this form. 


10 . Equations for Two-Coordinate Mechanical System 

The two-coordinate system of Fig. 5*7 
will be used to show the application of 
the £ transformation to the equations of 
a mechanical system. This system was 
described in Sec. 21, Chapter 2. Its dif¬ 
ferential equations of motion were given 
in equations 60, Chapter 2. Those equa¬ 
tions and the initial conditions supple¬ 
menting them are repeated below: 

dxz 



1 f 



IcTj 









Fig. 6*7. The displacement of 
the frame is a forced damped 
oscillation. 


d^Xi 


. D ^ . r- - 


rr — n 
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and 

* 1 ( 0 ) = ai, x{( 0 ) = - 61 , ] 

, [ 56 ] 

X 2 ( 0 ) = — 02 , * 2 ( 0 ) = i) 2 - 

Let the forced displacement xa^t) = Xme"*' sin u>it. 

With the aid of pair 6, Table 1, Chapter 4, the 

£[X„e-*'sin (o,<] = - _i^Tr , 2 = ■X'3(«)- 

{s +5) -f 0)1 

If the £ transforms of Xi and X 2 are the functions Xi and X 2 of s, the 
£ transformation of equations 55 results in the equations 

- xi (0)s - x5(0)] + BilsXi - xi (0)] + K^Xi - K 1 X 2 ] 

= BrlsXa - XgCO)], 

-KiXi + Mals^Xi - X 2 ( 0 )s - x^(0)] + BalsXa - XaCO)] 

+ (Ki + K2)X2 = BiisXa - X 3 ( 0 )] + K2X3. 

Collecting terms, 

(Mis^ + Bis + Ki)Xi - KiX2 = BlsX^ + xi(0)(A/is + Bi) 

+ x[{0)Mi - Xs{0)Bi, 

-KiXi + IM2S^ + B 2 S 4- {Ki + K 2 M 2 = {B 2 S + K2)Xs 
4" X2(0)(M2S 4“ B 2 ) 4" X2(0)M2 — X3(0)i?2* 




Note that the right members of equations 55 were transformed 
directly instead of first substituting the time expressions for X 3 and 
its first derivative and then transforming. In this way further ad¬ 
vantage is taken of the transformation scheme in that it is much simpler 
to multiply by the variable in the complex domain than to differentiate 
in the real domain. 

Substitution of the values of the initial conditions can now be made 
from equations 56. In addition, from the form of 0:3 (t) it is evident that 
XsiO) = 0. 

With the magnitudes and signs of the initial values supplied, equa¬ 
tions 58 can be expressed as 

pii(s)Xi(fi) 4“ Pi 2 (s)-X’ 2 ( 5 ) = 

“b P22(^)-^2(5) = E2(s)f 
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in which 

Pii ^ Mis^ + Bis 4-1^1, 

p22 = M2S^ + B 2 S “h (Ki 4- K2), 

P12 — P21 — 

Ei(s) ^ BisX^ 4" (ii{Mis 4~ -Si) — hiMi^ 

E2(s) == (-S 2 S 4" K.2^X‘^ — 02 (^ 2 ^ 4“ S 2 ) 4" h2M2- 


[60] 


An algebraic solution for the transforms Xi(s) and X 2 {s) can now 
be made, and the inverse transformation of these leads to the final 
result. Thus the solutions may be indicated as 

^i(0(=)£-MXi(.)], ] 

, 61 

X2(0 (-)£*HX2WL 1 

and are good for 0 ^ t. 


11. Set of I Integrodifferential Equations for /-Loop Electric 
Network 


In the preceding examples, no more than two i-d equations or two 
differential equations have been handled at one time. In this section 
the more general case of a set of I integrodifferential equations will be 
treated. These will have first^rder derivatives and integrals since 
equations containing those of higher order arise infrequently and can 
be reduced to a set of equations of the type treated if encountered. 

In an /-loop electric network let the functions ii, 22 » • • •, it of / be 
the I unknown loop currents, and let the functions Viy V 2 , * y vt of the 

the I known applied loop voltages. The clockwise direction for a loop 
current will be taken as positive. The set of i-d equations is 

Xtf j ~ I> 2, • • •, /, [62] 


in which 


ajj = Ljj — -h Rjj 4- ^ dt, 

ajk “ — — Rjie J* dty j 5 ^ h. 


Certain exceptions to the signs taken for aju have been discussed in 
Sec. 9, Chapter 2. 

For generality let it be assumed that each loop j has a net initial flux 
linkage Xy and a net initial condenser voltage Ty. In Secs. 7 and 8 a 
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procedure was developed for handling the initial flux linkages and 
initial condenser voltages of any loop, and that procedure will be 
followed here. 

Let 

£[4(<)] = h(s), and £[»,(<)] ^ Fy(s), fc, j = 1,2, • • •, Z, 
then the £ transformation of equations 62 gives 

]|C 3 ~ 1> 2, * • •, Z, [63] 

k^i 

in which 

Zjj{s) = Lj]S + Rjj 4 * ", 

~ , j 5^ kj 

c jkS 

Ej{s) 4 y,.(s) + X,- + , 

S 

\j = net flux linkages in loop j at Z = 0+, 

jj = net condenser voltage in loop j at Z = 0-f. 

The set of transform equations 63 includes all the essential information 
regarding the network whose electrical behavior was described by 
equations 62. It includes all the essential element constants and 
element connections, and all the excitations — which in turn include 
all driving functions and all essential initial values. In other words, 
this set of equations comprises a complete statement in ^-transform 
notation of the physical problem that originally was expressed in the 
set of i-d equations supplemented by a statement of initial conditions. 

12 . Algebraic Solution of a Set of Z Transform Equations 

Equations 63 constitute a set of Z algebraic equations having Z un¬ 
known functions /i, / 2 , * * •, // of 8. The simplest way of indicating 
the solution of such a set of equations for any one of the unknowns, say 
/*(«), is to use determinants and Cramer’s rule. To this end the 
following notation is introduced: 

2n(s) Ziiis) • • ■ zu(s) 

221 (») 222(«) • • • *2l(s) 

A(s) ^ . . [64] 

2ll(«) 2I2 (s) • • • ««(«) 
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A{s) is the determinant of the set of transform equations and is of order 
1. The z’s are its elements. The determinant which is formed when the 
elements of the /:th column of 64 are replaced by the excitation functions 
Eij E 2 y * y El oi s is designated by Ajfc(s)- Then by Cramer^s rule the 
solution of the set of equations 63 is 

/*(«) = , fc = 1, 2, • • ■,[65] 

A(s) 


A determinant can be expanded in terms of the cofactors of the 
elements of any column or row. This provides a way of carrying the 
solution of equations 65 somewhat farther. The cofactor of the element 
Zjk in A(s) is 

I ^11 ' ' * * *21^ I 


Nikis) A (-1)'+* 


1,1 






[ 66 ] 


^11 •' 


in which the argument s of the s’s is omitted for simplification. Njkis) 
is formed from A(s) by striking out the row and column containing the 
element zjk and prefixing the sign factor (—1)^'^*. 

Expanding Afc(s) in terms of the cofactors of the A;th column — 
remembering that the elements of this column consist of the E’s — 
equations 65 can be written 


h(s) = 


A(s) 


N2k(s) 

Ms) 


E2(s) + 


Ms) 

k = 1 , 2 , • • 


,1. [67] 


When a cofactor is divided by the determinant of the system as above, 
it is called a normalized cofactor. Introducing the abbreviations 


Ykiis) = 


Nikis) 

Ms) 


[ 68 ] 


for the normalized cofactors forming the coefficients in the equations 
67, these equations become 

his) = ZYkiWEiis), fc = 1, 2, • •., i. [69] 

3-1 

Yiiis) is the short-circuit input-admittance function of the network 
view^ from loop j. The single transfonn equation 

his) = YiiiB)Eiis) 


170] 
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indicates that Yjj(s) is the system function relating the transform for 
the current in loop j to the excitation function for this same loop, all 
other excitation functions being zero. Yjj(s) can be formed from the 
determinant and cofactor as in equation 68, but equation 70 indicates 
that it can also be formed readily from inspection of the transform 
diagram of the network. In the latter method, impedance functions 
are combined in series and parallel, with AF, or YA transformations 
made when necessary as with steady-state impedances. 

Ykj(s) is the short-circuit transfer-admittance function for loops j and 
k. The equation 

h{s) = Ykj{s)Ei{B) [71] 

indicates that Ykj{s) is the system function relating the transform for 
the current in loop k to the excitation function in loop j, all other ex¬ 
citation functions being zero. As suggested by equation 71, this func¬ 
tion can be formed directly from inspection of the transform diagram 
of the network by series-parallel combination of impedance functions. 

Through choice of symbols and terminology an effort has been made 
to emphasize the fact that iu-transform relations are but a generalization 
of conventional steady-state a-c relations. Network theory is well 
known in terms of steady-state a-c quantities but not in terms of £ 
transforms. The similarity of form of the equations is evident, but the 
nature of the transforms makes possible a generality of interpretation 
in transient as well as steady-state analysis that far exceeds conventional 
treatment of these two phases of network analysis. On the other 
hand, a knowledge of steady-state a-c theory can be of real assistance 
in the rapid formulation of system functions in the ^-transformation 
theory. A similarity of syml:)olism and terminology has been employed 
to encourage this close association and mutual helpfulness of the two 
approaches. 

PROBLEMS 

6*1. When not in use the relay K 2 shown in the diagram is closed. The winding 
controlling K 2 is divided, winding 1 having few 
turns Ni and low resistance, and winding 2 
having many turns and high resistance. 

When switch Ai is closed large current is pro¬ 
vided for quick pickup of A 2 and low current is 
provided litimately for holding it open. When 
switch K\ is opened there is a time delay before 
K 2 closes. The pickup and drop-out ampere- 
turns are Ax and Aa, respectively, with A 2 < A\, 

The supply voltage is V volts dc. 

(a) If switch Ki is closed and t is considered 
aero when <^>ens, form the £ transform of the current in winding 2. 





Fig. 5’Pl 
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(6) With the network in its steady-state condition, switch Ki is opened. If this 
is considered to occur at < = 0, form the £ transform of the current in winding 2. 


5’2. With K in position a, the network illustrated comes to its steadynstate con¬ 


dition ; K is then moved to position h at f 
V 2 for 0 ^ f. 




11 . t 


'"TT- 

II I 1 


k i J 

c. <>R. 1 


1 “1 

= s 


1 

r 1 


__ 



Fig. 5 P2 


0. Give the £ transform of the voltage 



5-3. Find the £ transform of the condenser voltage in the network illustrated. 
The initial conditions are as indicated. r(f) = Vm sin ojit. 

5-4. If the voltage source and series branch in diagram a are to be replaced by a 
current source and parallel branch as in h, what must the parallel branch be, and 
what relation must hold between the current and voltage sources? Terminal 
current ii and voltage vi must be the same in both networks. 

Try generalizing this to branches consisting of general passive networks. 



6*5. If a unit step voltage is impressed on a 2-tenninal network which is initially 
without currents or charges, the input current is 

— Ki -f- K 2 e~^^ sill pi amperes. 

Here Ki and K 2 are real constants. From this calculate what the steady-state 
input power will be if the applied voltage on these two terminals is 

v(t) = Fi sin tail + 0.2V I sin (3«if 4- f) volte, 
i.e., a fundamental and a 20-percent third harmonic. 



5*6. In diagram a is shown a screen-grid tube driving a tuned circuit. As a result 
0 / a grad-bias voltage, the alternating voltage Vg in the grid circuit produces an inter • 
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mittent plate current ip of the form shown by the solid line in diagram 6 , the tube 
acting as a current source. Give the £ transform of the voltage drop Vp produced 
across the plate circuit by this current. 

5-7. A surge-voltage generator which is especially useful for studying the surge 
protection of transmission-line terminal apparatus is shown in diagram o. When 
this surge generator discharges without any load between terminals mn, the voltage 
drop v(t) appearing between these terminals has the form in which 

Vm, a, and b are positive real numbers. Furthermore, when viewed from these 
terminals during discharge the surge generator appears to have an impedance function 
which is a constant li. Thus, viewed from terminals mn, the generator’s equivalent 
network is as shown in diagram b. 




If Cl, C 2 , Lit and L 2 are fixed in value, find the relations that must hold among the 
R’s and the C’s and L’s of diagram a to give the v(t) and B of diagram h. Assume 
that the initial energies are zero except in Ci, the initial voltage across which is 7 . 

5-8. The network shown in the diagram is in the steady state when switch K 
opens. Find the £ transform of the voltage which appears thereafter across the 
mid-condenser C. The result may be left in the form of a ratio of determinants. 

Fo = 300 volts L = 2 X 10 ”'^ henry 

i 2 = 10 ohms C = 5 X 10 ~^ farad 


'h 


h 

Fia. 5 P 8 Fia. 6-P9 

5-9. The diagram shows a shaft having at one end a disk with moment of inertia Ji 
and at the other end a vibration damper consisting of a copper drum whose moment 
of inertia is J 2 and within which is a flywheel having moment of inertia /s. This 
inner flywheel is made of an aluminum-nickel-cobalt-iron alloy having high magnetic 
retentivity so that it remains polarized after magnetization. The damping produced 
by eddy currents induced in the drum when there is relative motion between dnim 
and flywheel is represented by rotational resistance B, The torsional stiffness of the 
shaft is K. 
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With the system at rest an exciting torque T{t) - Tm cob u it is applied to the 
disk at i = 0. Find the £ transform of the angular twist to which the shaft be¬ 
tween the disk and the damper is subjected. In a single system of units, 


B ii II 

O 00 S 

K = 50 

B - 1.2 

Tm = 1.2 


tax 


_ U steam k_ 

n admission arc r 



0 

/o-C 1 

L 

2 

a-b o o+b 

• - Time for 1 revolution -► 


Fia. 5 P10 


6*10. The fundamental equation of motion of a turbine blade subject to pulse 
loading because of partial admission of steam is 
d^x dx 


in which/(O is the steam jet loading. The form of one period of f{t) is shown in the 
diagram. 

(o) Find the £ transform of x for an interval corresponding to one revolution 
assuming that the initial values of x and x' are known. 

(6) If the initial values were not known how would you find the £ transform for x 
considering that the blade motion has reached the repeated-transient state? 

6 -11. The diagram shows the network of a parallel inverter with resistance load. 
Consider one half-cycle of its operation, letting f = 0 at the instant when anode 2 
ceases conducting and the return current passes through anode 1 alone. Assume 
that at that instant the initial condenser voltage and the initial inductance currents 
are as indicated. The constant arc-voltage drop has been deducted from the source 



voltage to give the constant voltage Vo- To simplify the figure, the grid-control 
circuits are not ediown and need not be con^dered in the problem. For this half-cycle 
find: 

(a) The self-impedance and mutual-impedance functions for the loops. 

(h) The short-circuit inpuWidmittance and transfer-admittance functions for the 
loops 

(c) The excitation functions for the loops. 

(d) The £ transforms of the loop currents. 
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6 * 12. The diagram shows one section of a balanced lattice-t 3 T>e corrective network 
with resistance terminations. Assume that the initial energy storage is zero. 
E* * L/C. 

(a) Find: (1) the £ transform of the input current n, (2) the £ transform of the 
output current i% (3) the short-circuit input-admittance function, and (4) the short- 
circuit transfer-admittance function. 

(b) Repeat part a using two sections. It will be sufficient if this is answered by 
reasoning physically, using the results obtained from a single section. 


L 



(c) Write the ratio of the transforms of the output and input voltages when there 
are n sections. Examine this ratio along the imaginary axis in the s-plane, plotting 
the magnitude and phase angle of the ratio against t*>. In view of the result found 
here, state in words the interesting electrical properties of this network. 



Chapter VI 

THE TRANSFORMATION OF RATIONAL 
ALGEBRAIC FRACTIONS 

It has been shown in Chapter 5 that the £ transformation of a set of 
n linear constant-coefficient i-d equations in one independent variable 
leads to a set of ii linear algebraic equations. The solution of this set 
for the transform of any one of the unknowns has in general the form 

/a responseN _ ^ system\ /an excitation\ ^ 9 

\transformj~i\function\ function // * ^ ^ 

The system functions appearing in the terms of the above sura are 
algebraic functions of s. The same is true of the excitation functions, 
provided the driving functions are constants, exponentials, sinusoids, 
positive integral powers of the independent variable, or any product Or 
sum of these — in brief, any functions of the form of pairs 1 to 12 
given in Table 1, Chapter 4. Since the product of two rational alge¬ 
braic functions is also a rational algebraic function, the response trans¬ 
form is a function of the rational algebraic type. 

The final step in the solution of a set of linear, constant-coefficient 
i-d equations with given boundary conditions depends upon the inverse 
transformation of the various response transforms. With the restric¬ 
tion on the driving function cited above, the problem of obtaining a 
solution reduces ultimately to the transformation of rational alge¬ 
braic functions of s. 

1. Associating Form of f { t ) with Position of Poles of F(s) 

Before discussing the general algebraic fraction it is desirable to 
review the simple transformation pairs given in Table 1 , Chapter 4 , 
since these provide information that can be especially useful in the 
interpretation of transforms arising in the solution of linear constant- 
coefficient i-d equations in one independent variable. In the comments 
that follow, the position given for a pole will refer to its position in the 
complex plane; the form given for an inverse transform will refer to 
its form in the range 0 ^ ^ 

Pair 1 shows that a first-order pole at the origin is associated with a 
constant (0 g <) hi the real domain. 

152 
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From pair 2 it is seen that a first-order pole on the negative real axis 
has associated with it a decreasing exponential in the real domain. As 
the position of this pole is moved in along the negative real axis to the 
origin and ont along the positive real axis the form of the associated 
time function changes from a decreasing exponential to a constant and 
then to an increasing exponential. 

Pairs 3, 4, and 5 show that first-order conjugate poles on the axis 
of imaginaries are associated with sinusoidal functions. If these con¬ 
jugate poles lie off the axis in the left half of the complex plane, as in 
pairs 6, 7, and 8, the associated function is an exponentially damped 
oscillation. If these poles lie in the right half-plane the associated 
function is an exponentially increasing oscillation. 

From pair 9 it is seen that a second-order pole at the origin has for 
its associated function in the real domain a linear; and if this pole is of 
higher order, it is seen from pair 10 that the associated function is a 
higher-degree power function. 

If the pole is of second order and lies on the negative real axis, pair 
11 shows that the associated function in the real domain is the product 
of a linear factor and a decreasing exponential. If this pole is of higher 
order, pair 12 shows that the product curve is composed of a power 
function and a decreasing exponential. Both pairs 11 and 12 show that 
if the higher-order pole falls on the positive real axis the exponential 
factor in the associated product function is increasing in magnitude. 

It is instructive to follow in this way the change in form of the asso¬ 
ciated time function as the positions of the poles of F{s) are changed in 
some prescribed way. A knowledge of the time functions corresponding 
to transforms having poles in certain locations in the s-plane will be of 
value in the use of the £-transformation method. This affords a way, 
different from the usual one, of thinking about the characteristics and 
behavior of physical systems and should strengthen one’s insight into 
the performance to be expected of these systems when subjected to 
specified excitations. This scheme was introduced by Routh [Ro 2] 
in his Adams Prize Essay in 1877. 

2. General Rational Algebraic Fraction 
Let the general rational algebraic fraction be designated by 

JTM ^ A 4- * * * -f ais + flo 

B(s) + • • • -h feis -f 5o ' ^ • 

in which the a’s and 5’s are real constants, and p and q are positive 
integers. A(s) and B{s) are polynomials in s, i.e., they are entire (or 
integral) functions. For convenience the coefficient of the highest 
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power of 5 in Bis) has been made unity by division of all coefficients of 
numerator and denominator by a constant. Two cases may be dis¬ 
tinguished, depending upon the relative values of p and q. 

a. If p ^ g, then F(s) is an improper fraction. A (s) should first be 
divided by Bis), the quotient being carried out until a remainder is 
obtained which is a proper fraction. For example, if p ^ q + 1, 
division gives 


m ° “ 


Ai(s) 
B(s) ’ 


[ 2 ] 


with Kq and Ki constante, and a proper fraction. Then 

Bis) 


[3] 


Two exceptional cases arise here: (1) the inverse transformation of 
a constant and (2) the inverse transformation of a positive integral 
power of s. As none of the pairs developed in Chapter 4 sheds any 
light on the way to handle these cases, the treatment of an F is) which 
is an improper fraction will be postponed until Sec. 9, Chapter 8. 

6 , If p < q, then F(s) is a proper fraction. Two sub-cases may be 
distinguished: (1) the poles of F(s) are all of the first order and (2) 
some, or all, of the poles are of higher order than the first. 


S, p < q AND First-Order Poles Only 

The poles of F(s), equation 1, are located by determining the roots of 
the equation Bis) = 0. Let these q roots be si, 82, • • •, Sq — no two of 
which are equal; and assume that A(sfc) ^ 0, k = 1, 2, •••, q. Exclu¬ 
sion of repeated roots assures that Fis) will have first-order poles only; 
barring s* from being a zero of A is) assures that the number of poles 
that Fis) has is q and not fewer. Fis) can then be written 

A(s) ^ _£(£)_ 

B(s) (s - Si)(s - « 2 ) • • • (s - 8j) ■ 

The rational fraction A is)/Bis) can be written as a sum of partial 
fractions,^ each partial fraction having for its denominator one of the 
factors of Bis). There will be ^ of these partial fractions. Letting the 
K^8 be the coefficients, as yet undetermined, this expansion gives 

A is) . gg 

B(s) s — Si « — ^ s — Sb ^ 

^ See any college algebra text, for example, Hne. 




15 ] 



Sbc. 3} 


V<q AND FIBST-ORDER POLES ONLY 


166 


To evaluate the typical coefficient Kk multiply both members of 
equation 6 by (s — «*), obtaining 


(s — 8k)A (s) ^ S — 8k . 8 — Sk , 

“ I T" “*■ -^2-h 

/>(«) S — Si 5 — S2 


+ Kk 4- * • * 





[ 6 ] 


In the fraction forming the left member of equation 6 (s — s*) is a 
factor of both numerator and denominator and should be divided out. 
Then letting s = s*, this left member becomes a number, and in the 
right member all terms except Kk become zero, i.e.. 


Kk^ 


Rs Sk)A(s) l 

L B(s) I,,* 


A (8k) 


(Sk — Si)(Sk — S2) • • * (Sk — Sk-l)(Sk — Sfc+l) • • • (Sfc — Sg) 


[7] 


But 


(Sk — Si)(8k — 82) * • ’ (8* — 8ifc--l)(8fc — S*-fi) • ^ • (Sk — Sg) 


60 equation 6 can be written 


Ais) _ ^ Msk) 1 

d// 


B(s) k^iB{sk)s-8k 


[9] 


The transformation of the fraction A (s)/B(s) can now be carried 
out, using the partial-fraction expansion given in equation 9. 


By the linearity theorem (Theorem 6) the order of transformation and 
summation can be changed; consequently 


L*-lB'(8t) « - «*J t-1 LB'(«*) S - 8iJ 


[ 11 ] 


The actual problem of inverse transformation is now a simple one; 
by pair 2, Table 1, Chapter 4, 

£-‘r-^l(=)e*«, Ogfc 

Ls — «jfcJ 
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Substitution of this result in equation 11 gives the useful formula 


1 



(=) f 

(Sk) 




[ 12 ] 


in which A(s)/B(s) is a rational fraction having first-order poles only, 
and st(k = 1, 2, • • •, q) is a root of the equation B(s) — 0. 


Example 1. Find + Qo - ^ which oci, and as 

L(s 4- ai)(s -h a2)(s 4- a3)J 
are real numbers, all different. 

By equation 12, 




a\s 4“ Uo 


(s 4" oii)(.s 4- a 2 )(s 4“ ets) 


]<= 


) A'ie-“i' + AV-“2' + A'3e-«>‘, 0 g t, [13] 


in which 


Ki ^ 

K, ^ 


[ 

[ 

[ 


UlS 4" o>o 

(s 4 - «2)(« 4 - «3) 
ais 4" ^0 

(s + Q!i)(s 4- 0:3) 

Uis 4" uo 
(s 4 - ai)(s 4 - «2) 


] 

] 

] 


«— 


—«i 


~«2 


-0-8 


_ — fllQl 4- Qq _ 

( —ai H- (X 2 ){ — ai 4- 0J3) 

— aia 2 ao 

-, 

{-a 2 4 - oii)(-a 2 4 - ^3) 

_ —010:3 4 " Up _ 

(-aa 4- ai)(-o :3 4 - 0:2) 


If all the a’s are positive, the result 13 is composed of three decreasing 
exponential functions. 


4. Special Case: One of the Poles Lies at Origin 
In A (s)/B(s) of equation 4 let si = 0; then 

Ajs) __ ^ ri 4 ] 

B{ 8 ) 8(8 - 82 ) (S — S3) • • • (5 — Sq) sBi(s) ' 

in which 

Bl(s) * = (S — S2)(5 - S 3 ) • • • (s — 8q). 

5 

The form of A(s)/B(8) given in equation 14 occurs frequently. It 
arises, for example, when the excitation function is a constant and the 
system function does not have a pole or a zero at s = 0. 

Without repeating the various steps of the development, the final 
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result can be written as the following modification of equation 12: 

[ili] <-> [liL +£[.I|)L/“ 




, in which a and p are real 


Example 1 . Find £ ^ | --—;— -— i, in which a and )3 are real 

[s[{s + ay-)r 

numbers. 

HereRi(s) = [(s + a)^ + B[(s) — 2{s -H a), ands 2 , S 3 == —a dr j/S. 

Then by equation 15, 

i[(. 7a/l ^ j 0S<, [16] 

in which /3 q = (/3® + and 

jC A gp ~ aia -f jai^ 

" " l2sis + 2M-a + 


A + gp _ ' 

“ L2«(« + 


j2i8(«2 4 - ^2)^^ 2 m 
= tan”^ ——, ^2 - tan“^ — 


[(gp — aiay + ^ 


-, ^p2 = tan“^-, ^ 4 - ^ 2 ; 

gp — aia —a 


A + ap 

_ 2 s(s 4 - 


Coefficients Kz and are conjugate complex numbers since —j appears in 
X 3 wherever +; appears in X 2 . The final result can be written, 

jD-i I 4- gp ] 

(«[(s + a)“ + /3*]j 

S + "^ ~ [17] 

ft Pft 

If a and & are positive, this result is composed of a constant and a damped 
oscillation. 

6. Special Case: At Least One Pair of Conjugate Poles Lies on 
Axis of Imaginaries 

In A (s)/B{s) of equation 4 let si = jwi and S 2 = then 

A(8) ^ _A(£)_ 

B(s) “ (s - jui){s + J«l)(s - Ss)(s - S4) • • • (s - 8j) 

^(s) ,,g, 

' («®+0,?)Ss(8)’ 
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in which 

B2(s) = ^ 2 ^ = (S - «3)(S - 84 ) ■ • • (s - 8 ,). 


The form of A (s)/5 (s) given in equation 18 arises when the driving 
function is sinusoidal with angular frequency wi, and the system function 
has no poles or zeros at dzjwi. The transform of a sinusoidal function 
of angular frequency cji being proportional to -f- the latter 

will appear as a factor in the response transform. 

The final form can be written as the following modification of equa¬ 
tion 12: 


-1 


A { 8 ) 

(8* + a,f)B2(8)J 




<=,[ 

+ 


(s + jui)B 2 (s)J. 


e^"i‘ 


A(s) 


1 


(s - 82 ( 8 ) 




+ z 


A(s) 


*r3L(s"+<-Dfi2(») 


A(jo>i) 


e’"*' + 


7—1 e*‘‘ 

A(-jo)i) 




+ L 


A(s,) 


ifc-3 (sf + ^ 1)^2 ( 5 *) 


— 2jo)iB2(-jo)i) 
c**S 0 ^ [19] 


The first two terms in equation 19 are conjugate complex functions 
of t and U 3 i. Being conjugate, the sum of their imaginary parts is zero 
and the sum of their real parts is twice the real part of either. Conse¬ 
quently, these two terms combine into a single sinusoidal function. 
It is preferable for computation, however, to retain this function in 
complex form, so the joint result of the first two terms in equation 19 
will be written 


Ajjui) 

LMB 2 (ja!i) 



and 19 becomes 


£-* 


L(82+«?)B2(8)J^ ’ J 


, f A(8t) 
t-S (** + <i>f)S2(Si) 


e*‘‘, 


0 g t. 


m 
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Note that the term in equation 19 is the one indicated when the real 
part is to be taken as in equation 20. The reason for the choice of this 
term, rather than the conjugate term, will be given in Chapter 7, Sec, 2. 

Since £R[2iirie^"i^] s 3[2jKie^‘^^% in which the operator d means 
** take the imaginary part of,” equation 20 can also be written 


£—^ 


4(s) 


+ a>t)B2(s) 


i = ) 

J L^lB2(jCt)l) J 


+ z 


A(su) 


3 4- 0)l)^2(Sk) 


0 ^ L 


[ 21 ] 


In application, this latter form frequently leads to the final result more 
directly than the form given in 20. 


Example 1. Find £ ^ ^ ^ in which wi and a are real 

lis^ + wt)(s + a)J 

numbers. 

Here B^is) = (s + a), B^is) - 1, and sz = —a. Applying equation 21, 




. ais + ao 1 / _ ^ ^ r 4- jioiai ,1 . 
+ wi)(5 + a)J L‘*^i(a 4- jcoi) J 


-aia 4- Qq 
+ o)? 


0 ^ 


Now 


Op 4- johdi _ (oq 4~ =- _L 4“ ^iQiV 

<*>i(a 4" wi \ -f- / * 

in which 


= tan”^ 


J 

ao 


^2 — tan“^ —, and ^ — ^ 2 - 

a 


Writing the final result in terms of real functions only, 


£-1 




Uis -f" ao 

(s2 + aj?)(s + a) 


i(=)i(“i^y 

J «1 \ Of* + w, / 


sin (wii 


4- 


ao — aia 
a* + w? 


0 ^ L 


122 ] 


If a and ui are positive, this result is a sinusoid oscillating about an axis 
displaced along an exponentially decaying curve. 


6 . p < g AND Multiple-Order Poles 

Tlie previous discussion has been limited to functions F(s), equation 1, 
having first-order poles only. Consider now functions F{s) which have 
poles of higher order. The restriction to proper fractions (p < g) is 
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still retained. Let the equation B(s) = 0 have the n distinct roots si, 
S 2 , * * *, Sn; moreover, let 


$1 occur mi times, 
S 2 occur m 2 times, 


Sn occur nin times, 

with the restriction that mi 4 - m 2 + • * • -f- m,i = ( 7 . Also assume that 
A(sk) 7 ^ 0, k = 1 , 2 , • • n. This exclusion of as a possible zero of 
A ( 5 ) assures that the multiplicity of pole Sk is rrik and not less. The 
function F(s) can then be written 

A(s) A(s) 

B(s) " (s - - S2r^ • • • (s - • P3] 

The fraction A (s)/B(s) can be resolved into a sum of partial fractions. 
For each pole Sk of multiplicity nik there are rrik partial fractions of the 
form 


Kki Kk2 

(S - ' (s - SkT'^'^^ 


s - Sk 


in which the are constants yet to he determined. Thus, the expan¬ 
sion of equation 23 is 


A{s) _ Kn K ,2 

B{s) {s ~ (s - ‘ (s - ‘ 

S — Si 


+ 


Kki Kk2 

(s-skr^^ is-skr’^-^ 


-f • • • + 


Kkj 

(S — 


S- Sk 




n 

= r L 


Kki 

{s - ■ 


[24] 






Sec. 6] 


p <q AND MULTIPLE-ORDER POLES 


161 


In equation 24 the inner sum with the index j accounts for each of the 
terms associated with a particular pole, i.e., for each of the terms of a 
particular row in 24; the outer sum with the index k accounts for each 
of the n poles, i.e., for each of the rows of 24. 

To evaluate the coefficients, first multiply both members of equa¬ 
tion 24 by {s — obtaining 

(s - 8tr*A(«) , ■. . r. . .■> . 

= Ktl -f- Kk2(s — Sk) -h Kk3(s — Skr -!-••• 


+ Kkmki^ — Sk)^'‘ ^ 

+ + • • • + f25] 

L {S — Sij 1 S - SnJ 

in which there has been gathered within the brackets all terms except 
those with Kk coefficients. In the left member (s — «&)”** is also a 
factor of B(s) and should be divided out. Now lettings = s*, this left 
member becomes a number, and in the right member all terms except 
Kki become zero. Although this procedure can be used to evaluate 
Kki, it alone is insufficient to evaluate any of the remaining iiCfc coefficients 
since each of these is multiplied by a positive power of (s — s*). 

If the term Kk in the right member of equation 25 could be eliminated, 
and also the factor (s — Sk) that multiplies Kk 2 y a repetition of the 
process of letting s — Sk would evaluate Kk 2 ’ These eliminations can 
be accomplished by differentiating equation 25 once with respect to s. 
Thus, 


d {s - SkT^Ajs) 
ds B(8) 


= Kk2 "h ^Kksis — Sk) -[-••• 


+ (rrik - l)Kk^k{s - Sk)^^-^ 

+ j(s- + • • • + . [26] 

ds L(« - Sl)^ S ~ «nJ 

Now letting s « s^, the value of Kk 2 is determined. It is seen that this 
procedure of differentiating and then placing s - Sk is the same one 
that is used for determining the coefficients in a power series, and can be 
continued imtil the value of each xmknown constant Kk is determined. 
A repetition of this for each of the other distinct factors of B(s) will re- 
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suit in the evaluation of all the undetermined coefficients of equation 
24. A general formula for finding these coefficients can be written as 


4 1 

(i-l)!U^-» Bis) J.../ 


[27] 


The £“* transformation of the fraction A (s)/Bis) can now be written, 
using the expansion given in equation 24, i.e., 


£-1 




Kki - 

(s - 


[28] 


By the linearity theorem (Theorem 5) the order in which the transfor¬ 
mation and double summation are ijerformed may be changed without 
affecting the result; so 


r n mt 




IT . “1 n m* p TT . 

- tx h L(« - ' 


[29] 


Although the original function 23 may be highly complicated because 
of its generality, the problem of finding its inverse transform is reduced 
now to the simple transformation indicated in equation 29. By pair 12, 
Table 1, Chapter 4, 




[(s - 


(=) 


rx-i 

im,-j)l 




0 g f. 


Substitution of this result in equation 29 gives the formula for the in¬ 
verse transformation of the general rational algebraic fraction. It is 


£-1 


in which 






[30] 


' (i- B(s) 

n r “b ctol . , ., . , , 

Example 1. Find I—— J > ^ which a is a real number. 

This transform has a third-order pole at —a and a second-order pole at the 
c»igin. There are two distinct roots, so n «= 2. If ^ — a and «* A 0, 
then mi « 3 and m 2 = 2. 

Rather than use equation 30 directly, it is less confusing to actually write 
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out the partial-fraction expansion of the function and then transform term 
by term. Thus 


£-1 r 4- uq I __ “ 

(« -f- a)V J 


Kn Kn 

(s + a)’ (g + a)* 8 + 


■^18 Kil ifM ~[ 

s + a'^ « J 


’ \ 2 ! 


in which 


Kn 

Ki2 

Ku 

Kn 

K22 




21 + Ki2t + K’ls^ e 4- K2it + ^^ 22 , 0 ^ t, 

028 ^ + ai« 4- aol — aia -f- oq 


Js-—a 

1 r (P 028 ^ 4- ais + op l 
^ Ids^ 8^ 1 . 


d a2S ^ 4“ ais 4- cto ] 
ds 


— aia 4- 2ao 

—flia 4- 3oo 




2! Ids^ 6^ 

ci2S ^ 4“ ciis 4“ uo 
is 4- a )^ 

d 0 . 28 ^ 4” flis 4~ ®o 
ds (s 4- ot )^ 


] = ^ 
s^o 

1 - 

Js-O 


aia — Soo 


[31] 


7. Summary of Pairs for £“' Transformation of the General 

Rational Algebraic Fraction 

The important formulas which have been developed in this chapter for 
the £“^ transformation of the general rational algebraic fraction are 
brought together as transform pairs in Table 1. 

Pair 1 gives the £~^ transform of a fraction having only first-order 
poles. It is the one most frequently used in solving linear constant- 
coefficient i-d equations. Pairs 1-a and 1-6 are special cases and are 
included because the step function and the sectioned sine wave — the 
driving-force functions most frequently met — usually produce response 
transforms of these two sub-types. These pairs also are closest to the 
fonns of the partial-fraction expansion theorem which are current in the 
literature of the Cauchy-Heaviside operational calculus. Pair 2 is for 
fractions having multiple-order poles. It gives the £“^ transform of the 
most general proper fraction that can arise in solving linear constant- 
coefficient i-d equations if the driving-force functions are restricted to 
functions which are themselves free solutions of i-d equations of 
this type, 
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Table 1. Summary of Pairs for £ ^ Transformation of General 
Rational Algebraic Fractions 


1. First-order poles only, general case: 


A(s) 

Bis) 


j. AM 

tTi R'(s*)‘ 


0 ^ 


(a) First-order poles only, one pole lying at the origin: 


A(s) 


A(0) 


AM 


Bm fc?2 s*R',(.u)' 


0 ^ ^ 


sBiis) 

{b) First-order poles only, one pair lying on axis of imaginaries: 


A(s) 


8^ + oif )R2 (s) 


g> r ■ -1- ~—- g€kt 

L/w 1^2 ) J A; » 3 (s* -f- ) ^^2 (^A: ) 

LoiiRzO^-i) J 


AM 


2. Higher-order poles, general case: 

Ais) \ A ^ Kk, 


Bis) 


V V 

Jt = l (m* —j)l 


B(s) & (s 


1 

'J — ly. Lrfs'’“‘ 


k% (4 + 

0 ^ t 
^Ais) 

J. 


I‘-' (S - 

B(») 

■■■(8- «*)”“ 

mi + m2 + • * • H“ mn = 7 . 


0 ^ t 


0 


is - «n)’^ 


In Table 1 the fraction A(«)/R(s) is defined to be of the form (or reducible to 


the form) 


aps‘' 


-}- ois -)- ao 


> in which the a’s and fe’s are real 


5* + bq^is^ ^ -h • • • + his + 60 
constants, p and q are positive int^ers, and V < q- The prime on a function in¬ 
dicates a first derivative of this function with respect to s; for example, B'isk) ^ 


7 

dS 


8. Determination of the Position and Order op the Poles 

As a preliminary to the expansion of F{s) in partial fractions having s 
as the variable it is essential that the position and multiplicity of each 
pole of this function be known. In the foregoing discussion it has been 
assumed that this information regarding the poles was available, but to 
obtain this information in treating a physical problem it is necessary to 
solve an algebraic equation for its roots. This may entail considerable 
mathematical work. It should be emphasized, however, that this step 
is not peculiar to the transform method of solving diJBferential equations. 
It is an inherent part of the task of obtaining, by analytic methods, the 
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complete solution of linear i-d equations with constant coeflScients. In 
this detail there is no difference between the transform method and 
other analytic methods of solving such equations. In all analytic 
methods — as contrasted with machine methods — a knowledge of the 
factors of the characteristic equation is essential. 

For purposes of discussion in this chapter the general transform has 
been written as the quotient of two polynomials. In the solution of 
physical problems the response transform consists of the product of a 
system function and an excitation function. Obviously, it Ls not neces¬ 
sary to reduce this product to the explicit quotient of two polynomials 
in order to apply the foregoing theory, since this only makes more 
difficult the location of the poles of the transform. The determination 
of the poles belonging to the excitation function is generally only a 
matter of inspection; in contrast to this, the determination of the poles 
belonging to the system function usually requires considerable calcu¬ 
lation if the system is other than the simplest type. 

If the physical system possesses negligible damping for its characteris¬ 
tic vibrations, only the even powers of s in the characteristic equation for 
the system need to be considered. With damping neglectod, the poles 
of the system function lie on the axis of imaginarios, and the difficulty 
of finding them from the characteristic equation is much less than the 
degree of the equation implies, since it can be solved first for squared 
roots. 

As the solution of fourth- and higher-degree algebraic equations with 
numerical coefficients is practically unavoidable if physical systems 
other than the simplest are to be handled, it is desirable that the reader 
acquaint himself — if not already acquainted — with the Graeffe or 
root-squaring method of solving such equations. Since the underlying 
theory of this method is not complicated, and the rules of procedure 
have been explicitly stated, one can learn to use it effectively after a 
relatively brief period of practice. Since it has been described in a 
number of places in mathematical and engineering literature [Do 16, 
Ku 4, Sc 1, Wh 7, Be 3], it will not be treated here. A working knowl¬ 
edge of it will be presumed, however, in a number of the examples and 
practice problems. Mechanical methods of finding the roots are also 
available [Di 2}. 

The solution of third-degree equations does not require a method so 
general as the Graeffe method. In a third-degree equation there must 
be at least one real root, and this can be obtained easily by trial using 
synthetic division, Homer^s method, or some modification of these 
[Hu 4, pp. 76-82]. When found, this real root can be factored out, 
leaving a quadratic equation whose solution presents no difficulty. 
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9. Special Procedure when Principal Diagonal of System Deter¬ 
minant HAS Equal Elements and each Diagonal Paralleling 
It has Equal Elements. 


In general the response transform resulting from the algebraic solution 
of a set of £-transformed equations consists of the ratio of two deter¬ 
minants, as shown in Sec. 12, Chapter 5. The usual procedure is to 
rewrite the system determinant as a polynomial in s, and to factor this 
polynomial to determine the location and order of the poles l>elonging 
to the system. A time-saving modification of this procedure is possible 
if the principal diagonal of the system determinant is composed of 
equal self-elements and each of the diagonals paralleling it is composed 
of equal mutual elements. There is also the special case, represented 
by the example below, in which all the mutual elements are equal 
[Pi 8]. When these conditions hold it is possible to factor the deter¬ 
minant in terms of its elements directly without first reducing it to its 
polynomial equivalent in s. Furthermore, in making a partial-fraction 
expansion of the transform, it is possible to simplify the work by using 
as variable the self-element, which is a function of s, rather than s itself. 

This special procedure will be illustrated by an example. In a three- 
loop network let each loop contain self-elements L, R, and C and be 
coupled to each of the other loops by mutual inductance M; a unit 
step voltage is applied in loop 1. The initial energy storage is zero. 
Then 


Zll 

212 

^l(^) 


^22 = 2^33 

2i3 = ^3 

-, and 
8 


= Ls -f "f ~ = Zo> 
^ Ms ^ 

E2{s) = Esis) 4 0. 


Here all the self-elements are equal, and likewise all the mutual elements 
are equal. The £ transform for the current in loop 1 is 


El 


Zb 

0 

Za 

Zb 

0 

Zb 

Za 


Zb 

Zb 


Za 

Zb 


Zb 

Za 


- 4)Ei 

(Za + 2zi,)(Za~Zb)^ 


(Zg + Zb)El 
iZa + !^b)iZa-Zb) 


• [32] 
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The steps by which the system determinant is factored are as follows: 


2c 26 26 


j 26 26 

1 

1 26 26 

26 2a 26 

= 2a 

2a Za 

1 

Zb 2^ ZaZb 

2& 26 Za 


26 2a 26 

26 Zb Za 

2a 

Zb ZaZb 2^ 


1 


1 0 0 
2b 2^ 2b 2a2b 2^ 

Zb ZaZb - 4 4-4 

(Za - Zi.)®| Za + Zb Zb 

Zb Za + Zb 

= (Za - Zb)^(Za + 2 Zb}. 


133] 


Returning now to the expression for /i(s) and making a partial-frac¬ 
tion expansion, treating the function Za as variable, 


in which 


LZa ZbJz^ _2^ 3 

jj 4 r 

\.Za + 2 ZbX.-^, 3 


134] 


Here 


2. + 2j!» = (L + 2M)a + fl + — = (L + 2Af) 


+ Ot\f -f I 


ai « 


R 


2(L + 2M) ' 


C{L -h 2M) 


-of. 


Za-Zb = (L - Jf)s + fi + ^ = (Z, - M) ■ 

C/S s 


as 




1 


- al 


2(L - MY C{L - M) 

Substitution of these and 1/s for Ei in equation 34 yields 


/iW* 


T_1 

L3(Z# -f 


1 +_^_ i _1 


2M)‘(8+ai)* +/^ 3(L- Af)'(8 + «a)* 


[35] 



168 TBANSFORMATION OF RATIONAL FRACTIONS [Chap. VI 


and its £ ^ transformation gives 

e""*' sin /3i< 26-°"' sin 

^ ^ 3(L + 2M)j3i 3(L - MW 


0 g <. 


[36] 


This network is also of interest from a different point of view. 
It is an example of a class of networks having the special prop¬ 
erty that the short-circuit input-admittance function is the same 
viewed from any loop and the transfer-admittance function is the 
same for an}^ pair of loops. The analysis of networks of this type is 
simplified by the use of symmetrical components, since voltage drops of a 
specified sequence are produced only by currents of that sequence 
[Ly 1, Wa 3]. From the point of view of symmetrical components, 
Za -h 22 b is the impedance to zero-sequen(‘e currents, and Za — z^j is the 
impedance to both positive- and negative-sequence currents. The first 
term of equation 36 is the zero-sequence current; the second term is the 
sum of the equal positive- and negative-sequence currents. At the out¬ 
set a separate transform equation could have been written for each of 
these sequences, and each sequence equation could have been solved by 
the transformation for its current. These sequence components 
could then have been combined in accordance with the principles of 
symmetrical components to obtain the actual current. The result 
would have been the same as that given in equation 36. By this use of 
symmetrical components, as with the method given above, it is possible 
to avoid the usual process of factoring a polynomial in s for problems of 
the type discussed. 


PROBLEMS 


6*1. Find the £ ^ transforms of the functions given below, a, /S, 7 , X, ai, and oq 
are real numbers. 


8 + ao 

( J ) 

8 + ao 

s(« + «)(« + y) 

( 8 * + X “)[(8 + Cf + 

8 ^ + ajs + oo 

( J 9 ) 

8 ® + OlS + Oo 

(s + a) ( 8 * + 0 ^) 

(s 4-7)0 -f a )^ 

8 ® + ai 8 + Oo 

( h ) 

8 4 “ flo 

(8 + «)(82 + /J*)( 8 =' + ^ 2 ) 


8 

(f) 

8* + O18 + Oo 

(8 + a)* + 

8(8>‘+(8»)* 

8® +018+00 

U ) 

8® + O18 + Oo 

8[(8 + a)2 + / 3 ^ 

(• + T)“[(8 + a)»+/ 9 *l 
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6-2. Show that the following constitutes an ^-transform pair: 

_n!_ 

s(s-f l)(s-f 2 )--- (s + n) 

in which n is a non-negative integer. 

6-3. Four identical circuits are magnetically coupled as illustrated. A unit step 
voltage is applied in circuit 1. The initial energy stored in all the circuits is zero. 


(1 - e-^ 



Fig. 6 P3 

Assuming that the roots of the characteristic equation are all complex, find the result¬ 
ing current in circuit 1. ^ 

If it is desired to vary the usual procedure in solving this problem, treat it as a prob¬ 
lem in transient symmetrical components. Consider the network to be a 4-phase 
system with the current in each phase composed of symmetrical components. Write 
the four sequence transform equations by inspection, i.e., one for the zero-sequence 
components, one for the first-sequence components, etc. Each of these sequence 
equations can be solved separately by the usual transformation. The actual 
current in any phase can then be found by combining its four sequence components. 

Would this use of symmetrical components be advantageous generally in calculat¬ 
ing transients in multi-loop networks? Give reasons in support of your answer, 

6-4. A lumped-constant representation of a transformer winding is shown in the 
diagram. One end of the winding is grounded and a unit step voltage is applied 



Fig. 6-P4 

at the other end. Find the voltage to ground at nodes 1 and 2. The energy stored 
in the winding at » 0 is zero. 

L * 0.5 henry 
Ml « 0.2 henry 
Afa * 0.1 henry 


Cl « 340 X ICpis farad 
Ca « 1020 X 10ri2 farad 


Chapter VII 

THE COMPLETE SOLUTION OF ONE-DIMENSIONAL 
PEOBLEMS CONCERNING ELECTRIC AND 
MECHANICAL SYSTEMS 

Before taking up examples of the complete solution by the £-trans- 
formation method of one-dimensional problems in specific electric and 
mechanical sysj,ems, the solution of a general linear second-order differ¬ 
ential equation with constant coefficients will be carried out. The 
frequent occurrence of equations of this type in many different branches 
of science and engineering makes its solution of general interest. Fur¬ 
thermore, this solution serves to introduce terminology useful in describ¬ 
ing certain important features common to the solutions of many transient 
problems. 

1. Seconi>-Order Differential Equation 

The £ transformation of a linear second-order differential equation 
with constant coefficients was carried out in Sec. 4, Chapter 5. The 
equation used there was 

(iv 

+5^ + C'j/=/(0, y = y(t), [1] 

and it was foimd that its indicated solution for 0 ^ Hs 

4- y(0)(4g -f R) -f- y'(0)A 
As^ + + C 

in which F(s) = £[/(0]> and y{0) and y'{0) are respectively the initial 
values of y and its first derivative. 

In Chapter 6 the basic principles have been presented for carrying out 
the inverse transformation indicated in equation 2. A driving function 
fit) must first be specified; let it be cos (cui^ + ^), in which wj, 
and ^ are real constants. By use of equation 20, Chapter 4, 

F(s) = £[F„ cos (a,i< + ^)] = , [3] 

in which g ^ F„ cob it>, and h = -F„ sin The subertatution of ex- 
pression 3 in Y(s) gives 

YM = + [y(0)(^8 + B )+ y'(0)^](a^ + a.f) 

(8*+uf)(A8*+B8-f-C) 
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l/(<) (=) [F(8)] = £-‘ 


W 
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Note that the numerator has been cleared of fractions. It is essential 
in the treatment of any algebraic transform first to clear both numerator 
and denominator of fractions. 

The factor (s^ + wf) in the denominator of Y (s) is introduced by the 
driving function. Let the zeros of this factor be denoted si, S 2 — ± 7 ^ 1 . 

The other factor {As^ Bs C) in the denominator is introduced by 
the left member of the difiPerential equation 1 and is dependent solely 
upon the system relations described in the equation. It is the character¬ 
istic function, defined in Sec. 4, Chapter 5. The equation 

+ Bs + C = 0, 

formed by equating this factor to zero, is the characteristic equation of 
the system. Let the roots of this equation be denoted S 3 , S 4 = — a ± 
in which 

a ^ , /3 = and ^0 


The form which the final result takes depends upon whether is posi¬ 
tive, negative, or zero. It will be assumed in this example that 
making 0 ^ positive and the cor¬ 
responding term in the final 
result a damped oscillation. 

The roots of the characteristic 
equation are called the character-- 
istic values, a is called the damjH 
ing constant, 0 the characteristic 
angular frequency, and 0 q the 
characteristic undamped angular 
frequency, 0 o is the limiting 
value of jS as the damping ap¬ 
proaches zero. 

The zeros si, 821 Ss, and 54 of the 
denominator of F(s) become the 
poles of Y{s), In a numerical 
problem the positions of the poles 



/w 
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s • plane 
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/ 

Fig. 7 * 1 . Location 

of poles of F(«) 

assuming coi ^ 100 radians per second, 

and A = 1 , B — 

20 , and C = 4.01 X 


10* in a single system of units. 


in the complex plane are determined by the numerical values of the 
constants q>i. A, B,C, Here, where the problem is literal, the poles will 
be assumed to be located in the positions shown in Fig. 7*1, 

Inserting the characteristic values in the expression for F(s), it 
becomes 

g 8 +}u,t+ [y(0)(^s + B)+ y^(0)A](8^ + 
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F(s) is a proper fraction. It has one pair of conjugate imaginary poles 
lying on the axis of imaginaries and one pair of conjugate complex poles 
lying in the left haK-plane. It falls within the classification of trans¬ 
forms dealt with in Sec. 5, Chapter 6 . Since S 3 and S 4 are conjugate 
complex numbers and will have associated with them conjugate complex 
coefficients and K 4 , the solution can be written as 

£-i[F(s)] ( =) 4- 0 ^ t, [5] 

in which 

with 

^ g - jh, 


$ = tan 


2 aci)i 


q 2 2 
OO ~ 0)1 


and 


K, ^ l{s + a-p)Y{s)U_^^j^ 
1 m — jn 


2A0 (a^ + cof - n - j2a^ 


=-Lr 




2A/3L {^0 ~ 4:a^Oil 




with 


W = /3[(? + y(0)Aiu>i - - y'{0)B\, 

n = hoil — ga y{^)aA{o)\ -f P>o) + y'(S))A{a^ -f- wf — /3^), 


A _i — 2aj8 

X = tan ^-tan ^ -5 - 5 - 73 • 

m A (A - & 


The final result is then, in terms of the above abbreviations, 


+ 


T- 




A/S L(/3o - (4? + 4a®a.f 


J 


cos + X), 0 ^ t. [ 6 ] 


The first term in the expression for y{t) has the same sinusoidal 
waveform and angular frequency as the driving function f{t). It is 
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the steady-state portion of the response. It comes from the two terms in 
the partial-fraction expansion of ¥(&) which arise from the conjugate 
imaginary poles. 

The last term in y(t) represents an oscillation with decreasing 
envelope. With large t this term becomes negligible in comparison 
with the steady-state term. It is the transient portion of the response. 
It comes from the two terms in the partial-fraction expansion of F(s) 
which^arise from the conjugate-complex poles in the left half-plane. The 
magnitude of the real coordinate of each of these two poles is the damp¬ 
ing constant a. The reciprocal of the damping constant is the time 
constant. The magnitude of the imaginary coordinate of each of these 
poles is the characteristic angular frequency /3. Both a and (3 depend 
solely upon the constants of the physical system and the system inter¬ 
connection and are independent of its excitation. 

The form of the transient response depends on the position in the 
complex plane of the ix>les arising from zeros of the characteristic 
function. In the present example has been arbitrarily taken positive 
so that these two poles arising from the characteristic function fall in the 
second and third quadrants and yield a transient which is oscillatory with 
exponentially decreasing envelope. If were negative, these two 
poles would fall on the negative real axis at different points, and the 
transient would consist of the difference of two exponentials, each 
decreasing at a different rate. It is also possible to have zero. In 
this critical case the poles fall on the negative real axis and are coinci¬ 
dent, producing one second-order pole. The transient then consists of 
the product of a decreasing exponential and a linear factor. In all these 
cases a has been assumed positive, giving positive damping and a tran¬ 
sient which diminishes in magnitude and ultimately becomes negligible. 
The rate at which the transient subsides is dependent directly upon the 
magnitude of a. 

Whereas the character of the transient is determined by the positions 
of the system-function poles in the complex plane, its amplitude depends 
upon the initial conditions and the initial phase of the driving function. 
This can be seen by noticing that m and n are functions of these parame¬ 
ters. It is evident that particularly unfavorable initial conditions and 
choice of ^ jointly can cause a transient term of appreciable size com¬ 
pared with the size of the steady-state terra. Even if the initial con¬ 
ditions were each taken to be zero, there would still be a transient, since 
there is no value of ^ that makes both m and n zero. For complete 
absence of a transient, the relations which must hold among the three 
quantities 2 /( 0 ), and y'(0) are obtained by setting the expressions for 
m and n each equal to zero. These derived relations can be anticipated 
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by reasoning physically. For zero transient the initial conditions y{0) 
and y'(0) must have the same values as the steady state and its de¬ 
rivative have at the initial phase (\l/ — 6). Since no readjustments in 



energy balance are then neces¬ 
sary the system can enter im¬ 
mediately into the steady state. 
Equation 6 has the form 

2/(0 = 2/.(0 + yt{t) 

in which ya(t) is the steady- 
state component of 2/(0, and 
yt (/) is the transient component. 
A graphical representation of the 
instantaneous values of these 


Time milliseconds 


(a) 



0 40 80 120 160 200 240 280 


Time - milliseconds 

(b) 

Fig. 7*2. Plot of response y{t), also its 
steadynstate and transient components, 
assuming 

= 1.81 X 10> 1/(0) = -0.02 

^ = 48.8° y\Q) = -10 

The equation is 

y{i) = 6.00 X 10-2 co8(100/ + 46°) 

+ 6.97 X 10-26-w^ cos(200< + 153°). 


components and their sum is 
given in Fig. 7*2 for the particu¬ 
lar values of constants shown 
with this figure and with Fig. 7*1. 

2 . RotatingPi^e-VbctorRep- 

RESENTATION OP THE SOLUTION 

A vector representation of the 
components of y{t) can be 
made using the complex func¬ 
tions which are operated on by 
in equation 5. Thus using 
the complex function 
yt{t) can be represented as a 
plane vector of constant magni¬ 
tude 2 l^Lil rotating counterclock¬ 
wise with angular velocity wi. 
Its phase at f = 0 is 
This is shown in Fig. 7*3. 

Similarly using the complex 
function 2 X 36 ^”^“*“^^^ y^if) can be 


represented (Fig. 7*3) as a plane vector of decreasing magnitude 2 \Kz\e^^ 
rotating counterclockwise with angular velocity p. Its phase at f « 0 


is X. Whereas the tip of the steady-state vector has for its locus a circle 


about the origin, the tip of the transient vector has for its locus an expon¬ 
ential spiral about the origin. Vectors of the latter type are sometimes 
called shrinking rotating vectors. 
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The vector representation of the functions of this example can be 
made complete in Fig. 7'3 by representing as a rotating plane-vector the 
driving function 

m ^ Fm cos ( 0 , 1 ^ + 

The instantaneous projections on the axis of reals of the rotat¬ 
ing vectors and give the waves yt{t) and yt{t)j 

respectively, shown in Fig. 7-2-a. If the vector for yiit) is considered 
to rotate about the tip of the vector for 2/*(0» and a resultant vector for 
the two is drawn from the origin, the instantaneous projection of this 
resultant on the axis of reals gives the wave y{t) shown in Fig. 7*2-5. 


Axis of 
imaginaries 



Fig. 7-3, Vector representation of /(f) and the steady-state and transient compo¬ 
nents of y{t)f drawn for instant f « 0. The equations are 

/(f) = 9. (1.81 X 10»c^«»Vioo*], 

2/(f) =* 9 (6.00 X 10-V«Vi®o<] 

+ 9 [6.97 X 

When the operation of taking the real part of one of two conjugate 
functions was introduced in Sec. 5, Chapter 6, attention was called to the 
custom of taking the real part of twice the function having the positive 
imaginary exponent. Now that a vector representation of the complex 
fimctions composing a solution has been introduced, the reason for this 
choice can be seen more clearly. Of any two conjugate exponential 
functions, the one with positive imaginary exponent yields, on vector 
representation, the positively rotating vector. 

3. Calculation of Steady State 

In Sec. 1 the dependence of the steady-state part of the response on 
the driving function was shown. A more general discussion of the 
detennination of the steadynstate part of the response will now be 
S^ven. 
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Let F(s) be the transform of the driving function /(O, G(s) be the 
system function, and H{s) be the transform of the response h{i), then 
the general transform equation is 

H(s) = G{s)Fis). [7] 

The terms of this equation were defined in Sec. 4, Chapter 5. For 
purposes here the initial-excitation function is assumed to be zero so that 
the excitation function becomes simply the driving transform. 

If/(O is a sinusoidal wave, or sum of these, or a constant, the re¬ 
sponse will have the form 

h{t)^K{i) [ 8 ] 

in which hg{t) and ht{t) represent the steady-state and transient com¬ 
ponents, respectively. Either one of these two components can be 
evaluated without the necessity of considering the other. See also 
[Dr 1, 2]. As a result of this, the S-transformation method can be 
used conveniently in strictly steady-state problems. 

As an example of the calculation of the steady-state component by 
this method, let f{t) = Fm sin wit The transform of fit) is 
F(s) = Fro<j3\/is^ + wf). Then the steady-state component is 

Kit) = [9] 

in which 

K^ A [(s - . 

The complex amplitude of K (0 

2K^ = FmGijo^i)e-^'^^^^^ = Fm |(70*ajx)| 


or 

2jKi = FmGij<.i) = Fm \GiM)\ 

Carrying out either of the operations indicated in equation 9, 

hsit) = F„^ \Giju3i)\ sin + ^). [11] 

This result has been found without considering the transient that 
may have occurred in reaching this steady state. 

4. Three General Problems Expressed in Terms op the General 
Transform Equation 

The general transform equation 

His) - Gi6)Fi8) 


m 
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given in Sec. 3 can be used to characterize three general problems. 
A brief statement of these follows. 

a. If G(8) and F{s) are known, equation 7 is an explicit relation for 
H{s). It expresses the problem of analysis, in that the system charac¬ 
teristics and the disturbing force are known and straightforward analysis 
will give the system’s response. Most of the problems considered in 
this text are of this type. 

h. If F{s) and H{s) are known, the system function G{s) is the un¬ 
known. That is, equation 7 can be solved for 


G{s) 


H(s) 

F(s)' 


[ 12 ] 


Equation 12 is the starting point of the synthesis problem. This problem 
is the determination or design of a physical system whose transfer func¬ 
tion is G(s). In general the S3mthesis problem is much more difficult 
than the problem of analysis and is beyond the scope of this text [Le 1]. 

c. If H(s) and G{s) are known, the unknown Is the excitation function. 
Equation 7 can be solved for 


F{s) = 


H(s) 
G(s) * 


[13] 


It is representative of the system distortion-correction problem in record¬ 
ing instruments. This problem is the determination of the input dis¬ 
turbance when the output and the distortion characteristics of the 
system serving as a recording agency are known. 

In these preliminaries certain useful terminology has been intro¬ 
duced, the plane-vector representation of the components of the tran¬ 
sient solutions has been explained, and the use of transform equations 
for steady-state calculations and for delineating the three general 
problems of analysis, synthesis, and distortion correction has been 
presented. Attention will be given now to the solution of a number of 
specific examples in different fields of engineering interest. 


5. Surge-Voltage Generator 

A surge-voltage generator consists of a number of capacitors which can 
be charged in parallel and then discharged in series to produce a high- 
voltage surge. The actual generator network with its charging resistors 
and discharging spark gaps is one of considerable complexity, but for 
approximate calculation of the waveform delivered on discharge, these 
internal complications can be neglected and the generator approxi¬ 
mated by a single lumped capacitance in series with inductance and 
resistance. This series circuit is completed through an external dis- 
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charge resistor which in turn is paralleled by the apparatus under test. 
The load on a surge generator usually influences the waveform of the 
surge to which this load is subjected, so considerable calculation is 
necessary in the application of such generators [Th 2 ]. 

The discharging gap is a nonlinear element in the network, but the 
varying voltage drop that it introduces is taken as negligible compared 
with the other voltage drops of the network. The gap is accordingly 
treated as a switch. 



Fig. 7 * 4 . Equivalent network of a surge-voltage generator with transformer load. 

Cl = 12.5 X 10“® microfarad R% >= 3000 ohms 

Li = 0.26 X lO”"® henry C 2 = 0.30 X 10“* microfarad 

« 2000 ohms 71 = 300 kilovolts 


The equivalent network of a surge-voltage generator serving to test 
the insulation properties of an open-circuited transformer is shown in 
Fig. 7*4. For effects during the first few hundred microseconds, the 
transformer is represented approximately by its equivalent lumped 
capacitance C 2 to ground [Be 10]. The initial voltage across the genera¬ 
tor equivalent capacitance Ci is 71 ; the initial voltage across C 2 and the 
initial current in Li are zero. A method for calculating the waveform of 
the surge voltage impressed on the transformer during the first few 
hundred microseconds after the short-circuiting of the gap G will be 
given. 

Let the functions /i, 72 , and F 2 of 5 be the £ transforms, respectively, 
of the functions I'l, i 2 , and t ;2 of i indicated on the diagram. By inspec¬ 
tion of the connection diagram, the transform equations can be written 
directly. They are 


^Lis Ri + 2 “i" ”” “^272(5) =* 

- 0 . 


114] 
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From this, since the initial voltage across C 2 is ssero, 

V M ^ _ 

^ CsS s» + 62 s® + biS + bo ’ 

in which, using the numerical values given with Fig. 74, 

«0 = T^r = 4.0 X 10>» 

L 1 C 2 


[16] 


A ^ 

L 1 R 2 C 1 C 2 


= 35.6 X 10^® 


62 = + ^1*2) = 910 X 10®- 

To three significant figures the roots of the characteristic equation, 

+ ^28^ 4* hi8 4* 60 = 0, [17] 


are found to be 

Si ^ -1.59 X 10^ and sa, S 3 = (-4.54 =h il.29) X 10®. 

The inverse transformation of FaCs) gives, in accordance with the 
method presented in Sec. 3, Chapter 6, 


^ '[(S-81)(S-«2)(S-S3)] 

( =) X,e*>‘ + (k\2K^% Q^t, [18] 

in which 

j.- 

K, A I - -^--1 = 330e^i«»»-. 

The use of degrees in this way is incorrect but is standard practice in 
electrical engineering because of the earlier lack of sine, cosine, and 
tangent tables for angles in radians. Finally, with t in microseconds, 

4- 660e-^ cos (1.29< 4-105.9®) kv. 

The form of V 2 is shown in Fig. 7*5. 


119] 
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Equation 19 shows that V 2 {t) is composed of a decreasing exponential 
and a damped oscillation. These have the following characteristics: 

Time coDstant of exponential = 1/(1.59 X lO""^) = 62.5 microseconds, 

Time constant of damped oscillation = 1/4.54 = 0.220 microsecond, 

Period of the oscillation = 27r/1.29 = 4.87 microseconds. 



Fig. 7*5. Waveform of surge voltage applied to transformer. 

The time constant of the exponential is so large compared with that of 
the damped oscillation that the sum of the two functions, except for the 
first half microsecond, is substantially a slowly decaying exponential. 
The damped oscillation enal:)les V 2 {t) to start at zero and yet quickly 
attain the value required by the exponential term. 

6. Vacuum-Tube Amplifier 

Vacuum-tube amplifier networks provide particularly good examples 
for analysis on the node basis since their equivalent networks include 
many parallel branches. In general the vacuum tube is a nonlinear 
device, but by careful design of the network in which it operates as an 
amplifier it can be made to function as a linear element over a range of 
frequencies sufficient for most applications. To the extent that it be¬ 
haves as a linear device, a vacuum-tube amplifier admits of analysis by 
the methods treated here [Ja 1]. 

Vacuum-tube amplifiers are used widely to amplify transient voltage 
pulses. Unfortunately, even with the proper selection of voltages and 
associated network elements to make its vacuum tubes function as 
linear devices, an amplifier does not amplify transients with absolute 
fidelity. Distorting surges are introduced by the terminal network 
elements and by the interelectrode capacitances of the tubes. For 
best performance these distorting surges should be of short duration 
compared with the duration of the transient pulses that are being ampli¬ 
fied. One of the ways in which the merit of a particular amplifier can 
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be displayed, either experimentaliy or analytically, is by its response to a 
unit step input voltage. 

The diagrammatic representation of atriode (a 3-element vacuum tube) 
is shown in Fig. 7-6-a, and a low-frequency equivalent network [Ni 1] is 
shown in Fig. 7-6-6. The variable part of the grid-circuit voltage is vq; it is 



(c) 

Fig. 7*6. Diagrammatic representation and a low-frequency equivalent network of a 
triode. In c, ii - Gpnvo and Gp = Rp~^. 

the input voltage. The variable part of the plate-circuit voltage is vi ; 
it is the output or load voltage. In the equivalent network only these 
variable or incremental voltages are included, since only the variations 
from the constant grid-circuit voltage and plate-circuit voltage have 
importance here. Cgc is the grid-cathode capacitance, Cga is the grid- 
anode capacitance, and Car is the anode-cathode capacitance. Rp is 
the dynamic internal plate resistance, and m is the amplification factor. 

If the equivalent network is to be treated on the node basis the 
analysis can be simplified by replacing (see Sec. 14, Chapter 2) the 
voltage source hvq and resistance Rp, which are in series, by a current 
source ii and conductance Gp, which are in parallel, as in Fig. 7-6-c. 

To show the application of the £ transformation to the calculation 
of an amplifier response, two examples will be given. The first treats a 
simple one-stage amplifier using a triode, and the second treats a multi¬ 
stage amplifier using pentodes (5-element tubes). 

a. The equivalent network for a single-stage amplifier using a triode 
and supplying a resistance load is shown in Fig. 7-7. Let the input 
voltage vo(t) be a unit step voltage u(t). The output voltage f;i(0 is 
to be calculated. 

The node-pair voltage vi is chosen as the dependent variable, and the 
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equation is formulated on the node basis. The current equation is 
C2 C3 ~ (vi — Vo) -b (Gi + Gp)vi — 

in which ii(t) = GpiJVo(t), On rearranging terms, this equation becomes 
(C* + Cs) $ + ((?! + Gp)Pi = Cg $ - ii(0. [20] 

at at 



Fio. 7-7. Single-stage triode amplifier with conductance load. 

Cj = 6 X 10“® microfarad Gp — 1.7 X 10"** mho 

Cj = 12 X 10~® microfarad Gi = 4 X ICT® mho 

C 3 = 2 X ICT^ microfarad M = 100 

Letting £[vi(0] = and the £ transformation 

of equation 20 gives 

m^Cs)s-\-Gi +Gp]Vi(s) 

= C3sFo(5) Ii(s) + (C 2 +Cs)vi(0-}-) — CsVoCOd”). [21] 

As a result of neglecting resistance in the condenser branches there is a 
network of pure capacitances across the input source, and with a imit 
step change in input voltage, the voltages across these capacitances 
will change abruptly at f = 0. The initial voltages vo(0 -f) and vi (O-f) 
are consequently 1 and C^/iCz + C3), respectively. However, for 
solution of equation 21 it is not necessary actually to evaluate ri(0+) 
and V2(0-|-). Inspection of the capacitance network shows that if the 
charge on node 1 is to be conserved the net charge on this node at time 
0*4" equals its net charge at 0—, which means that 

C3[vi(04-) ”” *^ 0 ( 0 +)] Hr C2Vi(0-l“) = 0, 

or that 

(C2 H- C8)t;i(0H-) - C3Vo(0+) » 0. [22] 

Thus in equation 21 the terms containing V\ (0-h) and ^2(04-) add to give 
the initial net charge on node 1, and this is zero. 

Solving equation 21 for Fi(a), 


F,(s) - 


Cz s — Op 
C% 4" Gz s(s 4 ot) 


I2aj 
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in which a ^ has replaced Voia), 


n A 


and a 


H- Gp 
^2 + Cs 


1.50 X 10®. 


The £ ^ transformation of equation 23 yields for 0 g 


in which 


vi(t) ( = )Ko+Kte- 


[24] 


Cs 


-do 


Ko^IsVMUo = 77 -^-“ 

^2 -r C3 a 

Xi^[(a+a)yi(a)h„. 


Gr> 


= -fi 


Gi +Gp 

a oq Ca 


= -80.9, 


^2+03 a 
= 81.0. 

Thus, with t in microseconds, 

vi(t) ( = ) -80.9 +81.06-^ ®®'volts, 

and its form is shown in Fig. 7*8. 

The time constant of vi(t) is 0 

« 0.67 microsecond. ^~-2o 

6 . The equivalent network for |-s 




G. 


C2 +C3 


0 ^ 


[25] 



1 2 3 

Time - microseconds 


a pentode vacuum tube is given f 
in Fig. 7*9. In the pentode the | a-eo 
additional electrodes act as screens f | ^ 
and reduce the grid-anode capaci- ^ 
tance to a negligible value. This 
reduction of the grid-anode capaci- ^.g ^ t^ode ampUfier to 

tance simplifies the calculation of unit step change of grid voltage, 
the response of multi-stage ampli¬ 
fiers since it is possible to treat the output of any stage as dependent on 
the input from the preceding stage but independent of the load on the 
succeeding stage. 




(o) (5) 

Pro. 7*9. Equivalent network of a pentode. In 6, ii « Opfi»o and Gp « 

The equivalent network for the first and last stages of an nnstage, 
^C-coupled amplifier using pentodes is shown in Fig. 7-10. The first 
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n I stages are alike; the nth stage has the conductance load Qi, The 
grid-<;ircuit conductance is (?2. The coupling l^etween tubes is through 
capacitance Cz and conductance G\. 

The output voltage »2n-.i(0 resulting from an input VQ{t) « u{t) will 
now be calculated. Since there is interest only in the change from the 
steady operating point as a result of this sudden change in the input 


'oh) 



k..—__j i_. 


1st stage 



nth stage 


Fig. 7*10. Equivalent network of first and last stages of an (7(7-coupIed pentode 

amplifier. 


01 = 7 X 10"^ microfarad 
C 2 = 12 X 10“^ microfarad 
Cs — 6 X 10r~® microfarad 


Gp = 0.7 X 10“® mho 
Oi = 4 X 10“^ mho 
O 2 = 2 X mho 


Gi = 4 X 10^ mho 
= 2000 
4 = GpHV2k-2, 

A = 1, 2, 3, • • •, n. 


voltage, the initial condenser voltages can be considered zero. Although 
Cl of the first stage is an exception because the source voltage is applied 
directly across its terminals, this condenser does not enter into the an¬ 
alysis. 

If the £ transforms of fi, vzy and i\ are, respectively, ^1(5), ¥ 2 ( 8 ), 
and Ii (s), the ^-transform equations for nodes 1 and 2 are 

[(C2 + €3)8 + Cl + Gp]Vi(s) - CssV2(s) = -/iW, 

[26] 

-C3SVi(8) + [(Cl + C3)s + C2]F2 (s) = 0. 

Here /i(s) = ji(7p7o(s) = 


The solution of equations 26 for F2(s) gives 

aisT'o(s) 


in which 


Oi = 


r2(s) = 


nGpCs 


s* + bis + bo ’ 


C1C2 + C2C3 + CiCs 


= -73.7 X 10«, 


[27] 


, ^ G2(C2 + Ca) + ((?! + gp)(Ci + Ca) 

‘ “ C1C2 + C 2 C 3 + CiCa 


3.62 X 10*, 


. 4 g2(gl + Gp) 

° “ C 1 C 2 + C 2 C 3 + CtCa 


9.88 X 10^ 
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The roots of the characteristic equation, 

4“ biS + &o ~ 
are 

Si = -281, and sg - -3.52 X 10^ [28] 

ICach of the first n — 1 stages has a relation between output and input 
voltages similar to that expressed in equation 27 for the first stage. 
Considering now the nth stage, the £ transform equation for node 
2n — 1 is 

(C2S Gp -\r Gi)V 2 n^l(s) = —In(s). [29] 

Here 

— f^GpV 2w—2(^) — 2 (01* 

The solution for V 2 n-i (s) is 


V2n^l(s) = 


U2 

S - S3 


in which 


nGp 


2(s), 


Gp+Gi 


02 = - ^ = -11.7 X 10^ and S3 = - ^ 

C2 ^2 


[30] 


= -39.2 X 10^. 


The input-output relations of the last stage, and of each successive 
preceding stage, form the equation set: 

V2„_,(S) = V2^2iB), 

S — S 3 


V2n-2(S) 


aiS 

{s - Si)(s - S 2 ) 


1 ^2»l—1(®), 


[31] 


V2(b) 


CiS 


l^o(s). 


(s - Si)(s - S 2 ) 

Solving the set 31 for T 2 n —1 (s) in terms of Fo(s), there is obtained 


[32] 


which is the transform equation for the output voltage of an n-«tage, 
J?C-coupled amplifier in terms of the input voltage, all stages except 
the nth being alike. 

Ifn = 3,andt;o(f) = w(f),thenyoW = and equation 32 becomes 


VM - 


_ aia2S _ 

(S - 8 l )^(5 - $2)^(5 - S3) ‘ 


[33] 
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The £ ^ transformation of equation 33 gives, in accordance with the 
principlas presented in Sec. 6, Chapter 6, 

*^5(0 (~) 0 ^ [34] 


in which 


Kn ^ [(s - si)*Fs(s)l = -- ^ -- = 3.67 X lO*, 

L J.-« (si - S2) (Sl - S3) 


Ki2 

K 21 

K 22 


\j(s-si)^Vs(s) 

Ids J,-« 


2 

01^2 


S 2 )*(Sl - S 3 ) 

(Sl + S2)S3 — 2Si 


(St - S2)®(Si - 83)* 
1.30 X 10^ 


[(. - - 4.50 X 10.- 




y (s - S2)^rs(s) 

da 


J« = Sl 




Sl) (S2 - S3) 

(si + 82)33 — 232 


(32 - Si)®(S2 - 33 )* 

= -9.97 X 10® 


Ki 


A [(S - S3)V3(s)1 = -- 

L J.-„ (S3 - 


^1^2S3 


(S 3 - Si)^(S3 - 


= 1.01 X 10». 



Tune - mtcroseconds 


Fig. 7-11. ReBponse of three-stage UC-coupIed amplifier to unit step change of 

input-grid voltage. 


Finally, with t in microseconds, the output voltage is 
vbW ( = ) [(3.67 X 10-H 

+ (46.0< - 997)e-^ ®®2« ^ ^ ^ 10® volts. 

Its form is given in Fig. 7-11. 


7. Film Head with Mechanical Filter 

To show the application of the £ transformation to the solution of a 
mechanical-system problem, a mechanical filter will be used for an 
example. 
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For high-fidelity talking motion-picture performance the film speed 
past the scanning light must remain as nearly constant as possible, other¬ 
wise a frequency modulation of the reproduced sound results. In 
Fig. 7*12 is shown a form of mechanical filter [Co 2] that will filter out 
variations in film speed caused by irregularities in the driving gear trains 
and in the engagement of the sprocket teeth with the holes in the film. 



* 1.84 X 10^ dyne cm sec^ per radian. 
J 2 = 8.43 X 10^ dyne cm sec^ per radian. 
.6 = 12.4 X 10^ dyne cm sec per radian. 
K = 2.89 X 10® dyne cm per radian. 

sprocket diameter 
r = —- 7 : 7 =« 0.678. 

drum diameter 


The film head is a hollow drum of small moment of inertia Jj. Within 
it is a concentric inner flywheel of moment of inertia J 2 which is large 
compared with Ji. The remainder of the space within the drum is 
filled with oil. The inner flywheel rotates on precision ball bearings on 
the drum shaft. The only coupling between drum and flywheel is 
through fluid friction and the very small friction in the ball bearings. 
Assuming that the frictional torque between the two flywheels is pro¬ 
portional to the difference in their angular velocities, the coupling 
between the flywheels can be accounted for by the rotational resistance 
H. The necessary spring restoring force for the filter system is provided 
by the flection of the film loops between drum head and idler pulleys 
when the film is running rapidly through the system. This spring 
effect is accounted for by the rotational stiffness K, The diameter 
of the winding sprocket th^t controls the linear velocity of the film at its 
pulling end is r times the drum diameter. 
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With the winding sprocket, the drum, and the flywheel running at their 
normal uniform angular velocities, the winding sprocket introduces 
a disturbance equivalent to a unit increase in its angular velocity for 
0.15 second followed by a resumption of its normal velocity. Assuming 
that the film in contact with the drum cannot slip, find the change in 
angular velocity of the drum as a result of this pulse in the angular 
velocity of the winding sprocket. 

This filter is a two-coordinate system, the two dependent variables 
being the changes in the angular velocities of drum and flywheel result¬ 
ing from the change in angular velocity of the sprocket. Let t — 0 
when the increase in sprocket angular velocity occurs, and let 

0)0 (0 be the deviation of the sprocket from its normal angular velocity 
(this deviation is a known velocity pulse of unit amplitude and 
0.15 second duration), 

oji {t) be the deviation of the drum from its normal angular velocity, 

0 ) 2(0 t>e the deviation of the inner flywheel from its normal angular 
velocity. 

Since at ^ = 0 the sprocket, the drum, and the flywheel are running 
uniformly at their normal angular velocities, the initial conditions are 
equivalent to those of rest, i.e., 

«i(0) = 0, 4-i>(0) = 0, 

«2(0) = 0, = 0. 




Fig. 7*13. Network diagram of the mechanical system shown in Fig. 7-12. 

In Fig. 7-13-a the mechanical-network diagram of the system is shown 
with a velocity source ro)o(0 in series with the rotational stiffness K, 
For convenience in analysis, this series branch can be replaced by a 
torque source ro(0 in parallel with K min Fig. 7* 13-6. With the aid of 

Table 2, Chapter 2, ro(0 ^ rK f (»>o(t)dt, the additive constant being 

V 0 

0 since o}(r^^ (0) = 0. 
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By inspection of the network diagram (Fig. 7* 13-6) the i-d equations 
for the system can be written directly as 


J\ - 3 — + Bo3i -j- K I (i)\dt — B(j32 = To(0> 

dt */ Q 

dcoo 

— Bct)i J2 ~~7~ d" B(ji)2 = 0. 

at 


[35] 


If preferred, the equations can he written from inspection of the mechani¬ 
cal system itself (tig. 7*12), 


doji 



— (j)l)dt -j- B{(j32 — ^ 1 )) 


J 2 


do32 

dt 


= B{(ji\ — W2)» 


[36] 


In equations 35 and 36 the presence of the definite integrals indicates 
that the conditions on the initial angles of sprocket and drum have been 
accounted for. 

If the £ transforms of ro(0, and W2(0 are To(s), l^i(s), and 

Q 2 (s), the £ transformation of equations 35 yields the equations 


B -j- ~^f2i(s) ■— BQ,2{^) ~ To(s), 
— BQiis) H" («/2® "b ^)B2 (s) — 0. 

Here 


[37] 


To(s) = ^ = rKS, J wo(Oc^^J‘ 


The solution of equations 37 for i2i(s) is 

rK (s -f ao)f2o(s) 


in which 

rj^ 

Ji 

do 

h 


Qi(s) 


= 90.8, 

*1-1,47, 

A B(J 1 -b J 2 ) 

as .. - . 

J 1 J 2 


Ji -f- 62S *b 61S + 60 


[38] 


61 ^ f- = 1.67 X 10®, 


Jx 

A BK 


J 1 J 2 


2*31 X 10*. 


8 . 20 , 
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The characteristic equation, 

+ 60 = 0 , 

has the roots Si = —1.58 and S 2 , ^3 ^ —3.32 ±ill.6. 

The sprocket angular-velocity deviation coo(t) is a pulse of unit am¬ 
plitude and 0.15 second duration. It can be expressed as the difference 
of two unit step functions, the second one of negative sign and displaced 
0.15 second from the first, as 

wo(0 - u(t) - uii - 0.15). [39] 

Its £ transform is 

Qo(s) = - -[40] 

S 3 


in which use has been made of pair 13, Table 1, Chapter 4. 
equation 38 can be written 


Qi(s) = 


rK 


s ao 


Jl s(s — 3i)(s — S 2 ){s 


(1 - 


Thus 


[41] 


in which 



_ s + Op _ 

s{s — Si)is — S2)(s — 83) 


The transformation of equation 41 is the difference of two func¬ 
tions, the second one being equal in magnitude but opposite in sign to 
the first and displaced from the first by 0.15 second. Using the princi¬ 
ples presented in Sec. 3, Chapter 6, 

wi(i) (^)Ko-h -b £R[2iiC2e*«'] 

-{Xo + Kie'>* + 9il2K2e’^‘}}u(l), 0 ^ t, [42] 

in which i = t — 0.15, and 

Ko ^ [sni(«)] ^ ^ ^ 


Kg A |^(j *2)01 (*)J 


rK 

Jl 

rK 

Jl 


_ 81 -h Op _ 

81(81 - 82)(81 - Ss) 

_ 82 + ttp _ 

82(82 ~ «i )(82 — 83 ) 


= 0.046, 

==■ 0.326e^‘®^. 
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For 0 ^ t, the drum’s angular velocity in radians per second changes at* 
follows: 

wi(0 = 0.578 + 0.046e“^ 4- 0.652e"®-*2« ^ I 05 O) 

- [0.578 4- 0.046c-'^ 4- 0.652c'-3-32'cos (11.62 4 165°)]'w(0, [431 

in which I ^ (t -- 0.15) seconds. The form of wi(i) is shown in Fig. 
7-14. A different treatment of the type of transform occurring in equa¬ 
tion 41 is suggested in Chapter 8, problem 8*11. 



Fig. 7*14. Response of the film head to rectangular pulse in angular velocity of the 

winding sprocket. 

8. Automatic Control through Transient Feedback 

Automatic control [Ha 10, Iv 1, Ma 7, Mi 3, We 3] through transient 
feedback is used to regulate a continuous process so that a specified 
variable quantity may be maintained at a desired or normal value. This 
normal may be either a constant or an independently var^dng function. 
If, as a result of extraneous disturbances, the variable deviates from this 
normal value, the ensuing transient is used tamake the system self- 
correcting, thereby restoring the variable to the normal value. The 
process or system which is controlled is called the controlled system. 
The combination of devices that continuously measures the deviation 
of the variable and translates this deviation into a correction of system 
input is called the automatic controller or, briefly, controller. In measur¬ 
ing deviations of the variable, a good controller extracts negligible energy 
from the output of the controlled system, but the corrective eneiisy 
which it regulates at the input of the controlled system may be large. 
Automatic controllers are used, for example, in regulating temperature, 
liquid level, pressure, fluid flow, voltage, frequency, speed, angular posi- 
ti<m, sound-volume level, and in stabilizing the motion of ships, in 
steering ships, and in piloting aircraft. Closely allied is the control of 
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amplification and waveform in vacuum- 
tube amplifiers through feedback 
[Bl 1]. 

There are certain relations, funda¬ 
mental t<o automatic-control systems, 
which can be formulated concisely and 
conveniently by use of transform equa¬ 
tions since these equations are alge¬ 
braic in nature. A statement of these relations can be made by 
reference to the schematic diagram of Fig. 7-15. Using as an 
abbreviation for £ transform,’’ the symbols in Fig. 7-15 have the 
following meaning: 

Dx (s) is the oi the local disturbance dx {t) at input end of A, 

C{s) is the £T of the correction c{i) at input end of A, 

7(s) is the £7 of the corrected input disturbance i{i) entering A, 

0(s) is the £T of the resulting output disturbance o (0 leaving A, 

D 2 (5) is the £T of the local disturbance ^2 (0 at output end of A, 

A (s) is the £ T of the total deviation 5 {t) at output end of A. 

Let 

^ 12 ( 5 ) be the transfer function for A, usually denoted by /x in amplifier 
theory, 

^' 34 ( 5 ) be the transfer function for B, sometimes denoted by jS. 

Then if (1) the lim ^ 12 ( 5 ) < 00 , and the lim ( 734 ( 5 ) < 00 , and (2) it 

8 —>00 a —>00 

is assumed that the system has been operating without a deviation for 
sufficient time for all effects of previous deviations to have disappeared, 
the fundamental equations for automatic control can be written 


C(fi) = (?34 (s)A(s), 

[44] 

/(s) = Z)i(s) + C(s), 

[45] 

0(3) = Gl2is)I(3), 

[46] 

A(s) = 0(s) + I» 2 (s). 

[47] 


By placing the above restrictions on the transfer functions and on the 
operating condition, the equations 44 to 47 can be written without con¬ 
cern for the initial values of the disturbances and their derivatives except 
that they should be finite, and the initial values within the system can be 
taken as zero. 

When the problem is such that the restrictions specified above are 
not met, the £ transformation of the i-d equations of the controlled 


C(*) 



Ms) 


Fiq. 7*15. Schematic diagram of a 
system having automatic control. 
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system and the controller, introducing therewith the necessary initial 
conditions, will provide a set of algebraic equations which will serve in 
place of equations 44 to 47. No attempt will he made here, however, 
to present a set sufficiently general to cover all possible combinations. 
It is sufficient to remark that the ^-transformation method presents a 
mechanism by means of which the explicit problem can be expressed 
algebraically. 

Substituting from equation 44 in 45, from equation 45 in 46, and 
from 46 in 47 and solving for A(s), there is obtained 


A(s) = 


(?12(s) 


1 - (?12(60(?34(s) 


Diis) + 


1 


1 ~ (?12('‘>')<?34(s) 


D2{s). [48] 


The common factor [1 — Gi2(s)G34(s)] ' can be called the control 
factor for the entire system. Let it be represented by G{s). Then 


A(5) = G{s)[G^2{b)D,{s) + D2{s)1 [49] 


In the design of a controller for a given system, the transfer function 
Gi 2 (s) is a characteristic of that system and usually cannot be changed 
unless the system is changed. If a change in the system is not feasible, 
only (j 34 (s) is subject to choice to yield a most favorable control factor 
G{s)} The locations in the s-plane of the zeros and singularities of G(s) 
are of great importance since they determine the character of the 
response. Evidently the overall system should have no poles in the 
right half-plane, and no multiple-order poles on the axis of imaginaries, 
since these yield terms in the response that grow without bound [Ro 
2, Ny 1]. Furthermore, there should be no first-order conjugate poles 
on the axis of imaginaries since these yield terms in the response that os¬ 
cillate with constant amplitude. In other words, for automatic control 
the type and distribution of poles should be such as to provide a stable 
and nonoscillating system. On the other hand, it is ordinarily desirable 
for G{s) to have a zero at the origin of sufficiently high order to cancel 
a pole of given order at this point likely to be introduced by the func¬ 
tion [(ri 2 (s)Di ( 5 ) *f 1 ) 2 ( 5 )]. The elimination of a pole at the origin in¬ 
sures the absence of a constant deviation or a deviation that increases as 
a power of t. Since the design of controllers is outside the field of this 
text, these properties of G(s) will not be discussed further here. 

Equation 49 is of great generality, applying equally as well to systems 
with distributed constants as to systems with lumped constants. Since 

^J. TapUn in 1937 in an unpublished memorandum used the control factor 
[1 — <7i2(«)f)84(s)l~^ to summarize the theory of design of an automatic-control 
system, carrying over the basic idea from electric-amplifier design [Bl 1, Ny 1], 
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the latter are our concern at this point, a lumped-constant system will 
be used for an illustrative example. 

In Fig. 7*16 is shown a simple servo-mechanism [Ha 10 ], a form of 
automatic-control system in which the disturbance may be considered 

to be at the output end of the controlled 
system. The'servomotor and its shaft 
load have a moment of inertia J. The 
damping is represented by the rotational 
I . resistance B. It is desired to have the 

I Iangular position of the motor shaft 

M -J coincide with the angular position 02(0 

of the shaft shown on the right. The 
difference 0i(O ~ 02(0 between their 
angular positions is the deviation 0(0 and 
actuates the controller which in turn gives 
to the motor shaft a correction torque Tc (0 • 
Assume that the controller equation is 



Fig. 7*16. A simple servo-mech¬ 
anism with proportional-plus- 
integrating control. 


J 

B ■■ 


■■ 60 

4.5 X 10* 


A:i = 12 X 10^ 
fc2 = 11 X 10* 


rdt) = -lci0(O 


k2 J* 


[50] 


in which ki and ^2 are positive real constants. This equation states 
that the instantaneous correction torque is dependent upon both the 
instantaneous deviation and AjpilGtegrated deviation up to that instant. 
Furthermore, the minimg|fc ^ow that when the deviation and its 
time integral are positive, flSi'eorrection torque is a retarding torque. 
When the control equation is of the form given in equation 60 the con¬ 
trolled system is said to have proportional-plus-integrating control. 

Assuming that the values of the servo-mechanism constants, in any 
single system of units, are as given in Fig. 7*16, find the resulting devi¬ 
ation 0(0 if the reference-shaft angle 02(0 suddenly starts to increase 
linearly with time. Assume that at the start of this disturbance the 
time integral of the deviation is zero. 

The deviation 0(0 and the angle 0i(O are chosen as the dependent 
variables. The angle 02(0 of the reference shaft has been chosen here 
as tu(t). The differential and integral equations of the system are 

+Tc(/), [51] 




-klit ~ kij">l>dt, 


[52] . 


in which 




m 
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0i(O) = O, <^M)(0)=0. 


Eliminating Tcit) from equations 51 and 52, and using the value of 
<^^“^^( 0 ), there is obtained 


J B ^ [64] 


Let the £ transforms of the functions <t> and fj>i of t be denoted by the 
functions 4> and ‘l>i of s. Then the £ transformation of equations 53 and 
54 yields 


#(s) = *i(s) - i, 

s 

(Js^ + Bs)^i(s) = - 


[ 66 ] 


Solution of equations 65 for 4>(s) gives 

\ _ ^ _ 

+ 62s" + hs + bo ’ 

in which 

oo^ B/J = 76 
62 4 B/J = 76 
61 A 2.0 X 10* 

ho 4 ki/J = 1.83 X 10*. 


[ 66 ] 


Equation 66 is an example of the general relation 49 in which 
A(s) = *(s), 

(?34(8)= -(* 1 + 7 ). 

ri («\ - (8 + 00)8^ 

s» +62«* +618+60’ 

2 )i(8 ) - 0, 

dm - -8-®. 
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It will be observed that it is the presence of ^2 in the equation for the 
correction torque that gives G{s) the zero of second order at the origin 
and eliminates the pole that would be there due to Z )2 («) • This is seen in 
equation 56. If k 2 were zero, then bo would be zero, and there would be 
a pole at the origin, which would produce a constant deviation. 

The characteristic equation, 

■+• ^2^^ "b “h ^0 ~ 9, 


has the roots Si = —21.6, and $ 2 , S 3 = —26.7 db jll.5. 

The transformation of equation 56 gives, by application of the 
methods developed in Sec. 3, Chapter 6, 


0(0 (=)£• 






Sl)(s - S2)is - S 3 )- 


in which 
Ki 4 [(s 


- + 3l2jK2e^^% 0 ^ t, 




_ Si -j- gp _ 

(Si - S2)(Si - S 3 ) 


-0.338, 


[57] 


K 2 * [(S - S2)^{s)]*=5, 


_ S 2 "h Up _ 0.343 —yioio 

(^2 “ Si)(s2 — S 3 ) 2y 



Fig. 7*17. Lag of servo-driven shaft when angle of reference shaft increases linearly. 


The deviation resulting from the linear increase of 02 is thus 

^(t) («) -0.338e“'2i«< - 0.343e“2®-^^sin (11.5i - 10^), [58] 


Graphs of this deviation and the disturbance that causes it are given in 
Fig. 7-17. Beginning at ^ = 0, 0i falls behind 02 but later catches up 
with it. 
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9. Conditions for Stability; Conditions for Undamped Oscil¬ 
lations 

A more general problem in the theory of automatic control is the 
determination of limiting relations that must hold among the constants 
of the controller and the controlled system if the overall system is to be 
stable and nonoscillatory in the steady state. On the other hand, if 
sustained oscillations are desired, as for example in an oscillator, there 
is the problem of finding the exact relations among the constants which 
will permit such oscillations to exist [Gi 1 , Ma 6 ]. 

The overall system will be stable and nonoscillatory in the steady 
state if all the roots of the characteristic equation have negative real 
parts [Ro 2]. In fact it will have these properties even if the equation 
has a single zero root. It will be stable but oscillatory if there are con¬ 
jugate imaginary roots all different. It will be unstable if there are 
roots with positive real j^arts, or if there are repeated zero or conjugate 
imaginary roots. 

If the characteristic equation has been solved and its roots are known, 
one may easily see whether or not the system is stable. But equations 
of third and liigher degree usually are not solved without considerable 
labor. It is desirable therefore to be able to settle the question of 
stability without actually solving the characteristic equation. There 
is a method due to Routh [Ro 2] by which the number of roots present 
having positive real parts can be determined from the coefficients of 
this equation without actually finding the roots. The method gives also 
the number of roots having zero real parts. This method is an exten¬ 
sion to complex roots of Budan's theorem [Di 1, 83-85] and Descartes’ 
rule of signs. A summary of the method, useful for purposes here, is 
given below without proof. 

Stating this method in our notation, let the characteristic equation, 
from which any zero roots have been removed, be represented by 

“H ^ biS + 5o — 0, [59] 

in which the fe’s are real coefficients, with hn positive, and n is a positive 
real integer. Arrange the coefficients in two rows as 

s” hfi hfi —2 ^n-~4 * * * 

S -3 5 * * • 

The coefficients of a third row are found by cross-multiplication as 
follows: 

® I - h -’ - h - 

1 On—1 
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Using rows two and three, the coefficients of a fourth row are found by 
cross-multiplying again. New rows axe formed in this way until no 
term remains. In the course of this development the coefficients in any 
row may be multiplied or divided by a positive number without altering 
the result. This simplifies the numerical work of finding the coefficients 
of the succeeding row. If all the terms in the first column are of one 
sign, the equation has no roots with positive real parts; if there are 
changes in sign, the number of changes equals the number of roots with 
positive real parts. 

For example, let the characteristic equation be 
(s +4)(s - 2 + j3)(s - 2 - j3){s + 1 ■¥j2)(s + 1 - j2) 

= 5^-1- 2s^ + 2s^ -h 46^2 -f 89s + 260 = 0. [60] 


Following the procedure presented above, the table of coefficients is 


1 2 89 

2 46 260 

1 -1.95 

1 6.18 

4.23 

6.18 


(after dividing by 21) 
(after dividing by 42.1) 


In the first column there are two changes of sign, indicating that the 
specified characteristic equation has two roots with positive real parts — 
and this is seen to be correct, for there are roots at 2 + fd and 2 — jZ. 
Note that the method does not actually locate the roots but only indi¬ 
cates whether there are roots present with positive real parts, and if 
there are, tells how many. There are two exceptions to this general 
process which need special comment. 

1. An exception to the general process arises when the firstrcolumn 
term in any row is zero, but the remaining terms in this row are not all 
zero. Any attempt to write the following row fails because its terms 
will be infinite. Three methods of overcoming this difficulty are: 

a. Replace the zero by an arbitrarily small real number c and proceed 
as usual. Terms in will need to be retained only if there is uncertainty 
as to the relative magnitudes of derived coefficients. The total number 
of sign changes in the first column will be the same whether € is considered 
positive or negative. 

h. Multiply the equation under investigation by a factor such as 
(s 4- h)f with h a positive real number. This will increase the degree 
of the equation but will restore the missing power of s. To avoid produc¬ 
ing a case coming imder the second exception, treated below, —A should 
not be a root of the original equation. 
c. Form the equation whose roots are the reciprocals of those of the 
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original equation. This can be done by replacing s by and clearing 
of negative powers of u. The resulting equation in u has the coefficients 
of the original equation in the reverse order. Use is made here of the 
facts that (1) the reciprocal of a root is a number whose real part has 
the same sign as the real part of the root and (2) the reciprocal of an 
imaginary root is an imaginary number. 

2 . A second exception to the general process arises if all the coefficients 
in the second or any derived row are zero. If this occurs there are 
present roots of equal order lying radially opposite each other and 
equidistant from the origin. The process can be continued by writing in 
place of the row of zeros the coefficients of the derivative of an auxiliary 
polynomial whose coefficients are the numbers in the last nonvanishing 
row. In this auxiliary polynomial $ will appear only in even powers, the 
highest power being that of the s indicated at the left of the last non¬ 
vanishing row. The roots of the equation formed by equating the 
auxiliary polynomial to zero are all roots of the original equation. 
They occur in pairs, the two roots of a pair being equal in magnitude 
and opposite in sign. As before, the variations of sign in the first column 
of the coefficient table will give the number of roots having positive 
real parts. The remaining roots will have negative or zero real parts. 
If there are any roots with zero real parts they will be found among the 
roots of the auxiliary equation. 

To illustrate this special procedure consider the characteristic 
equation, 

(s +j2){s — j2)(s 4- l)(s “ l)(s +3) 

= 4- 3s^ 4- 3s3 + 9s2 - 4s ~ 12 = 0. [61] 

On forming the rows, 

sM 1 3 -4 

I 1 3 —4 (after dividing by 3) 

it is seen that the third row will be composed of zeros. The occurrence 
of two identical rows indicates the presence of roots equal in absolute 
magnitude but lying radially opposite. The auxiliary polynomial 
8^ -f “ 4 is formed using the second-row coefficients, since the 
second is the last nonvanishing row. The coefficients of the derivative 
of this polynomial (after dividing by 4) are taken for the third row, and 
the process continued. The third and the remaining rows are thus 

1 1.6 
1.6 -4 

4.17 

.0 
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There is one change of sign in the first column, indicating that there is 
one root with positive real part. The remaining roots have either nega¬ 
tive real parts or zero real parts. If there are any with zero real parts, 
they will be found among the roots of the auxiliary equation, 

4 - - 4 = 0. [62] 

These four roots are d= 1 and =bj2, and all are roots of the original equa¬ 
tion. They are the pairs of roots that produced the two identical rows. 

Returning now to the general question of stability, it is seen from the 
above discussion that there will be no roots with positive real parts, and 
the system will be stable and nonoscillatoiy in the steady state, if all the 
coeflficients of the characteristic equation, 

+ fen—^ 4" fen—2^’” ^ • 4" feis 4" feo ~ [59] 

are positive, and 

fenfen—3 fen—ifen—2> 

fenfen—3 4- fen—ifen—4 < fen—lfe«—2fen-3 H" fenfen—ife n— 5 > 


for all the derived coefficients that will fall in the first column. 

If sustained undamped oscillations are desired, the coefficients must 
be such as to (1) make all the coefficients of one row of the coefficient 
table zero and (2) cause the auxiliary polynomial formed from the 
coefficients of the last nonvanishing row to have a pair of conjugate 
imaginary zeros. Like the criterion for stability above, this criterion 
for sustained oscillations becomes too complicated for statement ex¬ 
plicitly in terms of the coefficients of the general polynomial. 

The simple servo-mechanism which was considered in the previous 
section will be used as an example, except that here its constants will be 
taken as unspecified numerically. The characteristic equation for this 
mechanism was found to be of the form 

4" b 2 S^ 4“ fei^ 4“ feo 9. [63] 

The coefficient table is 

1 bi 

8 ^ 62 feo 

. bibi — 60 

* fe2 

fiO bo 

If there are to be no roots with positive real parts, fe 2 , fei, and feo must be 
positive and feo < fe 2 • fei- lu terms of the constants of the system, 
this means that fci and ^2 must be positive, and JIB < hx/k^. 
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An undamped oscillation can exist if the third row in the table 
is zero, i.e., if 6 © = • 62 - For this condition, the auxiliary equation is 

h2S^ 4- 60 = 0, [64] 

and its roots are d=jv^?>o/^ 2 * terms of the constants of the system, 
this oscillation will occur if ki/k 2 = J/B, and its angular frequency will 
be \^k 2 /B. 

10. Use of Increments as Dependent Variables 

In solving a problem by means of the £ transformation the initial 
values of the dependent variables and their derivatives are introduced 
into the equations in the process of the transformation. But the deter¬ 
mination of these initial values may be an irksome task which one would 
gladly avoid if possible. Frequently it can be avoided if a favorable 
choice of variables is made. Such a favorable choice is possible when a 
system is suddenly modified and only the subsequent changes or incre¬ 
ments in the system dependent variables are desired. With the differen¬ 
tial equations of the modified system written with the increments as 
dependent variables, the initial conditions for these increments are all 
zero. 

This principle finds wide application in handling problems in automatic 
control where in general only deviations or increments are of interest. 
But here it will be presented in more generality in terms of an electric 
network suddenly modified by switching. Here the term switching ” 
includes accidental short-circuits and open-circuits as well as modifi¬ 
cations made intentionally. 

Since the networks considered are linear the principle of superposition 
applies. Each branch current (and voltage) in the network after switch¬ 
ing may be considered to be composed of two components: ( 1 ) The 
branch current (or voltage) that would result if the network, with zero 
energy storage in its elements, were suddenly excited by a single source 
located at the point of switching. This single source is equivalent either 
to the voltage drop annulled by closing the switch, or to the current 
annulled by opening the switch. (2) The branch current (or voltage) 
that would exist if no switching took place. 

The first component is the increment produced by the switching. 
When added to the second component it gives the total branch current 
(or voltage) existing after the switching. 

The second component is zero when the variable sou^t is the current 
in the switch that has just closed, or is the voltage drop across the 
switch that has just opened. For these cases the first component con- 
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stitutes the entire solution. Since the initial conditions used in calcu¬ 
lating the first component are all zero, the formulation of the necessary 
transform equations is especially easy. These two cases will be discussed 
in more detail in the following sections. 








Passive 

A 

Q *■.<') 

part of 


A 

o- 


o ■ 




5 


V.0) 


(b) 


W) 


Fia. 7*18. Effects of closing a switch can be attributed to a voltage source inserted 
at point of switching. 


11. Closing of a Switch 

In Fig. 7*18-0 let ^4 be a linear network two points of which are con¬ 
nected at i = 0 by closing the switch K. In general A will contain 
voltage and current sources. Let VK(t) be the voltage drop that is 
annulled by closing the switch, and let iK{t) be the current that results 
in the switch. If Fir(s) and Ik{^) are the £ transforms respectively 
of Va( 0 and and Fa(s) is the input-admittance function of A 

after all voltage sources have been short-circuited and all current sources 
have been open-circuited, and A is viewed from the terminals of X, 
then the relation between IKis) and Fa:(«) can be shown to be 

Ik{s) = Yk{s)Vk{s). [65] 

Furthermore, the £ transforms of the current and voltage-drop incre¬ 
ments within A can be found from Ik{^) by the use of transfer functions. 

That equation 65 is valid may be shown by the following reasoning. 
If the open switch (Fig. 7*18-5) were replaced by a voltage source 
with polarity the same as that of the voltage drop VK{t)f conditions 
throughout A would remain unchanged. But if a second voltage source 
VK(t) were now connected (Fig. 7*l8-c) in series opposition to the first, 
the voltage drop across the two sources would be zero, and conditions 
would be the same as with K closed. There would be a current in the 
branch connecting the two terminals of A and increments in the currents 
and voltage drops within A, All of these could be taken, by the princi¬ 
ple <rf superposition, to be the consequence of impressing the second 
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voltage source on the passive part of A (Fig. 7*18-d) with all initial 
conditions zero. 

Equation 65 is a transform equation that states a limiting case of a 
generalization of Th4venin’s theorem [He 4, Th 1 , Wi 6]. When 
written, this theorem pertained to the direct-current steady-state be¬ 
havior of networks, but it has been generalized since to alternating 
currents and to transients. In the limiting form the external resistance 
is that of the closed switch, i.e., is zero. 

The total currents and voltage drops in A following the annulment of 
the voltage drop across K can be found by adding to the increments, as 
calculated above, the values that would exist if K had not closed. One 
must be able to determine these second components without too great 
effort if this superposition method is to present any advantage over the 
usual straightforward procedure in which energy storage at the instant 
of switching is considered explicitly. 

The following example is made simple so that the result found by use of 
equation 65 can be verified quickly by inspection. 


(a) 




‘I_ ±j- 

_i_r 


.(0 


(b) 


Fig. 7-19. The currents and voltage drops found in network b are the same as the 
increments in the corresponding variables in network a w’hen switch K closes. 


Example 1. In the circuit shown in Fig. 7-19-0, switch Ki is closed at time 
f = 0, and h seconds later switch K is closed. Let h be less than the time 
constant L{Ri + of the circuit, so that the transient is interrupted. The 
current in switch iC is to be found. 

Let T ^ t — h. For 0 ^ t, the voltage drop that is annulled by closing K 
is 


vkM 


RzVi 


[1 e-a(ix+r>]^ 


A ^ 2 

" “ L ‘ 


Ri + Ri 

Denoting £[rjc(T)] by Fij:(«), equation 66 when £ transformed is 

R2V1 (1 — -h o 


r.(.) Cl-ini'). J 

Ri-hRiXs 8^ a/ Ri 


4- Ri 8(8 -f a) 


For this network (Fig. 7-19-h), 
Yk{9) 


1 +.J— 

R 2 Jj8 -|- R\ 


1 s -f o 
Ri 5 4* b ^ 


5 4 *. 


[ 66 ] 

[67] 


[ 68 ] 
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Letting ik(t) be the current in the switch after it is closed, and denoting its 
transform by /x(s), application of equation 65 gives 

iKis) = YK(s)VKis) 

+ s(« + 6) 

The transformation of equation 69 gives for 0 ^ t, 

^x(T){ = )ii:o4•Kle-^ [70] 


in which 


Ka A (s/jr(s)]..o = 

K\ 


Ki ^ I(s + 6)//cWU-(, 


Vt flie—*' + Rt 
Ri R\ ~f* 


With these coefficients, equation 70 becomes 


. , , , , Vi Vi -f R2 

^ iJl fi, ■ ‘ 

1 — e“ 


Ri \Ri R 1 + R 2 J ’ 


[71] 


Since the coefficient of is the difference between the final current and the 
initial current (r = 0), it can be seen readily that the method has given the 
correct result. Note that fx(r) has been found as an increment in current 
produced by a substitute voltage source, the voltage of which equals the volt¬ 
age drop annulled by closing the switch. Note further that the initial con¬ 
dition for the increment has been taken as zero, although there is a current 
present in L at r = 0. 


12. Opening of a Switch 

A transform equation for the voltage drop appearing across a switch 
whose opening suddenly interrupts a current can be formulated by 
reasoning closely analogous to that used in Sec. 11. 

In Fig. 7*20-a, A is a linear network in which switch K opens at 
< = 0. In general, A will contain voltage and current sources. Let 
ijs:(0 be the terminal-loop current that is annulled by opening the 
switch, and let vxit) be the voltage drop that develops across the 
switch. If Ik(s) “ £[t2j:(01 and FjtCs) ~ £[«^/c(0L and Zk(s) is 
the input-impedance function of A after all voltage sources have been 
short-circuited and all current sources have been open-circuited, and A 
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is viewed from the terminals of K, then the relation between Vj^{s) 
and Ik{s) is 

Vk{s) = Zx(s)/ic(s). [72] 

From Vk{s) the transforms of the current and voltage-drop incre¬ 
ments within A can be found by use of transfer functions. Equation 72 
is a transform equation expressing the dual of the closed-switch case 
treated in Sec. 11. 



(b) (d) 

Fig. 7-20. Effects of opening a switch can be attributed to a current source inserted 
at point of switching. 

Equation 72 can be substantiated by the following reasoning. If the 
closed switch (Fig. 7*20-6) were replaced by a current source iK(t) 
with positive current direction the same as that for the loop current tjr (0> 
conditions throughout A would remain unchanged. But if a second 
current source iK(t) were now connected (Fig. 7*20-c) in parallel 
opposition to the first, the terminal-loop current would be reduced to 
zero, and the equivalent of opening K would be effected. A voltage 
drop would develop between the terminals of A, and increments would 
occur in currents and voltage drops within A. Applying the principle 
of superposition, all of these could be taken to be the result of impressing 
the second current source on the passive part of A (Fig. 7*20-d) with all 
initial conditions zero. 

The total currents and voltage drops in A after the annulment of the 
current through FT can be found by adding to the increments, as calculated 
above, the values that would exist if K had not opened. However, if 
this superposition method rather than the straightforward method with 
initial conditions aocounted for explicitly is to be used, it must be easy 
to determine the values that would exist if K did not open; otherwise 
the straightforward method is preferable. 

To illustrate the application of equation 72 a simple example is chosen 
so that the correctness of the result can be verified quickly by inspection. 
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Example 1. In the circuit shown in Fig. 7-21-a switch Ki is closed at 
time i ~ 0, and k seconds later switch K is opened. Let h be less than the 
time constant RiC of the circuit so that the transient is interrupted. The 
voltage drop across switch K after it opens is to be found. 



(o) ib) 

Fia. 7-21. The currents and voltage drops found in network h are the same as the 
increments in the corresponding variables in network a when switch K opens. 


Let T = < — < 1 . For 0 ^ r, the current that is annulled by opening K is 




— g-0(tl+T) 

Ri 



[73] 


Let the £ transform of iKir) be denoted by Ik{s) ; then the transformation of 
equation 73 gives 


1 

ill s “i" u 


[74] 


For this network (Fig. 7-21-6), 


Zk{b) - 


R 2 {R\ 4- l/Cs) 
R\ “h R 2 "f" 1 /Cs 


R\R2 s "i" a 
R\ 4" i ?2 s b ^ 


64 


1 

{Ri + R2)C * 


Letting vkM be the voltage drop across the switch after it is opened, and letting 
FjfCs) 4 £[vK(r)], application of equation 72 gives 


VkM = Zk{s)Ik(8) 

« / s -f q\ / \ 

i^i 4* ^2 \5 4" 6/ a) 

sr; 

Ri 4“ Rz a 4" 6 


176] 


The £“' transformation* of equation 75 gives 


vk(t) («) 


Ri 4 " R 2 


Vi - Fi(l - 
Ri 4* 


* Rie-^, 


OS r. 


[76] 


Since Fi(l — e is the voltage across the condenser at r « 0, it can be seen 
readily that the method has given the correct result. 
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13. Network Recovery Voltage 

A practical application of the principle presented in Sec. 12 is made in 
the calculation of the recovery of voltage (Bo 2, Pa 3] across an oil circuit 
breaker in an a-c power network when this breaker interrupts a short- 
circuit current. When the breaker contacts separate, an arc forms which 
prolongs the life of the current beyond the time of physical separation 
of the contacts. This arc is extinguished a few cycles later at a zero, 
value of the alternating current. After this interruption of current, the 
rate at which the recovery voltage across the breaker contacts is built up 
by the system is important. If the oil switch is to interrupt the short- 
circuit current successfully, the voltage breakdown strength of the space 
between its rapidly separating contacts must grow at a rate sufficiently 
great to withstand the voltage that the network is building up simul¬ 
taneously across these same contacts. The problem then is to calculate 
this recovery voltage of the network. 

For a simple example, assume that a single line-to-ground short 
circuit occurs on a three-phase transmission circuit on the line side of, 
but near, the current-limiting reactor (Fig. 7-22-a). The low-potential 
side of the transformer is connected to an infinite bus,^^ i.e., to a source 
whose power capacity is large compared with the power demands made 
by the circuits connected to it, and whose short-circuit impedance Ls 
small compared with the impedances of stationary apparatus in the 
network. If a circuit breaker located at the point shown is to open the 
faulted phase successfully, what rate of voltage build-up across its 
terminals must it withstand immediately after the current interruption? 

The calculation of short-circuit currents in power networks under 
general unsymmetrical short-circuit conditions requires considerable 
background knowledge of symmetrical-component theory [Ly 1, Wa 3] 
and, in particular, facility in the use of the impedances to positive-, 
negative-, and zero-sequence currents in stationary and rotating electric 
apparatus and in transmission lines. This background knowledge will 
be assumed here because the calculation of the magnitude of the short- 
circuit current is incidental to the major problem of calculation of the 
recovery voltage. 

Since the resistances in power circuits at the power frequency are small 
compared with the reactances, it is sufficient to consider only reactances 
in the calculation of the short-circuit current. As an aid in calculating 
the short-circuit current in the circuit breaker of Fig. 7*22-a, the circuit 
of Fig. 7*22-6 is used. It consists of a series connection of the ssero-, 
positive-, and negative-sequence networks to represent the single line- 
to^ground fault. For a transformer and a reactor the impedances to the 
three sequence currents are alike, and hence the three sequence networks 
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are alike except for the voltage of the infinite bus which is of positive 
sequence only. The transmission line and the load at its far terminal 
are assumed to have small effect upon the magnitude of the circuit- 
breaker current and are hence neglected. 

Oil circuit breaker Y 

Infinite __| j ^ ^ o 

one line ^Transn^ission line 
to ground 

(o) 


Uo=i»“h 


(6) (c) 

Fig. 7*22. (a) One-line diagram of a three-phase power circuit. 

(6) Interconnection of the three sequence networks for a single line-to- 
ground fault. 

(c) Network representing elements of faulted phase essential for calcu¬ 
lation of recoveiy voltage across opened contacts of circuit breaker. 

Li — 0.018 henry Ci = 10~^ microfarad Vm = 38.1 kv 

1/2 = 0.01 heniy C 2 = 10“^ microfarad cc = 377 radians per second 

Let Vnit) = Vm COS U3t represent the voltage to neutral at the infinite 
bus, Li the transformer leakage inductance per phase, and L 2 the reactor 
inductance per line, then Xj^ — wLi is the transformer leakage reactance 
per phase, and Xr = o)L 2 is the reactor reactance per line. If /©, /i, and 
I 2 are the magnitudes of the zero-, positive-, and negative-sequence 
currents, respectively, the magnitude of the short-circuit current in the 
circuit breaker is 

r . , . ■ r 38.1 X 10^ 

m = 0 + 1 + 2 ^ 2.8 X 10“® X 377 

= 5.1 X 10® amperes. [77] 

Then the current annulled by the opening of the circuit breaker is 

(0 ~ sin oiL 




[78] 
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In the calculation of the recovery voltage, interest centers principally 
on developments during the first fifty or so microseconds after the 
current interruption. The shunt capacitances to ground of the network 
elements play an important role in this brief interval and must be con¬ 
sidered. In the network (Fig. 7‘22-c) for the faulted phase, Ci is the 
capacitance to ground of the transformer high-tension winding and 
terminal bushing and C 2 is the capacitance to ground of the reactor. 
Since it is the voltage built up by the system that is to be calculated, the 
capacitance to ground of the breaker is not included in the circuit. The 
capacitance to ground of the infinite bus is great compared with Ci 
and C 2 , and at the characteristic angular frequencies arising, it effectu¬ 
ally short-circuits the small inductance of this source. The capacitance 
and inductance of this source are accordingly omitted. 

Although the interrupted current, from equation 78, is sinusoidal 
only an interval of fifty or so microseconds after t = 0 is to be considered. 
Since this is an interval exceedingly small in comparison with the 
period, 2t/u3 = 16,700 microseconds, of it is sufficiently exact to 

take for iRif) the first term of its power-series expansion. Hence 
Ik{s) « £[/,nC0<] = /mCOS-2 

The short-circuit input^impedance function as viewed from the circuit 
breaker is found by a series combination of two parallel-impedance func¬ 
tions and is 




+ 


Ci(s 2 4- 1/LiCi) ^ C2{s^ -f I/L2C2) ’ 


Let VK{t) be the voltage drop across the open circuit breaker, and let 
Vk(s) denote its £ transform. In accordance with equation 72, 




[79] 


in which Pi 4 Vl/LjCi = 0.235 X 10®, and ^2 4 Vl/LiCs = 10®- 
By use of the principles presented in Sec. 5, Chapter 6, the inverse 
transformation of equation 79 is found to be, forO ^ t<^ 27r/w, 


MO («)£-' 


1 

. Cl s{s^ 4- Pi) 




C2 


1 


s(s^ + Pi) 


] 


Ki + +K3+ 


180] 
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in which 



Time - microseconds 


Fig. 7-23. Recovery voltage after interruption of short-circuit current. 

Upon carrying out the operations indicated in equation 80, the recovery 
voltage for 0 ^ 27r/a), with t in microseconds in the second line, is 

VK{t) = - 008 0it) 4- - COS 

= 34.6(1 - cos 0.2350 + 19-2(1 - cos f) kv. [81] 

The form of this recovery voltage is shown in Fig. 7-23. The slope of 
the steepest of the lines through the origin which are tangent to the curve 
is the maximum rate-of-recovery of voltage across the circuit breaker 
under the conditions assumed. 

14. Parallel Inverter 

The f-transformation method works best on a problem having one- 
point initial or boimdary conditions. In such a problem the values of 
the unknown functions and a sufficient number of their derivatives are 
specified at the origin of time or space. When the specified boundary 
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conditions are divided between the origin and later instants in time, or 
other points in space, the transformation does not yield a solution 
with all constants of integration evaluated. Rather it yields a solution 
containing certain undetermined constants. These are the required 
but missing initial values. These undetermined constants, or combina¬ 
tions of them, are evaluated by the classical method of substituting the 
given boundary conditions and solving a set of algebraic equations. 



Fig. 7-24. Parallel inverter with inductive load. 

ij = 10 ohms C = 100 microfarads h =* 1/120 sec 
L 0.05 henry / = 30 amperes 

The analysis of an inverter network [Mu 1, Os 1, Wa 2 ] for the wave¬ 
form of the output current will be taken as an example of a problem 
having two-point boundary conditions. In Fig. 7*24 is shown a simpli¬ 
fied network of a parallel inverter with an inductive load. By means of 
a grid-controlled mercury-arc tube with two anodes and an associated 
oscillatory circuit, this inverter changes constant unidirectional current 
into alternating current. Actually the output in the steady state may 
be considered to be a repeated transient; its waveform depends on the 
tinning and on the circuit constants. The grid-control circuits are not 
shown, but their function is to supply alternating voltages of fixed fre¬ 
quency to the grids. The latter serve as switches synchronized to 
operate 180 degrees out of phase so as to permit their respective anodes 
to alternate in completing the circuit for the return of the constant 
current to the source. For amplicity it may b© assumed that the 
8 -winding transformer has the same number of turns in each winding, 
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and has negligible losses, leakage inductances, and exciting current. 
In brief, it is an ideal transformer serving as a voltage multiplier. 

In Fig. 7*24 the arrow directions for the loop currents are shown for 
the half-cycle in which anode 1 is conducting. I is the constant uni¬ 
directional input current, is an alternating current confined to the loop 
formed by the capacitance and the two primary windings of the trans¬ 
former, ^2 is the alternating output current in the load, and v is the volt¬ 
age drop across the load. 

As a result of the assumptions regarding the transformer, the equations 
of the network written for the branches are 


-p — / = 0, 

[82] 

T ^^2 , D* 

V — L — -f R%2i 
at 

[83] 

dh 

[84] 

If V is eliminated from equations 83 and 84, 



[86] 

and if this result is substituted in equation 82 there 

is obtained 

(fiz , ^ ^ 

[86] 

Let the grid-control voltages have a period of 2ti seconds. Then the 
load current and the condenser voltage drop at the beginning and end of a 


half-cycle satisfy the following relations: 

= - 4 ( 0 ), 

2v{ti) = — 22 ;( 0 ). 

Substitution of these conditions in equation 83 shows that 
^ 2 ( 4 ) = -^ 2 ( 0 ), 


which is a boundary condition more convenient to use than that for v. 
Letting / 2 (s) denote the £ transform of 4(0; the £ transformation of 
equation 86 yields 

(ls® +128 + + ^(0)s + «4(0) + Lii(0). [87] 
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The solution of equation 87 for /afs) is 

r , s ^ + OiS + Oo 

" 8(8^ + M + bo)’ 

in which = t 2 (0) 

Oi ^ (K/L)4(0) + t^(0) 

Oo = I/ALC 

6j A = 200 

bo = 1/4LC' = 5 X 10^. 


[ 88 ] 


The roots of the characteristic equation, 

+ biS + bo = 0, 

are Si, = —100 ± j200. 

The f transformation of equation 88 gives for 0 g g <i, 

4 (0 (=) fifo + + Kxe>-\ [89] 

in which 

Ao ^ [s/2(s)| „ = ^ 

and K\ and K\ are conjugate complex constants that depend upon the 
values of 4(0) and ^(O). The solution will be shortened if Ki and 
Ki rather than 4(0) and 4(0) are chosen as the two constants to be 
determined. 

The expression for 4(0 can be found by differentiating equation 
89. It is 

4(0 = SiKie^^^ + [90] 


If the boundary" conditions are now inserted in equations 89 and 90, 
and terms collected, there is obtained the set of algebraic equations, 

(1 4- + (14- = -2/, 

[ 01 ] 

si(l -f S2{1 + = 0. 


The elimination of Ki from this set of equations and solution for 
Ki gives 


Ki 


2182 


(«i - S2)(l + e“‘0 




[ 92 ] 


Combining the conjugate-complex functions in equation 89, 

4(<) (=)Ao -l-gi[2Aie*‘‘l 
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Inserting values, the expression for ii{t) for the half-period 0 g ^ <i is 
ia(0 ( = ) 30 -h 

= 30 - 63.6e-“*'’‘ sin (200< -|- 39.1“). [93] 



Time - seconds x 10‘* 


Fia. 7-25. Waveform of alternating current in load of parallel inverter shown in 

Fig. 7-24 


For the half-period ti ^ t ^ 2tiy 

i^it) = -30 -t- sin [200(1 - (i) + 39.1“]. 

The waveform of i 2 {t) Is shown in Fig, 7*25. 

PROBLEMS 

7*1. Using the £ transformation, solve the differential equation 

ar is to pass through the origin with a positive slope of unity. Assume that a® < /Sj. 
Use the abbreviation /Sj ^ (p — a)® + — a^). 

7-2. Use the £ transformation to solve the differential equation 

dy d s 

ai — + 021 / “ 08 3 : e “ sin ^ 
at at 

in which oi, a% 03 , a, and are positive real numbers. The initial value of y is — 6 . 

7*3. Find the time function for (a) the voltage across elastanoe 81 and ( 6 ) the 
voltage across elastanc« ^82 if the i-d equation for the circuit is 

L ^’ + Bi + Sn ft* - 

dt tj 
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in which ^ iSi -f <^2 and R ** 2V^L5ii. When < « 0 the initial current in L is 0, 
the initial voltage across Si is 4 - 7 , and the initial voltage across ^2 is 0. 

7-4. If the input voltage vi{t) of a single section (see diagram) of a symmetrical-T, 
low-pass wave filter is a unit step voltage, what is the form of the resulting output 
voltage *>2(07 The initial energy stored in the condensers and inductances may be 
taken as zero. 

L 10 millihenries, C = 1 microfarad, — L/C. 


V.l 


Fig. 7 P4 Fig. 7 P5 




7-5. Three inductance coils are connected in a 2-loop network as shown in the 
diagram. There is mutual induction between each pair of coils. With the circuit in 
the steady state, switch K is closed. Find the subsequent current in the battery. 


Li = 50 millihenries 
L 2 — 75 millihenries 
Ls ~ 100 millihenries 
Mi 2 *= 30 millihenries 
Miz = 40 millihenries 


M 23 =* 35 millihenries 
/?i = 5 ohms 
R 2 « 15 ohms 
Ri = 20 ohms 
V\ = 27.1 volts 


a*c 

source 




Fig. 7 P6 


7*6. The network of a surge generator to produce low surge voltages is illustrated. 
The half-wave rectifier charging circuit may be neglected in calculations of the dis- 
charge of Ci through the gap G. 

(a) Taking the initial voltage across Ci as unity, find the waveform of the voltage 
applied to €%. 

(b) Calculate the time to reach the crest and the time to reach one-half of the 
crest value on the tail of the surge. 

Cl « 1.26 X ICT* microfarad Ri » 160 ohms 

C 2 “ 2.0 X lO*"® microfarad R 2 « 750 ohms 

Cj * 1.0 X 10“^ microfarad 

7*7. A grid-controlled mercury-vapor discharge tube is used as a synchronous 
switch in the network shown in diagram a to produce recurrent 2.8 X 37-microsecond 
singes ci low voltage for visual oscillograph testing of power apparatus that may be 
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connected across terminals mn. Here 2.8 X 37 means 2.8 microseconds to crest and 
37 microseconds to half-crest value. 

Assume that the grid-controlled tube begins to conduct at each positive maximum 
of the a-c supply voltage, that the arc drop is constant, and that the voltage drop 
across R remains constant for 100 microseconds after the tube operates. Assume 
also that R is suflSciently small to make the charge on Ci zero prior to each operation 
of the tube. 



(a) If C2/C1 = 5.16, R2C1 = 8.00 X 10"® ohm-farad, and R1C2 = 4.03 X 10~® 
ohm-farad, find the no-load terminal voltage surge v{t) for one cycle. 

(5) Find the impedance function Z{s) to be inserted in the equivalent transform 
diagram for use in applying Thevenin’s theorem. Here F(s) = 

7-8. The equivalent network of one stage of a television amplifier is shown in the 
diagram. Find its response V 2 to an input voltage ro which has the form of a unit step 



Fig. 7 P8 


function. The behavior of the response during the first few microseconds is of major 
interest. 


Rp = % X 10® ohms 
R\ — 10^ ohms 
R 2 ss 10® ohms 
L = 8 X 10"“* heniy 


Cl = 8 X 10~® microfarad 
C2 = 12 X 10"® microfarad 
Cs =0.2 microfarad 

fi = 2000 


7*9. In a certain rapid-selector system an electronic relay is tripped by the ampli¬ 
fied current from a photocell actuated by a light pulse. The triangular pulse of light 
received by the photocell is shown in diagram a. The equivalent network for the 
photocell and first stage of the amplifier is shown in diagram b. Find yg, the input 
voltage for the second stage. From a practical standpoint, features of particular 
interest are (1) the time delay introduced by the stage of amplification, and (2) the 
behavior of vz after cessation of the light pulse. 
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It may be assumed that (1) the pentode operates on the linear part of its charac¬ 
teristic, a change of one volt in the grid voltage causing a change of 10~® ampere in 
the plate current, (2) the photocell current is proportional to the Ught flux received 



(a) (b) 

Fig. 7 P9 


by the photocell, a flux of F\ units causing a photocell current of 0.1 X 10 ® ampere, 
and (3) there is zero time delay in the photocell. 

= 0.25 X 10® ohms Ci = 0.01 microfarad 
R 2 — 10® ohms C 2 , = 0.6 X 10“® microfarad 

Rz = 10® ohms Cz — 7 X 10~® microfarad 

C4 = 12 X 10“® microfarad 

7*10. A form of seismometer for use in geophysical exploration is shown. The 
base, which rests on the earth, has attached to it a circular coil that connects through 
an amplifier to a recording oscillograph. The coil moves in a radial magnetic field of 
constant strength supplied by the magnetic core. This core is supported above the 
base by springs and is restrained so that it can move only vertically. Its motion is 
damped mechanically. The coil and its load may be assumed to have a combined 
resistance R and inductance L. The electromechanical couphng constant is U. 



A sound wave is produced in the earth by the explosion of a charge of dynamite 
in a bole drilled in the ground. The reflections of this wave from interfaces between 
layers having different propagation properties and lying as far as 20,000 feet below 
the surface are of interest. Assume that one of these reflected waves moves the base 
of the seismometer with a vertical velocity Ae~^^ sin U. Find the form of the coil 
current that this wave produces. 

In a single system of units the constants are: Af « 0.6, K =* 4 X 10^, B * 2.9 X 
102, n ^ 370^ L « 0.36, and 17 « 20. Let A « lOr®; with t in seconds, p « 1 
and X ** 280. 
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7*11. The essential elements of an arc-welding generator network are shown in 
the diagram. The generator is separately excited and differentially compounded. 
As a good welding machine should be free from serious transients, it is desirable to 
reduce the magnetic coupling between the exciting circuit and the welding circuit. 
For this a transformer is used which partially neutralizes the mutual induction within 
the machine between the main and series fields. 

The armature generated voltage Vg{t) due to rotation is 

Vgijt) = Vo + ^l(fl — H) — 

in which Vo is the normal open-circuit generated voltage and /o is the corresponding 
normal open-circuit main-field current; ki and k 2 represent the slope of the field 



Fig. 7 P11 

saturation curve in the working range, A;i being for the main-field current and k 2 
for the armature current. Currents ii and 1*2 are the actual instantaneous currents 
in main-field and armature circuits, respectively. 

In the main-field circuit the exciting voltage Vi == 150 volts, the normal current 
lo == 1.3 amperes, and the total inductance and resistance are, respectively, 

Lj == 14 henries, = 115 ohms. 

In the armature circuit 

Vo = 90 volts fci = 12 volts per ampere 

k 2 - 0.42 volt per ampere 

and the total constants are 

L 2 = 1.5 X lO'”^ henry, E 2 = 2.1 X lO""^ ohm. 

The net mutual inductance is 9.6 X 10~^ henry. 

(a) Find the currents in the annature and main field after the arc voltage V 2 (jt) is 
suddenly short-circuited. Just previous to the short circuit the arc voltage is 25 
volts and the currents are constant. 

(5) Find the recovery voltage across the welding electrodes when the short circuit 
is suddenly opened. It may be assumed that the short-circuit current drops linearly 
to zero at the rate of 6.30 X 10^ amperes per second. 

7*12. A radio receiver for ultra-high-frequency reception may have a filter and an 
amplitude limiter between the aerial circuit and the receiver to reduce interference 
from static and unwanted stations. For input dfisturbances below a certain ampli¬ 
tude, however, the output of the filter will be below the response limit of the limiter, 
the limiter will be inoperative, and hence may be disregarded. For such a condition, 
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the equivalent circuit of the network, omitting the limiter but including the first 
filter of the receiver, can be drawn as shown. 

Assume that an input disturbance in the aerial circuit produces a unit step voltage 
across iEo* Calculate the waveform of the resulting transient voltage V 2 in the receiver. 
Consider that Ra and Rt are large, that the tube internal capacitances and plate 



conductances are small, and that the effect of all of these upon the network response 
is negligible. The tubes have transconductances gi and g 2 , respectively. Assume 
that R 2 < Ri and that the damping constants are very small compared with the 
characteristic undamped angular frequencies. 

7-13. Without actually determining all the roots, answer the following questions 
for each of the equations given below: (1) Number of roots with positive real parts? 
(2) Number of roots with negative real parts? (3) Number of roots with zero real 
parts? What are these roots? 

(а) s * + 5s3 + 1352 + 19« + 10 = 0. 

(б) + 2s3 + 4 s2 - 2» - 5 = 0. 

(c) 5® -f + 6« -h 4 = 0. 

(d) 8^ 4- 2s3 -h « + 2 = 0. 

(e) g4 + 38 . ^2 + 5 _ 2 = 0. 

( f ) 56 _ 9^8 _ 22 s 2 - 22 s ~ 8 = 0. 

7* 14. In the circuit diagram for a photoelectric potentiometer shown, the unknown 
voltage is balanced against the drop caused by a known current passing through the 



standard resistor R. Any differentiid in voltage produces a current which deflects 
the galvanometer. A beam of light reflected from the galvanometer mirror is divided 
into two beams by a system of mirrors, each beam falling on a photoelectric cell. 
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With the galvanometer deflected, the light entering one photocell is increased and that 
entering the other is decreased. Since this changes the conductivity of the cells there 
is a change in the grid voltage applied to the vacuum tube which in turn causes a 
change in the plate current and the necessary correction in the voltage drop across R. 

With certain assumptions regarding the photocell characteristics the photocell 
circuit can be represented by a generator having constant internal resistance and a 
generated voltage proportional to the galvanometer deflection. For a 1-volt incre¬ 
ment in the unknown voltage the necessary correction in plate current can be obtained 
with a galvanometer current of about 10“^® ampere which is entirely negligible in 
comparison with the plate current. For the vacuum tube the internal plate resist¬ 
ance is Rp and the amplification factor is fi. The galvanometer coil has resistance Ri 
and self-inductance Li. Its moment of inertia is J. The rotational resistance is B 
and the rotational stiffness is K. 

(а) What relations must be satisfied by the system constants if the system is to 
be stable? 

(б) With the system in equilibrium a 1-volt change is made suddenly in the 

unknown voltage. If the system is stable and shghtly oscillatory in the transient 
state, find the expression for the error in potentiometer balance in terms of literal 
roots. K 



7*15. A separately excited d-c generator is to have its load voltage V 2 regulated by 
means of triodes in its field circuit, as shown in the diagram. This is to be accom¬ 
plished by coupling the load voltage through an amplifier to the grid voltage of the 
triodes (assumed to be in parallel, but only one of which is shown). If, with the 
generator operating in the steady state and equal to the rated voltage, a part R4 
of the load resistance is suddenly short-circuited, find: (a) the critical values of the 
product, iimk^ for which the system just fails to oscillate in the transient state, and 
(h) the time variation of the change in the load voltage when this product has the 
more favorable of the values found in (o). 

It may be assumed that the exciter voltage and the speed of the prime mover 
remain constant. The triodes may be assumed to be operating on the linear part 
of their characteristics. The magnetization curve of the generator in the region of 
operation may be assumed to be straight. The amplifier may be considered as a 
simple multiplier without distortion or time delay. The total potential divider 
resistance is very large compared with the other resistances in the armature circuit. 

The generator rating is 3.5 kw, 360 volts, 1700 rpm. The d5mamic internal plate 
resistance of the combined triodes is 400 ohms, m is the amplification factor of the 
triodes, m is the multiplying factor for the amplifier, and k is the fractional part of 
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P 2 supplied to the amplifier. A 0.01-ampere cliange in field current produces a 5-volt 
change in generated emf. 


Li = 5.2 henries 
L 2 = 0.25 henry 
L 3 = 0.15 henry 
Ri — 500 ohms 


R 2 = 2.3 ohms 
Rs = 41 ohms 
Ra — 29 ohms 



Fig. 7 P16 


7‘16. An automatic controller is used to control the level of the mass M so that 
the index a attached to M will follow closely the motion of the reference index h 
(see diagram). The mass is elastically supported 
by the springs K\ and and its motion is damped 
by viscous friction represented by B. The system 
is constrained to move only vertically. 

The spring K\ connects M with the output 
of the controller. The controller corrects the level 
of M by altering the position of the upper end of 
K\ an amount equal to Ci times the deviation of 
a from h plus C 2 times the time integral of this 
deviation. 

(a) In order that the over-all system shall not be unstable and vibrate to destruc¬ 
tion when slightly disturbed from balance, what limiting general relations must the 
four mechanical-system constants and the two proportionality factors of the controller 
fulfiU? 

{b) Assuming that the relative values of the constants and proportionality factors 
in any single system of units are as given below, find the resulting deviation of a from 
6 as a function of time if h is suddenly displaced downward a unit amount and held 
there continuously thereafter. Consider the system previous to this disturbance to 
have been continuously at a balanced level position. 

M = 0.13 Ki = 4.0 Cl = 2.1 


B = 2.8 


K 2 = 22 


Cl = 32 


7*17. The diagram shows part of a system for the continuous processing of a 
rubberized fabric. Individual d-c motors are used to drive rolls 1 and 2 , motor 2 
being the master motor. When the fabric is taken up by roll 2 more rapidly than it 


Roll 1 I 


Motor 1 



Controller 

Fig. 7 P17 


is delivered by roll 1 , the regulating roll will rise, producing a deviation y from the 
normal position of this roll. A correction of the developed torque of motor 1 is 
produced by an automatic controller. The equation of control is 


Tc 


kiy + ki 



in which ki and k^, are real constants. 
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The moment of inertia of motor 1 and roll 1 combined is J. The mass of the 
regulating roll, the mass of the fabric, and the torque transmitted from roll 2 to 
roll 1 through the fabric are negligible. The speed-torque characteristic of the 
load on motor 1 in the region of operation may be considered linear, the increase in 
torque being B times the increase in speed. Assume that all units are taken from a 
single system. If the position of the regulating roll is taken as the output variable 
to be controlled, 

(a) What is the characteristic equation of the system? 

<h) What relations should hold among the constants to insure a stable system 
nonoscillatoiy in the steady state? 

(c) If r = 0.15, and it is desired to have the poles of the system lie at —10 and 
—20 db^'5 in the complex plane, what values must the ratios J/B, ki/Jj and k^/J 
have? 

After the system has been operating without disturbance for a long interval the 
speed of motor 2 increases in accordance with the function A (1 — cos 300i) for one 
cycle and then resumes its former value. 

(d) Using the constants found in (c), what is the resulting vertical motion of the 
regulating roll? 



Fig. 7 P18 


7* 18. A 3-stage i^C-coupled vacuum-tube amplifier with feedback can be used to 
produce an almost sinusoidal oscillation. The slowest ordinary LC oscillations pro¬ 
ducible with large L’s and C’s have a period of the order of 1 second, whereas an 
oscillator with an equivalent network such as showm in the diagram can be made to 
have a period as great as 30 minutes. 

Assume that the system is linear, that C is very much greater than any of the 
interelectrode capacitances, and that (7p G\ and (?2 0\, Here Qp is the 

constant plate conductance of each tube. Let n be the amplification factor of each 
tube. 

(a) Give the characteristic equation of the system. 

(&) Give the relations among the coefficients of this equation if a sustained 
oscillation is to occur. 

(c) Give the angular frequency of this oscillation in terms of the constants O2 
andC. 

7*19. The network illustrated is in the steady-state condition when switch K 
closes. Find the resulting current in Kin two ways: (1) by the direct method, using 
the actual initial conditions in L and C, and (2) by use of a substitute source located 
at the switch. The roots of the characteristic equation are real and different. 

7*20. The network illustrated is in the steady-state condition when switdi K opens. 
Find the resulting voltage across K in two ways: j(l) by the direct method) which 
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depends upon a knowledge of the actual condenser voltages at the instant of switch 
opening, and (2) by use of a substitute source located at the switch. 


Fig. 7 P19 Fig. 7 P20 

7*21. A one-line-to-ground short circuit occurs on a 3-phase 60-cycle transmission 
line 10 miles from the generating station. There is an oil circuit breaker (ocb) 
between the station trahslormer bank and the line. The transformers are connected 
A-Y with solidly grounded neutral. The primaries are connected to an “ infinite 
bus.*^ The single-line diagram is shown. Neglect the arc in the ocb and consider 
that the short-circuit current in the faulted phase is interrupted at a normal zero. 
Find the system recovery voltage across the opened breaker for the first 100 micro¬ 
seconds after interruption of the current. 



<1 



Fig. 7 P21 


The line voltage is 140 kv between conductors, and the line reactance is 0.77 ohm 
per mile. The transformer capacity is 40,000 kva per phase, and the transformer 
leakage reactance is 8 percent. Neglect the resistances of the transformer, line, 
and fault. Assume that the reactances to positive-sequence and negative-sequence 
currents are equal and that the reactance of the line to zero-sequence currents is 
three times its reactance to positive-sequence currents. The transmission line con¬ 
ductor that was grounded may be represented by its surge impedance of 400 ohms, 
which enters into the calculations as though it were a resistance. The capacitance 
to ground of the transformer winding and bushing in the phase that was grounded is 
0.01 microfarad. The capacitance of the infinite bus may be taken as infinite. 

Note: If the amplitude of the short-circuit current interrupted by the ocb cannot 
be calculated because of insufficient knowledge of symmetrical components, find the 
recovery voltage in terms of /m as a literal constant. 

7-22. In the calculation of network recovery voltage the effect of the circuit- 
breaker arc upon the current being interrupted is usually neglected. If it is to be 
considered, the following reasoning may be used. 

The arc represents a time-vaiying element in the network. The voltage drop 
across this element may be considered to be a virtual voltage source that acts upon 
the fixed part of the network along with the actual sources. The superposition of 
the currents produced by these sources gives the actual current being interrupted. 
In general, the arc voltage drop is unknown and an integrsd equation is needed to 
express this current, but if an assumption is made about the form of the arc drop the 



224 


THE COMPLETE SOLUTION OF PROBLEMS [Chap. VII 


current can be calculated in the usual way. The important feature is the instant in 
the voltage cycle at which the arc is extinguished and the current becomes zero. The 
ensuing build-up of voltage across the circuit breaker can be calculated from the 
energy storage at this instant and the actual sources in the network. 

In the circuit shown in diagram a the circuit breaker, in opening, draws an arc 
across which the voltage drop increases linearly at the rate of 1.2 X 10® volts per 
second. This arc begins at a normal zero of current, persists until the current is 



zero again, and does not restrike. The conducting gases left in the path of the arc 
provide a leakage path of lO'^ ohms. This is represented by i? in diagram h. The 
transformer leakage inductance L is 0.75 X 10~® henry. The transformer capaci¬ 
tance C to ground is 1.2 X 10“^ farad. Find the circuit recovery voltage, assuming 
that the voltage across C at the instant of current interruption is the value the arc- 
voltage drop would have at that instant if it continued to increase linearly. For the 
brief interval of interest, less than 100 microseconds, the source voltage v{t) may be 
considered to remain constant at the value it has at the instant of current interrup¬ 
tion. T = 0 at the instant of current interruption. In part (a) of the figure v{t) =* 
4000 Vi cos mu 



Chapter VIII 

CERTAIN PROPERTIES OF THE £ TRANSFORMATION 

In Chapters 4 and 5 there have been presented seven theorems stating 
important properties of the £ transformation and its inverse. Theo¬ 
rems 1 to 4 were of a general nature covering the basic ideas under¬ 
lying the £ and £“^ transfoimations. Theorems 5 to 7 stated the 
linearity property of these transformations and the effects of transform¬ 
ing derivatives and integrals of a function of the real variable. These 
theorems were essential to the transformation and subsequent solution 
of linear constant-coefficient i-d equations in one independent variable. 
For the treatment solely of such equations these theorems are sufficient, 
but a better understanding of the £ and £~^ transformations can be 
had, and a more effective use made of its concise mathematical expression 
of complicated physical relations, if certain additional properties of 
these transformations are known and made part of its working principles 
[Ka 1, Pa 1, Po 5, 7, Ti 3]. 

In the present chapter certain additional properties of the £ trans¬ 
formation will be set forth and for convenience will be stated as theorems. 
Of these. Theorem 8 is useful in simplifying the inverse transformation 
of certain transforms by change of argument. Theorem 9 presents a 
way, different from those so far described, of carrying out the £”^ 
transformation of a product. Theorem 10 is concerned with the 
translation of functions along the axis in the real domain; it will be 
vital to the treatment later of traveling waves. Theorems 11 and 12 
show additional ways of extending a table of transform pairs and of 
increasing the usefulness of such a table without adding to its length. 
Theorems 12 and 13 are the bases upon which the transformation 
method is extended to the solution of equations with two or more 
independent variables. Theorems 14 and 15 enable one to determine 
from an £ transform the behavior of its £""^ transform at infinity and 
at the origin without actually carrying out an £"’^ transformation. 
There is, of course, an overlapping of the fields of usefulness of these 
various theorems, and the above characterization of them is not to be 
taken as restrictive. 

Supplemental properties of the £ transformation which are not 
essential to its application in ordinary cases are presented in Theorems 
16 to 20. 
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1. Theorem 8, Scale Change 

If the function f(t) is £ transformable and has the £ transform F(s), 
and a is a positive constant, or a second positive variable which is inde¬ 
pendent of t and 8, then 

£ /Q] = aF(as). [1] 

In words, this theorem states that division of the variable by a con¬ 
stant, or a second variable, in the real domain goes over into multipli¬ 
cation of both the transform and its variable by this same constant, or 
second variable, in the complex domain. 

The theorem follows from the integral definition of the £ trans¬ 
formation, 

f{r)e‘-^dT = F{w), 

in which ly is a complex variable, if r is first multiplied and divided by 
a and then t is substituted for ar, and s for w/a. Here a is a positive 
constant, or a second positive variable which is independent of t and 
w. Carrying out these steps, 

X' 

which becomes 

fJf(^^e-’‘dt = aFia8), [3] 

which is the relation 

stated in the theorem. 

The new unit of time is 1/a times the original unit. If 1 < a, the 
/-function is stretched in the ^direction in the ratio a/1 and the F-func¬ 
tion is modified in two ways, (1) its argument in the s-plane is shrunk 
radially about the origin in the ratio 1/a and (2) its new ordinates are 
then stretched in the ratio a/1. If 0 < a < 1 the words stretched ** 
and “ shrunk ” should be interchanged in the above statement. 

Example 1, Starting with the transform pair, 



8 -f 0.50 
(» -h 0.50)2 ^ ^2 


cos Trt, 0 ^ t, 
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in which the unit of t is the second, obtain the corresponding pair in which the 
unit of t will be the half-second. 

This can be done by applying Theorem 8, letting a « 2. This gives the 
new pair 


s -f 0.25 

(5 -f 0.25)2 (^/2)2 


g-0.25< Zt 0 ^ L 
2 


Figure 8-1 shows the longitudinal stretching in the ratio of 2/1 of the curve in 
the real domain which accompanies a radial contraction in the ratio of 1/2 
of the geometric pattern formed by the poles in the complex domain. 





(b') 



Fio. 81. Radial contraction in the complex doixiain accompanies longitudinal 
stretching in the real domain. 


The following elementary example shows how this theorem can be 
applied to reduce the labor of carrying out an inverse transformation 
when the transform contains cumbersome factors. Applications of 
this principle will be made frequently when partial differential equations 
are treated. 
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The powers of 10 can be removed by use of Theorem 8. With a 
gives for 0 ^ 


= ^- 1 

\10V lis -b 0.02)(s -b 0.8)J 


( = )• 


0.78 


10® this 


[4] 


By this step the unit of time for expressing the function in the real domain has 
been changed from a second to 10“® sec, i.e., to a microsecond. This is shown 
by setting t — 1 in the argument of/(</10®). 

In terms of the second as the unit of time, the result is 

^-0.02X10*< _ f,-0 8X10«« 

=-SiTi-’ 


2. Theorem 9, Complex Multiplication 

If the functions fi and f 2 of t are £ transformable and have respectively 
the £ transforms Fi and F 2 of s, then 

£ [ « - r)/2(r)rfT] = Fi( s)F2(s). [6] 

The process expressed by the integral will be called convolution in the 
real domain, or real convolution, and the functions fi{t) and / 2(0 will 
be said to be convolved. This integral operation may be abbreviated 
to/i(0*/2(0j and read “/i(0 star/2(0 ’’ [Do 15]. 

The theorem states that the £ transformation of the convolution of 
two functions of the real variable results in the product of the respective 
transforms of these two functions. Thus convolution in the real domain 
goes over into multiplication in the complex domain [Appen C, Me 2]. 

From the point of view of the direct transformation, the theorem pro¬ 
vides another example of the way in which the £ transformation con¬ 
verts a complicated operation (convolution) in the real domain into a 
simpler operation (multiplication) in the complex domain. Other 
examples of this kind were provided by Theorem 6 (real differentia¬ 
tion) and Theorem 7 (real integration). 

From the point of view of the inverse transformation, the theorem 
affords an additional way for carrying out the £~^ transformation of a 
function F{s) when that function can be resolved into factors whose 
inverse transforms can be found readily. Note that for inverse trans¬ 
formation by this method F{s) is first resolved into a product of factors. 
Furthermore, F(«) need not be an algebraic function. This is in con¬ 
trast to the previous method of inverse transformation presented in 
Chapter 6 in which F{s) must be algebraic and is first resolved into 
a sum of partial fractions. 

As an outline of the proof, let the £ transforms of the functions 
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fi{t) and/2(0 be F\{s) and F^is)^ respectively. Then in the integral 
definition of the £ transformation, 


let 


f F{s\ 

0 

/(O = f hit - r)h{T)dr, 
0 


[6] 


The reason for the choice of this special integral for this substitution 
cannot be apparent at this point. For the present it can be said that 
the simplicity of the end result will be found to justify the choice. 
More will be said about this integral later. 

The substitution of integral 6 yields the double integral 

( r /i(< - r) h{r)dr • e-^^dt - F{s). [7] 


Here integration with respect to t is to be carried out first, then inte¬ 
gration with respect to t. 

The upper limit of the inner integral can be changed from < to co if 
the integrand of this integral is multiplied by the step function 
u{t — r), since — T)f 2 {r) u{t r) is zero for values of r in the 

added range, i.e., where r exceeds i. Equation 7 now becomes 



hit - r)f2(T)u(t - T)dT • e-^^di = F{s). 


[8] 


Since the functions fi{t) and /2(0 are £ transformable, the inner 
integral of equation 8 likewise is £ transformable. Hence both of the 
integrals are absolutely convergent and the order of performing the 
two limit processes represented by these two integrations can be reversed. 
Changing the order of integration gives 


J T,Q0 P’* 

Mr) / 

0 •'0 


flit — r)u{t — r)e ^^dtdr = F(s), 


[9] 


in which the integration with respect to Hs to be carried out first. 

The step function u{t — r) makes the value of the new inner integral 
zero if Hs less than r. The result is the same if the lower limit of this 
integral is changed to r, and the function uit — t) omitted. Now let 
the change of variable X « i — r be made in this inner integral, 

f hit - T)e^**dt = r /i(X)e~*<^+^>dX = f /i(X)e‘‘"^dX. [lOj 

Vt *^0 *^0 
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Since it was prescribed that £[/i(0] = the result found in equa¬ 

tion 10 can be written (s), and this on substitution in equation 
9 gives 


Fi(s) f 


h{T)e-^^dr = F{b\ 


[ 11 ] 


But £[/2(0] = ^ 2 (s)» so equation 11 reduces to 

F,{s)F2{s)^F{8), [ 12 ] 


From this it is seen that equation 7 yields 

£ [ Vl(i - r)/2(T)dr] = Fi(s)F2(«), 


as stated in the theorem. 

It is evident that the arguments of the/i and /2 functions in equation 
6 could have been interchanged and the result would have been the 
same. Consequently 


- r)/2(r)dr 

Example 1 . Find 


]-[/> 


/l(r)/2(«-r)dr]=Fi(s)F2(s). [13] 

by means of real convolution. 

Take as the two factors 


1 


_(s 4- a)(s "f 

Here the transform Fi(s)F 2 (s) is 


Ls + a J 


(s + a){s+ p) 

the functions —— and-. Since by Table 1, Chapter 4 

5 -h a (s PF 

( = and £~^ 0^/, application of 

Theorem 9 gives 

£-1 r-i--1 (=) r* e-“ < ‘-^Ire-^dr 

L(« -f a)(« 4” •'0 


e- r 

•/o 


T€ 




(a - py 

«r“‘ + [(g - P)t - 

(« - ey 


0 s «. [141 


it may appear from this example that real convolution is a desirable 
way of carrying out an inverse transformation whenever the inverse 
transforms of the factors can be recognized. Usually it is a laborious 
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method and not recommended if the transform is a rational algebraic 
fraction. For transforms of this type the method of partial fractions 
is preferable because of its simplicity and the directness with which 
it yields a solution to transient problems in terms of easily identified 
steady-state and transient parts. The convolution method is useful, 
however, as an important part of the general philosophy of transform 
theory, as will appear in later discussion, and also in the inverse trans¬ 
formation of certain irrational functions by both analytic and machine 
methods. 

Before leaving the general topic of the complex-multiplication 
theorem two points of special interest will be mentioned. 

Theorem 7 (real integration) may be looked upon as a special case of 
Theorem 9. If £[/(0] = F(s), then by Theorem 9 

f (s)] [15] 

which is Theorem 7. The step function u{t -- r) could be dropped 
from the integrand because it is 1 for r < f and zero for t < r. 

For the second point it is evident that if the transform is the prod¬ 
uct of more than two factors the theorem can be applied to the factors 
grouped in pairs. Thus if F{s) = Fi{s)F 2 {s)Fz{s), and /i(0, /2(0> and 
f^{t) are the transforms, respectively, of Fi(s), F 2 (s), and Fz{s)^ 
then 

£-^IF{8)] (=)/ i ( 0 */ 2 ( 0 */ 3 ( 0 , 0 g t. [16] 

Furthermore, the order in which the functions are convolved is im¬ 
material. 

3. Graphical Interpretation of Real Convolution Integral 

A graphical interpretation can be given of the real convolution 
integral. To have specific functions about which to speak, the integral 
used in the example of Sec. 2 is chosen for illustration. This integral is 

[17] 

The two real functions that are convolved here are and 
each for 0 ^ L There can be substituted for these the sectioned 
functions and since their behavior in the region of 

interest will be.identical with the behavior of the original functions. 
This substitution is desirable since the sectioned functions are easier 
to handle graphically. 
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In Fig. 8-2~a is shown the function and in Fig. 8‘2-6 is 

shown the function — Owing to the presence in the latter 

of the sectioning function u{—t), nonzero values appear only for 
r ^ 0 and the result is a reflection of in the /-axis. In Fig. 

8 - 2-0 is shown the function ~ r), t\ being a particular 

value of U The presence of the constant causes a shift of the reflected 



0.4h 


ib) Folding 


/ w w 1 

> 1 . 


Multiplication 



-2 -1 


0 1 fi 2 0 i f, 2 

r-seconds t . seconds 


Fig. 8 -2. Illustrating the four steps in the graphical evaluation of the convolution 
integral, a = 1.1 and ^ = 0.1. 


curve to the right by the amount ^i. This shifted curve represents the 
first factor in integral 17 for the particular instant ti. To summarize, 
the replacement of r by — r first reflects the function in the /-axis 
and then shifts this reflected function to the right by the amount ti. 

In Fig. 8 - 2 -d the second factor Te~^'^u{T) of integral 17 appears. 

The integrand of 17, for 0 ^ t ^ is the same as the product 
— r) • Te~^'^ • w(r). This product for the instant h is 
shown in Fig. 8*2-e. The integral 17 with upper limit having the par¬ 
ticular value ti represents the area under this product curve of Fig. 
8-2-€. This particular area becomes one point on the curve, Fig. 
8*2-/, showing the value of integral 17 plotted against t It is the ordinate 
at ^ 1 . 

It can be seen from this example that convolution ” denotes a 
mathematical process that can be interpreted graphically by folding, 
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translating, multiplying, and integrating. It is the English equivalent 
of the German term ‘‘ Faltung [Do 15] and the French term composi¬ 
tion ” [Vo 2]. 

The graphical evaluation of the ordinates of the integral curve 
(Fig. 8*2-/) is a complicated procedure, since for each additional ordi¬ 
nate there must be a new reflection and shifting of the exponential func¬ 
tion before a new multiplication of ordinates and integration can be 
made. In Example 1 of Sec. 2 it was possible to evaluate the convolution 
integral analytically. Such a method will always be possible when the 
product transform whose inverse is sought is a rational algebraic func¬ 
tion. Analytic treatment is of course possible also in certain cases in 
which the transform is irrational or even transcendental, but application 
to such functions will be postponed until Volume 2. Since the graphical 
treatment can be made where an analytic treatment is extremely difficult 
or practically impossible, the real convolution integral is an important 
means of effecting the transformation. This will be even more the 
case as further developments are made of machines that can carry out 
the convolution process mechanically [Go 2, Gr 2, Ha 11]. 

4. Formulation of Real Convolution Integral by Reasoning 

Physically 

The real convolution integral can be formulated by reasoning physi¬ 
cally, applying the principle of superposition. 

In Fig. 8-3-a the rectangle A represents a passive linear system 
whose input and output points are 
indicated by the two pairs of termi¬ 
nals. Although network terminol- 
ogy appears here, the principles are 
of general application provided (o) 

the system is linear. The output 
response c{t) when the input has the 
form u{t) will be called the charac- ““ 
teristic time response to a unit <etep 
function. (b) 

In Fig. 8-3-6 let hit) represent the yiq. 8-3 

output response of A when the input 

has the form fit). It is possible to express hit) in terms of fit) and cit) 
and remain entirely in the domain of reals. The device for this is the 
real convolution integral [Aj»pen C, Va 1]. 

In Fig. 8*4 an approximation of fit) is made by adding incremental 
step functions starting at intervals At along the time axis. When the 
interval Ar is nearly zero the increment in / may be approximated by 
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the product of the slope at some point in the interval and At. The 
response h at any instant t may be considered to be the limit of 
the sum at that instant of all the individual responses initiated by 
the preceding incremental step functions as the length of the 
interval At-^ 0. Before parsing to the limit, the component due 



Fig. 8*4. /(t) is approximated by adding step functions. 


to the first increment is f(0)c(t), that due to the second incre¬ 
ment is f{AT)ATc(t — At), that due to the third increment is 
/'(2Ar)ATc(f — 2 At), etc. If there is a limit it is 

h{t) =/(0)c(0 -h lim [f(AT)Arc{t — At) + /^(2At)Atc(< — 2At) 

At—K) 

+ * ' • + f' {nAT)ATc(t — nAr) +•’•]• [18] 

Let wAt = T. That is, as At decreases let n increase in such a way that 
their product is finite and equal to t. Then 

h(t) = /(O)c(O -f lim £ /'(t)Atc(« — t) 

At —K) T»»0 

= /(O)c(O + fir)c{t - r)dr, 0 ^ t. [19] 

The relation expressed in equation 19 is the basis of the superposition 
theorem [Appen C.] The real convolution integral is a characteristic 
feature of this theorem. 

If h{t) is known and f{t) is the unknown, equation 19 becomes an 
integral equation. 

In the domain of reals, equation 19 provides the means of expresrfng 
the general relation between a disturlmnce and a response; it may be 
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either aa ordinary equation or an integral equation. Noteworthy, 
however, is the simplification that results when the statement of input- 
output relations is made in the complex domain. To show this let the 
£ transforms of c(0, ^(0^ and f(t) be respectively C{s), H{s), and 
F{s), Then £[/^(0] = sF{s) -~/(0) by Theorem 6. If equation 19 
is now transformed, applying Theorem 9, it becomes 

H(8)=^ me(s) + [sF(s) -/(0)]C(s) 

= sC(s)F{s). [20] 

Here sC(s) is the system function and it may be designated by the 
symbol G(s) used previously in Secs. 3 and 4, Chapter 7. 

A simple replacement problem will be used as an example. It leads 
to an integral equation whose solution is much simplified by use of an 
£ transformation. 


Example 1. The life expectancy within a group of units of a certain fragile 
device is determined by the following test. A units of this device are put in 
service on the first of the month, and the number remaining in service there¬ 
after is found to decrease in accordance with the exponential function Ae”®*, 
with t in days and continuous variation assumed. 

If it is desired to put Bi units in service on January 1, and have the total 
number in service increase daily thereafter in accordance with the growth 
curve R — (B — until ultimately there are B units in service daily, at 

what rate per day should units be put in service after January 1? 

Here the characteristic time response to unit step change is e~®^ It is the 
fractional portion of the sample group of A units still in operation t days after 
that group was put in service. The output response is the number of units 
desired in service, B — (B — Bi)6~^L The initial value of the input is Bi. 
The unknown is /'(0> rate of supply. Based on equation 19, the relation 
among these functions is the integral equation 




B - {B - Bi)e-^^ = Bic"®* -f / /'(T)e-®('-^>dr, 0 ^ t. [21] 


Assume that f(i) is £ transformable. The £ transformation of this 
integral equation gives 


B _ B - Bi 
s s -f 6 


Bi 

5 + a 


+ £[/'(0] 


1 

s -f- fl 


[ 22 ] 


Solving equation 22 for £f/'(01) 


£[/'(«)] 


[56 "I* Blia — 6)]« -f- Bah 

«(« + 6 ) 


[23] 


The transformation of equation 23 yields 

rWC-lffo + Xie-*'. Ogt, 
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in which 


Ko^ 


[Bb + Biia - 6 )]s + Bob] 


+ b 


J»-o 


Ba, 


^ j [R6 + B.(a - b)]. + Rab j ^ ^ 

Thus the necessary rate of supply of new units per day is 

fit) = 5a -f- (B - Bi){b - 0 ^ t. 


[24] 


5. Theorem 10, Real Translation 

If the Junction f(t) is £ transformable and has the £ transform F(s), 
and if a is a non-negative real number, then 

(а) £\f{t — a)] = e~^^F{s) if /(^ — a) = 0, 0 < ^ < a,| 

(б) £f/« + a)] = e'^’F(s) if /(< + a) = 0, -a < f < O.J 


In general this theorem states that translation in the ^-direction in the 
real domain goes over into multiplication by an exponential in the 
complex domain. 

The theorem follows from the integral definition of the £ trans¬ 
formation, 


s: 


f{T)e-^^dT = F{s) 


by a substitution of ^ — a for r, a being a non-negative real number. 
This yields 

Jffit - a)e-‘(*-“^di = F(s). [26] 

Multiplying both sides by gives 

Jff(t - a)e-’‘dt = e-“*F(s). [27] 


Now if ~ a) = 0 for 0 < ^ < a, the lower limit of the integral in 
equation 27 can be changed to zero, giving 


s: 


fit - a)e-*‘d< =. e-“*/!’(s), 


or 

£[/(< - 0)1 = e-“’F(8), if fit - o) = 0, 
as stated in part (a) of the theorem. 


0<t<a, [28] 
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If the original substitution for t is f -h a instead of ^ — a, the result is 

+ a)e-’‘dt = e“'F(s). [29] 

In case /(^ -h a) = 0 for —a<t<0, the lower limit of the integral 
can be changed to zero, yielding 

Hfit + a)e^^^dt - 

Jo 

or 

^[/(^ + a)] = e^^F{s) if /(Z -f a) = 0, -a < < < 0, [30] 

as stated in part (h) of the theorem. 

If the function fi(0 is £ transformable, then a function /(i) of the 
form/i(0w(/) satisfies the conditions for part (a), and one of the form 
fi(it)u(t — a) satisfies the conditions for part (5). 

From the point of view of an inverse transformation. Theorem 10 
shows that if 

then 



. (0 

0 <t < a 


£“ 

-‘[e-‘"F(s)](=) 


[31] 


[/(< - a), 

a ^ (; 

but 




£- 

•Me“"F(s)] ( = )/«+a), 


[32] 

only if fit + 

a) = 0 for —a < < < 0. 



Example 1 . 

By use of Theorem 10 find £[(^ 

— aYuit — a)]. 


Here Jit — 

o) = (i — aYuit — a) and is : 

zero for 0 < / < a. 

Then by 

equation 28, 





— a^uit — o)] = c~“*£[<^t/(0] 

= e-“- - 0 < <r. 

[33] 


This result can be readily verified by the integral definition of the £ trans¬ 
formation, i.e., 


j (t — a^uit — a)e'^*^di » (< — aye'~*^dt = e""®* ~ , 0 < o*. 

0 Ja 


[34] 


Example By use of Theorem 10 find £[t^u(t — a)]. 

Here/(i — a) ^ — a) and is zero for 0 < ^ < a. Then by equation 28, 

£[t*tt0 - «-»•£[(< 4- o)“u(<)] = *”“* + ^ + —V 

s s ^ 


0< a. [36] 
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This result can be readily verified by the integral definition of the £ trans¬ 
formation, i.e., 


r 

t/o 


i^u(t — a)e~‘^dl 


r 


th-“dl 


e 


—a$ 




0 < [36] 


Example S. Use the principle of real translation to find the £ ^ transforms 
of the following two functions in which a is a non-negative real number: 

(a) ~ e-", 0<c; (b) «-«•, 0 < <r. 

Apply to (o) the principle expressed in equation 31. Here F(s) = and 
£-i[s-*] ( = )«, 0^ <■ Then 

£-1 Q ,-«.1 (=.) _ a)u(t -a), Og t. [37] 


This function is shown in Fig. 8-5-a; it is a linear function t translated to the 
right by amount a and sectioned a,t t — a. 



Fig. 8*5. In a the function is translated and sectioned; in b it is only sectioned. 


In (6), F{8) = as ^ -f- 5 2 and £”*^[05 ^ -f s~^] ( = ) o -f 0 ^ so by 
equation 31, 

[(s ( = )[«+ (^ - a)\u{t - a) = tu{t - a), 0 ^ t [38] 

This function is shown in Fig. 8*5^6; it is a linear function t sectioned at the 
point t ^ but not translated. 

In these examples the effect of combined translation and sectioning (illus¬ 
trated by Examples 1 and 3-a) is contrasted with the effect of simply section¬ 
ing (illustrated by Examples 2 and 3-h). 

If f(t) is a section beginning at 0 of an £-transformable periodic 
function of period a seconds. Theorem 10 can be used to show that its 
£ transform F(s) is Fi(s)/(1 — in which Fiis) is the £ trans¬ 
form of fi (0, the function in the first period 0 ^ t ^ a [Me 2]. 
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By successive applications of Theorem 10, the following table can 
be developed: 

Transform for first period is Fi (s) 

Transform for second period is Fi 
Transform for third period is 

Transform for nth period is Fi 


Adding these, the transform for the function is 


F(s) = Fi(s) (1 -f 6>- 
Fiis) 


+ e 


(n—l)a« 


0 < a. 


1 - 

This follows by analogy from the series expansion 

1 + a? + -f -h • * • = (1 — < 1. 


[39] 



Fig. 8*6. A succession of sinusoidal pulses. 


As an example of the application of this principle, the £ transform 
of the succession of sinusoidal pulses shown in Fig. 8*6 will be found. 
Here 


/«) = 


0 , 

2 sin 2jrt, 
2 sin 27ri, 


0 <e < 1 
1 <(< 3 
3<t<B 
5 <t<7 


and the period a of /(<) is 4. For brevity, let ^ - 2v. The function in 
the first period is 

fi(t) A 2 sin /»(« - !)«(< - 1) - 2 sin /S(< - 3 )m(< - 3), [40] 
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and its transform by Theorem 10 is 

= ^^2 («-' - «“**)• 

Then by equation 39, the transform of f(t) is 

2^ e-" - 2/3 e"* 

“ 5^ + /S^' 1 - - ^2 ^ ^2* 1 ^ ^-2, . 


[41] 


0 < (T. [42] 


This result can be verified by use of the integral definition of the 11 
transformation, 

j ’»co ^3 ^7 

f = 2 / sin /3^ • e~^^dt + 2 i sin /3^ • + • • • 

0 l *^5 


2^J 


+ 0^ 

2/3 e 


[{e~’ - + (e-®* - + • • • ] 

/3 2 


+ /3^ 1 + e~^’ e* + e~ 


0 


(s* + (3^) cosh s ’ 

Consider now the converse problem in which 
(3 


0< a, P^2 t. 


£ ^ r 7-0--r“l 1 with /3 = 27 r, 

[( 5 ^ +/S^) cosh 5J 


[43] 


is to be found. There are at least two ways in which this inverse trans¬ 
formation can be carried out. The first way depends upon the use of 
Theorem 10 and repeats in some measure the foregoing relation 43, but it 
is given here to show the course of the reasoning. The second way will 
be given in Sec. 6. 

Using the expansion in exponentials given in equation 43, the indicated 
inverse transformation is 


The infinite series is absolutely convergent for 0 < o’. Proceeding for¬ 
mally, assume that the linearity theorem may be generalized to cover 
this infinite series and carry out the ST^ transformation term by term, 
using Theorem 10 as expressed in equation 31. By this step the order 
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in which two limit processes are performed is changed. The resulting 
infinite series is 

2[sin Pit - 1) • u{t - 1) - sin ~ 3) • u(t - 3) 

+ sin ^(t 5) • u(t — 5) 

-- sin — 7) • u(t — 7) + • • •]. [44] 

Since 0 = 2x, a plot of this series consists of the succession of sinusoidal 
pulses shown in Fig. 8*6 which was the original function in the time 
domain. Thus in this case, at least, the inverse transform of an infinite 
sum of terms is an infinite sum of the inverse transforms of the terms 
taken separately. A change in the order of the two limit processes of 
infinit/e summation and integration such as that made above always 
requires a check on its validity. 


6. Inverse Transformation of a Meromorphic Function 


In the previous section a method was given for the transforma¬ 
tion of an F{s) of the type 0^) cosh s]~^ which depended upon 

expansion in an infinite series of exponential terms in s. A second 
method will be given here which depends upon an expansion in an infinite 
sum of partial fractions in s. The same function with /3 = 27r will be 
used as an example. 

First cosh s will be expanded in an infinite product of linear factors. 
Since cosh s = Ofor s = ±i(X -f with X — 0, 1, 2, • • 





^ nfi + 

t x-=oL 


(X + i) V 




[45] 


in which the symbol H indicates the product of factors [Kn 2], Then 




(s^ -f 0^) cosh 5 




[46] 


This transform has conjugate first-order poles on the axis of imaginaries 
at dzjp and at the equally spaced points ztj ^ j ^ , etc., there Wng 

A 2 

in all an infinite number of poles. 
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A fimction whose only singularities (in the finite part of the plane) 
are isolated poles is called a meromorphic function [Bi 1, Kn 1]. Thus a 
meromorphic function may have an infinite number of poles. As a 
consequence it is a generalization of an algebraic rational function. As 
an example, function 46 is meromorphic. 

Since the function 46 is a generalization of a rational function it can 
be expanded in partial fractions, but here there must be an unlimited 
number of these fractions in the expansion. This follows from the 
Mittag-Leffler partial-fraction expansion theorem [Bi 1, Kn 1], which 
covers the case of an infinite number of poles. The coefficients in this 
expansion are found in the same way as those for a finite expansion. 
See Chapter 6, Sec. 5. 

The justification of the term-by-term application of the £~"^ trans¬ 
formation to an infinite expansion such as an infinite series or partial- 
fraction expansion is based on showing that the order of carrying out 
the two limit processes involved can be validly changed. This usually 
requires a special study of the particular expansion. It will be sufficient 
for purposes of solving a physical problem to proceed formally and then 
justify the result by showing that it satisfies the original equations and 
boundary conditions. 

Returning now to function 46, denoting it by F{s)f and carrying out 
its partial-fraction expansion, there results 


F(s) 


Ks 


s - j/3 


4- 


+ 1 : 


oL 


Kx 


Kx 




]• 


[47] 


in which 


Kf ^ [(« - 


0 


2j0 cosh (j^) 2j cos /3 2j ' 


(s^ + jS*) -j- cosh s 

OB 




[/J* - (X + J)V] 8inh7(X + J)t ■ 
But sinh j(X + i)ir = j sin (X + §)t = Hence 

(-l)V ■ (-1)^ 


Ax 


jDS* - (X + 
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Substituting these coeflScients, and combining terms, 


F(s) = 


_::-h - H ^__- 

^2 _j_ ^2 j __ ^ 2X 4- (X + * 


with /3 ^ 2t. 

If now it is assumed that the order of inverse transformation and 
summation can be changed and the transformation of both members 
of equation 48 is carried out, the result is 


f(t) (=) sin 2'ir^ + - E * 
TT x-o 


(- 1 )' 




;sin(X+J)x^, 0 ^ [49] 


Since f(t) can be shown to have function 46 for its £ transform and 
to be equal almost everywhere to the section of the original periodic 
function shown in Fig. 8-6, it is seen that the change in order of limit 
processes in this example was allowable. 

It may be noted in passing that here is a way — different from the 
usual way — of finding the Fourier series for a periodic function. The 
steps in the procedure are as follows: (1) The periodic function is sec¬ 
tioned at the origin by multiplying it by u(t). The £ transform of the 
first period to the right of the origin is found, and from this is found the 
£ transform of the sectioned function, using the relation developed in 
equation 39. (2) If this transform of the sectioned function is mero- 

morphic it can be expanded in partial fractions. (3) If the order 
of £“'^ transformation and summation can be changed, the £-^ trans¬ 
form of the expansion can be found as a sum of trigonometric functions 
valid for 0 ^ t. Since in this non-negative region this sum has the same 
form as the Fourier series for the original periodic function, it is seen 
that by dropping the restriction to non-negative values of t the sum 
becomes the Fourier series for the original periodic function. 

For another example of the method, let a voltage v{t) of the form 
shown in Fig. 8*6 be impressed on a series RL circuit. Assume that the 
initial current in L is zero. The resulting current will now be found. 

Here the applied-voltage transform is 


V(8) - 


-i-19^) cosh 8 ’ 


with « 2ir. 


Since the input-admittance function for a series RL circuit is 


Yis) 



L(8 + a) 



244 


PROPERTIES OF THE £ TRANSFORMATION [Chap. VIII 


the resulting current transform is 

I(s) = Y(s)V(s) 


^/L 


(s 4- a)(s^ -f cosh s * 
The partial-fraction expansion of I (s) is 


s + a s - jl3 s -hjp 


+ f r_ ^^ _ 1 

x=o Ls ~ j(>^ H- ih +i(X + |)7rJ ' 


and 


^ l(s + = 


(a^ -h cosh (—a) 


27r 

L{o? + 4ir^) cosh a ’ 


[60] 


[61] 


= [(s - J0)I(e)l^„ = , ■ ^ -r-^ 

(“ + J^)2j/3 cosh j/3 


2jL{c^ + 4x*)‘ ’ 
with 6 = tan“* 2ir/a. 

Kx ^ {[s-i(X +|H/(s)}.=y(x+„, 

^ ^ _ 

[a +j(K + |)7r][^^ - (X + |)V] sinh j(X + i)ir 

_ (-l)V^A _ 

2jvl[i - [«* + (X + 

with 4^ = tan*"^ (X + ^)ir/a. 

Assuming that the order of summation and inverse transformation 
can be validly changed, the £”^ transformation of equation 51 gives 

t(0 ( = ) Kae-^^ + -f I) 0 § t [52] 

x«o 
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Substituting for the K% there results 

sin (2wt - 0) 

^ ^ L(a^ + 47r=) cosh a L{,o? + 4ir*)‘ 

, 1 » (-l)^sin[(X+i),r«-W 


7rLx=c 


'['-ml 


[a" + (X + 


The first term is the transient, and the remaining terms are the steady 
state. For values of t '> a~^ the transient term is negligible, and i(t) 
is expressed by an infinite series of sinusoidal functions. 

That equation 53 is the correct solution for i{t) and that the change 
in order of limit processes is legitimate in this case can be substantiated 
by showing that i{t) satisfies the problem’s differential equation, 

di 

Tj ~ Ri = v(t), 
at 

and satisfies the initial condition that i(0) — 0. In verifying equation 
53 by substitution in the differential equation, the result given in equa¬ 
tion 49 can be used for v(t). In showing that f(()) = 0, function 46 and 
equation 48 with s replaced by a will be found useful. 

7. Theorem 11, Complex Translation 
If the function f(t) is £ transformable and has the £ transform F(s), 
and if a is a complex number with non-negative real part^ then 

(а) = F{S + a), 

^ . [^] 

(б) ne^fit)] - F{s - a). 1 

This theorem states that multiplication by an exponential in the real 
domain goes over into the complex domain as a translation of the func¬ 
tion, and in particular its singularities and zeros. 

The theorem follows from the integral definition of the £ transfor¬ 
mation, 

r me-^^dt = F(w), 

*Io 

in which it? is a complex variable, by replacing why s -f a to obtain 

r = r [f(t)e-^^]e-^^dt = F(s + a). [55] 

That is, from equation 55, 

+ «), [ 56 ] 

as stated in part (a) of the theorem. 
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Part (6) of the theorem follows immediately if in the original equa¬ 
tion w is replaced by s — a instead of s -f a. 

Forms of this theorem useful for inverse transformation are 

£--^[F(8 + «)](==) e^^£-^[F(s)l 0 St, [57-a] 

£““H^(« - a)l (“ ) e^^£--^[F{s)], 0 S t, [57-6] 

or their equivalents, 

£r-^[F(8)] (=) e«'£“‘^[F(s 4- a)l 0 S t, [58-a] 

£-^[F{8)] ( =) 6~“'£-MF(s - a)], 0 St, [58-6] 

Example 1 . Find £[c“® * cos ^t] from £[cos 0t] by application of Theorem 11 . 
a is a non-negative real number. 

Since £[cos fit] = 8/(s^ -f /3^), 0 < <r, application of the theorem gives 


£[e~“^ cos pt] = 


s -p a 


— a < (T, 


[59] 


which agrees with pair 7, Table 1, Chapter 4. Note that the poles, the zeros, 
and the ffa have all been translated to the left by amount a. 

Example 2. Find the £”^ transform of «"/(« + in which n is a non¬ 
negative integer and a is a non-negative real number. 

The transform sV(« 4- has a pole of order n -j- 1 at — a. From the 
discussion in Sec. 1, Chapter 6, it is to be expected that the £“‘^ transform will 
contain the exponential as a factor. Theorem 11 provides a rule whereby 
this factor can be written immediately and the transform for the remaining 
factors formulated directly from the original transform. Thus applying this 
theorem as expressed in equation 58-6, 




QSt 


[60] 


Expanding (» — a)” by the binomial theorem and dividing each term by 
gives 


(« - a)" 1 n(-a) n(n - l)(-a)^ n!(-a)* , 

gn+i gi 2I*» ^ (n - ' 


" nl(-g)* J_ 
t-o(« - 


[61] 


The £~’ transformation of both sides of equation 61 gives, using pair 10, 
Table 1, Chapter 4, 
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£-1 





kh(n-k)mr 




O^t. 


[63] 


The ease with which this process has worked in this example may 
invite one to use it frequently. Since it depends upon a translation of 
the singularities in the complex plane, the most favorable case for its 
application occurs when the singularities of the function to be 
transformed all have the same real coordinate and by one translation 
can all be moved to the axis of imaginaries. This is not a common case, 
however, and the method is not in general an advantageous one to use. 

For example, suppose this method were applied in the following case 
in which a ^ p. Use is made of the result given in equation 61. 


L(S + /3)(s + ar+'J ^ ’ L(« + ^ - 

= r—- z: • nsa]’ 0 ^ 1641 

Ls + ■— a A:=o (n — fc) !A;l .s J 

The problem now becomes one of finding I -—rixr 1 > 

L(s + /3 - J 


fc = 0, 1, 2, ‘ n. It is seen that no appreciable simplification in the 
problem has resulted from the translation of the poles and the zero to 
the right by amount a because is not a factor of every tenii of the 
function of t. If Theorem 11 is to be used it should be applied only after 
the original function, which will be denoted by F(s), has been simplified 
by removal of the pole at — d. This pole is removed by subtracting from 
F{8) the term Ki/(s + /3) in which Ki = [{$ -f- 6) 


8 . Envelope and Angle Functions of a Response 

It is customary to express the response of a system to a driving force 
as the sum of two components, one a steady-state or a forced component 
and the other a transient component. In this section a way of expressing 
the response in terms of an envelope function and an angle function will 
be given. The method applies when the dominant feature of the 
response is an oscillation whose period is short compared with the 
important time constants of the system. It is useful, in particular, when 
the driving force is a sinusoidal wave whose envelope is varied, i.e., 
modulated, in a prescribed way. For example, the wave may be modu¬ 
lated by a step function, a rectangular pulse, or a succession of equally 
spaced rectangular pulses. The response of the system to such a 
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driving force may be expressed in terms of an envelope function and an 
angle function. In the development of this method complex translation 
can be used advantageously, as shown below. 

Let the driving force be 

f(t) = m(0 sin coo^, [65] 


in which m(t) is the amplitude ’^-modulating function, and wq is the 
“ carrier ’’ angular frequency. If/(0 and m{t) arc £ transformable and 
their transforms are F(s) and M(6-), respectively, then the £ trans¬ 
formation of equation 65 gives, by use of Theorem 11, 

F(s) — £[m(0 sin coq^] 


^ — m(t)e 

M (s — .fcoo) — M (s + ji^o) 

_ 


[ 66 ] 


If this driving force is impressed on a linear system whose transfer 
function is G(s), the response transform is 

H(s) = G{s)F{s). [67] 

Substituting for F(s) from equation 66, there is obtained 

. G(s)M(s - M - G(s)M(8 + M 
H{s) = - [68] 

Representing the inverse transform of H(s) by h{t), the £""^ trans¬ 
formation of equation 68 gives, with the aid of Theorem 11, 

h(t) (=) - jc^o) ~ G(s)M(s -f jcoo) j 

__ £~^[G(8 +jcoo)M{s)y^o^ - £-HG(s - jcoo)M(s)]e'^^o^ 

2i 

== j{£->[G(s [69] 

in which the operation of taking the imaginary part is indicated by 3. 

In general the coefficient of the exponential will be a complex 
function of a real variable. Let it be indicated by 

£-*[(?(* +ju,o)Mis)] = p(0 +jq(t) 

= 0 g «, [70] 


in which p(t) and g(t) are the real and imaginary parts, respectively, 
of the "amplitude”; ffl(0 = [p*(0 + g*(0]*> is the envelope func¬ 
tion; and = tan^"^ to(0/p(0] is the phase function. 
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In terms of the functions given in equation 70, the response 69 can 
be written 

h{t) ( = ) 

= a{t) sin [cjjQt 4- 0(O1» 0 ^ L [71] 

Based on expre^’sion 71, the response can be represented as the pro¬ 
jection on the /i-axis of a rotating vector whoso magnitude varies as a (t) 
and whose angle with the reference axis varies as [coq^ + 0(0]- This 
vector can be resolved into two component vectors. The first of these 
is of constant magnitude and rotates uniformly with angular velocity coq. 
The second is of varying magnitude and rotates or swings about the 
tip of the first vector. This second vector may itself be resolved into 
several component vectors and may rotate with variable angular velocity, 
but it will be sufficient here to consider it as one vector. is the phase 
angle between the resultant vector and a reference axis rotating uni¬ 
formly with angular velocity ojo- This rotating reference axis coincides 
with the stationary reference axis at ^ = 0. 

The angular velocity a>r(0 of the resultant vector can be found by 
taking the time derivative of the angle [coo^ + 0(01 measured with 
respect to the stationary axis. That is, 

^r(0 = [^*’0^ + </>(0] 


f. . d , ait) 

= 0 , 0 +« (0 = 0,0 +-tan — 

, 1 drqm 

““ 1 + [9(0/p(0f dtlp(t)J 


I P^(0 P{tW(t) - 
^ P^(0 + 9^(0 P^(t) 


= COq 


V{t)q\t) - q{t)v{t) 
a\t) 


0 ^ t. 


[72] 


If the modulating function m(t) is a step function, the component 
vector rotating with angular velocity wq represents the steady-state 
component of the response, the other vector represents the transient 
component, and as x the angular velocity o)r{t) of the resultant 
vector approaches the angular velocity wq of the steady-state vector. 
The response has a clearly discernible envelope function a{t) if wq is 
nearly equal to a characteristic angular frequency of the system and the 
time, constant associated with this characteristic angular frequency is 
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large compared with the period 2ir/ciJo. The following example will 
illustrate this case. 

In the network of Fig. 8*7 the driving voltage is Vi{t) = u{t) sin (jsqU 
The resulting voltage V 2 {t) across the condenser is to be found, express- 



Fig. 8-7. viit) = uii) sin (3.38 X 10®0 volts 

R ■= 10^ ohms C = 3 X 10~® microfarad 

L = 30 microhenries wo/)8o = 1.014 


ing it in the form a(t) sin [wof + The initial energy conditions 

are those of rest. 

Here for simplification the modulating function has been taken as a 
unit step function, so M(s) — 1/s, In accordance with equation 66 
the transform of the driving function is 

Wo 

2 t 2 ^ 

S + 0)0 




= If — I - 

2j\s ->o 


1 


s +JO 0 


which is simply the transform of the sine wave. 

For this system the transfer function giving the condenser voltage is 
obtained by substituting a parallel source and treating the network on 
the node basis. Let the transform of the condenser voltage i»2(0 
V 2 (s). The transfer function is 


in which 


G(s) = 


2as 

(s + af + ’ 


a ^ 1/2RC = 1.67 X 10*, /3 = V/Sg - o? « fio- 

/So = 1/\/LC = 3.33 X 10®, 


[73] 


Although the amplitude and phase functions can be found directly 
from relation 70, it is easier to solve first for the response in the usu^ 
way. Thus 

FaW » 0(s)V^(8) 

2cUji>08 

“ [(s+a)2+^](**+«g)‘ 
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The equation of the envelope is 

a{t) ^ IpHO + 9*(0]‘ 

- ^ jlH- ^ + 2 ^ e-“‘ cos [(^ - o.o)< + ^ - e]]* 

» 0.328(1 + cos (0.0483t)]*, [77] 
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with t in microseconds. The fractional or relative deviation of the 
resultant angular frequency from coq is, from relation 72, 

o}r(t) - ^0 ^ 1 V{t)q{t) - q(t)p'(t) 
coo wo a^{t) 




1 - cos (0.04830 4- 0.345 sin (0.04830 
1 ^ ^-0.0333f __ 2e-o.oi67^ (0.04830 ' 


[78] 


with t in microseconds. Note that as < —» oo, a(0 —> A and wr(0 
the values respectively of the amplitude and angular frecpioncy of the 
steady state. Curv’es of the envelope function a(t) and the fractional 
deviation of w,.(/) from wq arc shown in Fig. 8*8. 



Fig. 8-8- Envelope function of the condenser voltage in the network of Fig. 8-7; 
also the fractional deviation of its resultant angular velocity from coq. 


A vector interpretation of the result shown in equation 76 is given in 
Fig. 8*9. To remove the constant component of the angular velocity, 
the coordinate axes MM and NN are considered to rotate clockwise 
with an angular velocity wq. The P and Q axes and the steady-state 
vector remain stationary. The transient vector rotates clockwise 
about the tip of the steady-state vector with angular velocity (w© — P). 
Its tip follows the logarithmic spiral The resultant vector has 

the varying amplitude a(t) and the varying phase angle 0(0 with respect 
to the P and Q axes. The instantaneous value of V 2 {t) is the projection 
of the resultant vector on the rotating imaginary axis NN. 


9. Theokem 12, Second Independent Variable 

Let &he a second variable independent of t and s. If the function f (t,a) 
is £ transformable with respect to t and has the £ tran^orm F(s,a), and 
Urn f(t,a) and Urn F(s,a) exists then 

a—o—Wo 

£t[ lim f(t,a)] - lim P(s,a). 

" a—^ao 


[ 79 ] 
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This theorem states that the limit process with respect to a is invariant 
under the transformation from the t domain to the s domain. Stated 
in other words, the ^ transformation with respect to t and the limit 
process with respect to a second independent variable are commutative. 



Fig. 8-9. Vector diagram for the instantaneous condenser voltage in the network of 
Fig. 8-7. Drawn for the instant t\ — 50.3 microseconds. 


The theorem follows from the integral definition of the £ transfor¬ 
mation, 



= F{is,a), 


and the fact that a is independent of t and s, by taking the limit in both 
members of the equation as the second independent variable a approaches 
ao since by the hypothesis both limits exist. Thus 


giving 


lim 

a —>00 



= lim F (s,a) j , 

a—>oo 


/■ 

V 0 


lim/(f,a)e = lim F(s,a), 

o —*aQ a —>00 


[ 80 ] 

[ 81 ] 



254 


PROPERTIES OF THE £ TRANSFORMATION (Chap. VIIl 


or 

£«[ lim f(tya)] = lim F(s,a), [82] 

a—Kio a—>oo 

as stated in the theorem. 

By allowing certain independent variables other than the one under¬ 
going transformation to take on limiting values, the property stated in 
this theorem makes possible the derivation of several particular pairs 
from more general pairs called key pairs. With this theorem available, 
tables of transform pairs can be kept brief by listing only a few of these 
more general pairs. 


Example 1. In the following transform pair. 


1 


(s + a)(« 4- 


-h l(a - ^)t - 


0 ^ ^ [83] 


(« - 

which was derived in Sec. 2, Example 1, a and can be taken as variables inde¬ 
pendent of t and s. By use of Theorem 12 find the pairs that result from this 
pair by letting: 

(a) (6) >0; (c) both a and jS—►O; and (d) a—^p, 

(a) If a 0, the pair S3 becomes 


1 


I - m + 


+ pr I p^ 

(6) If iS 0, the pair 83 becomes 

1 I -h at 


s^(8 -H a) 


O^L 


0 ^ t 


[84] 


[ 86 ] 


(c) If a 0 in the pair 85, f(t) takes the form 0/0 and must be evaluated 
by use of THospitars rule. The result is 


-h at - 1 

hm - 1 - — lim r— 

o-H) a* a-K) 2 


2* 


[ 86 ] 


so the derived pair is 


2 ' 


0^ t. 


[87] 


(d) If a —> jS in the pair 83, f(t) takes the form 0/0 but has the value 
+ l(a - p)t - l]erfi* „ 


lim 


(a - P)^ 


lim 


[ 88 ] 


The derived pair is thus 


(a 4- PV 




0^ U 


189] 
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Another application of Theorem 12 can be made in the derivation of 
the £ transform of an impulse from the £ transform of a pulse. 

A rectangular pulse of duration a and amplitude a”"^ is shown in 

Fig. 8*10. For this pulse f(t) = - and its £ transform is 


1 -- 
as 


giving the pair 


1 - 


u(t) — u(t — a) 


as 


1 “ 

a 


1 

ii(f) 

-u(l-o) 

o 


a 




0 o , 


[90] 


Fig. 8*10. A rectangular pulse which becomes in the limit a unit impulse as o 0. 


If a —> 0 both members of the pair become indeterminate. The 
1 - 

lim-= lim e”®* = 1. 

a—K) 0/6 a —K) 

Let the 


lim 

o—K) 


u{t) — u{t — a) 
a 


= «i(0. 


[9]] 

[92] 


even though strictly speaking this limit does not exist. Of course the 
limit is also physically unrealizable. In a rigorous sense Ui(t) may be 
considered to be one of the approximating functions for which a has a 
very small value. It is common practice to call ui{t) a singular fimc- 
tion and treat it as though it were a unique function. Differentiable 
[Ca 2, 3] rather than rectangular functions are sometimes used for 
defining wi(0. 

The function ui (t) will be called a unit impulse in view of its similarity 
to the classical time integral (impulse) of a force in mechanics [Th 3, 
Gi 5, Le 7, Sc 3] and the fact that its integral is the unit step func¬ 
tion, i.e., / ui (t)dt «= This singular function will be used oo- 

carionally in discussions that follow. Wherever it is used, however, it 
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will be understood that the above reservations apply. Thus there has 
been derived at least formally a new pair, 

1 I [93] 

When a unit impulse is multiplied by a constant, this coefficient will be 
considered to be the magnitude of the impulse. 



Fig. 8*11. A double rectangular pulse which becomes in the limit a unit doublet 

impulse as a —> 0 


The £ transform of a doublet impulse can be found from the £ trans¬ 
form of a double pulse such as shown in Fig. 8*11 by letting a 0. The 
pair for this double pulse is 

1 - u{t) - 2u(t - a) + u{t - 2a) 

-2 * [^"^J 

a^s a 

Letting a —> 0 leads to indeterminate forms. The 

1 - 


As with the unit impulse let 

u{t) — 2u(t — a) + u(t — 2a) ^ 


^ U2(t), 


The singular function U 2 (t) will be called a unit doublet impulse. Its 
integral is the unit impulse ai(0, he., / U 2 {i)dt = ui{t). Thus there 

VO 

has been derived formally a new pair 


In Sec. 2-a, Chapter 6, it was pointed out that any attempt to find the 
£~^ transform of an improper rational fraction raises the difficulty of 
finding the £’”^ transforms of 1, s, etc. The treatment which had to 
be postponed there can now be completed, at least formally, by the 
addition of the impulse terms in accordance with the transform pairs 
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given in pairs 93 and 97. Thus the transform of an improper ra¬ 
tional fraction must include singular terms such as the impulse, the 
doublet impulse, and higher-order impulses [Ca 2, 3, Gi 5, Me 3]. 

10. Use of Space Impulses in Calculation of Beam Deflections 

In mechanics the study of beam and column deflections includes many 
cases in which impulse functions can be used to advantage. Although 
the calculation of deflections caused by static loading does not present 
a problem in transients, it illustrates in a simple way the usefulness of 
the concept of space impulses, and certain elementary cases are included 
here for that reason. When the loading is dynamic, i.e., changing with 
lime, transient vibrations do occur, but the problem then is multi¬ 
dimensional and does not come within the scope of the present discussion. 

In the calculation of beam deflections it is customary to express the 
equation of static equilibrium for a transverse section in terms of the 
bending moment at this section. For small displacements the approxi¬ 
mate equation is a second-order differential equation of the form 

£'7^2 = "»(*)> y = yix), [98] 

in which y is the deflection of the beam at x, m{x) is the bending-moment 
function, E is the modulus of elasticity, and I is the moment of inertia 
of the transverse cross section. It will be assumed here that the beam 
has uniform elastic properties and uniform cross section over its length, 
in which case E and I are constants. 

From elementary theory of the strength of materials it is known that 
the derivative of the bending-moment function is the shear function 
v(x), and the derivative of the shear function is the force function/(x). 
Differentiating equation 98 twice with respect to x gives the force 
equation 

[99] 

Since it is particularly easy to form the force function and the £ trans¬ 
formation of a fourth-order equation presents no difficulties, equation 99 
is a better equation to work with than 98 for the calculation of deflection 
curves by the method under consideration here. 

The origin of the x-coordinate can be taken at any section of the beam, 
but usually it is most convenient to take it at the left end or, in the case 
of a cantilever beam, at the fixed end. 

The origin of the t/-coordinate is taken on a line representing the 
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neutral axis of the unbent beam. An upward deflection from this 
reference line at any x is considered positive. 

In the formation of the force function, continuous loads are represent¬ 
able by space step functions, whereas concentrated loads and concen¬ 
trated support reactions are representable by space impulse functions. 
Forces directed upward are taken as positive. If the beam has a 
length If the force function is formed for the region 0 ^ x ^ Ij i.e., con¬ 
centrated loads or support reactions occurring at a; = 0, or x = / are 
included in this function. It will be found, however, that those occur¬ 
ring at X = Z may as well be omitted from the force function. Beyond 
their use in the preliminary calculation of the support reactions they do 
not affect the solution for 0 ^ x ^ Z. 

The vertical shear v{x) at a section is positive if the resultant of the 
vertical forces acting on the portion of the beam to the left of the section 
is upward. The bending moment m(x) at a section is positive if the 
center of curvature of the deflection curve in that region lies above the 
curve. 

Let the £ transforms of y(x) and/(x) be Y(s) and F(s), respectively, 
then the £ transformation of equation 99 gives 

F/[s^F(s) - yi0)s^ - y'i0)s^ - y"(0)s - 2/"'(0)] = F(8). [100] 


Solving for EIY(s), 


EIY{s) = 



d- El 


V"(o) 


, 2 /"( 0 ) 2 /'( 0 ) 



In this equation 

Ely'" {Qi) = «;(0) is the shear at x = 0, 

Ely" {{)) = m(0) is the bending moment at x = 0, 
y'(p) is the slope at x = 0, 

2 /( 0 ) is the deflection at x = 0. 



Fig. 8-12. Overhanging beam with distrib¬ 
uted and concentrated loads. 


This transform equation can 
be taken as the starting point 
for the calculation of beam 
deflections. 

Example 1. (a) Form the 

force function for the overhang¬ 
ing beam having the distributed 
and concentrated loads shown in 
Fig. 8*12. (6) Formulate the 
boundary conditions. 
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(а) As a preliminary step, the support reactions R\ and i ?2 are found in the 
usual way by taking statical moments about the right and left supports. 

The origin is taken at the left end of the beam and deflections are measured 
from the line through the points of support. Then, for 0 ^ x ^ a?, the force 
function is 

}{x) = -‘Wi[u{x) — u{x — aa)] — w^uix — as) -f RiUi{x — ai) — TTiWifx “• a^) 
— W2Uiix — a^) + R2Ui{x — as) — WzU\{x — oe). [102] 

(б) Four boundary conditions must be found and preferably they should be 
the shear, bending moment, slope, and deflection at the origin. In this exam¬ 
ple the shear and bending moment at the origin are easily established but the 
slope and deflection there cannot be determined before the deflection function 
y{x) is known. The remaining two boundary conditions are obtained, there¬ 
fore, from the known deflections at the points of 
support. Thus the boundary conditions are 

t'(O) = 0, y{Qi) = 0, 

m(0) = 0, y{a^) = 0. 

Taking the origin at the left end of the beam 
makes the problem a three-point boundary 
problem. 

Example 2. Find the equation of deflection of a uniform beam (Fig. 8*13) 
supported at the ends and carrying a uniformly distributed load and a con¬ 
centrated load. 

Wh wl 

By taking moments about the right support, Ri is found to be —h — • 
Choosing the origin at the left support, the boundary conditions are 
z;(0) = 0, y(0) = 0 , 

m(0) =* 0, y{l) » 0. 

The force function is, for 0 ^ a; ^ Z, 

f{x) = Riuiix) — vm{x) — Wui{x — o). [103] 

The £ transform of f{x) is 

V) 

F{b) ^Rx -[104] 

s 

in which the third term has been found by application of Theorem 10 to the 
transform pair 93. 

Letting F(s) be the £ transform of yix)^ the transform equation for the 


W 



Fig. 8-13. 
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beam is taken from equation 101 and is 

F{s) ^ w(0) 


T2/'(Q) 2/(0) " 

L 8 ^ 


Ri 


PFe-"' Ely'iO) 

A "T* A 


[105] 


Here Ely'(0) is used as an undetermined coefficient to be evaluated later. 
The £~^ transformation of equation 105 gives 


EIy{x) = 


Rix^ wx^ W(x — aY 


3! 


4 ! 


3 ! 


u(x — a) -f Ely'(0)x, 0 ^ x ^ 1. 


[106] 


Using the boundary condition x — I in equation 106, replacing Ri by its 
value, and solving for Ely'(0), the result is 


4 ! 3 !/ 

Substitution from equation 107 in 106 gives the final result 


[107] 



~Wb(b^ - P) 

wl^ 

\ 1 2/3! 

dll 



Wjx - ay 
3! 


u{x — a), 0 ^ X ^ L 


[108] 


The use of space impulse functions has made it possible to express this 
problem in one differential equation. Two equations would be used in the 
usual method of analytic solution since the concentrated load divides the 
beam into two regions having separate differential equations whose solutions 
must be matched at the boundary between the regions. The more complex 
the force function the greater is the advantage in using the £-transformation 
method. 

Example S. Find the deflection curve of a continuous beam having two 
unequal spans and bearing a uniformly distributed load. Fig. 8*14. 

A relation between Ri and R 2 is obtained by taking moments about the 
right support. It is 

RJ, + 7^26 - — . [109] 

2 

Taking the origin at the left support, the boundary conditions are 
v(0) - 0, y(a) * 0, 

m(0) = 0, y(l) « 0. 

2/(0) -0, 

The force function for 0 g ^ 2 is 

fix) = Riuiix) — Timiz) -f- R 2 Ui(x ^ o), 


[ 110 ] 
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F(s) = 

s 


[ 111 ] 


If y(s) is the £ transform of y{x)j the transform equation for the beam 
by use of equation 101, is 

Ely'iO) 


EIY{s) 




[ 112 ] 




■n 





“1 


'Tl TT -f ! 1 

w per unit length 

1 1 1 1 1 1 1 


n 

n 

- 









I 


Fkj. 814. 


in which Ri, R 2 , and EIy'(Q) are undetermined constants. The £ ^ trans¬ 
formation of equation 112 gives 

EIy(x) ( =) ^ - ^' + Ely'(0)x + ~ u(x-a), 0 ^ x ^ 1. 

3! 4! 3! [113J 

Using the boundary conditions at x = a and at x = ^, the following two 
algebraic equations are obtained: 


0 - f + mvm. 


[114] 


[115] 


Equations 109,114, and 115 are now solved by algebra for Ri, Bt, and EIy'(.Q). 
These are 


a, = JX- (13 - o’ - 2K>’) 

8oo 

Rt = (P + o’ - 21o’) 

Sab^ 


[116] 


EIy'(Q) = ^ 4- a* + 2lb^ 4 20^6). 

48o ) 

The substitution of expressions 116 in equation 113 gives the equation for 
Ely{x). Since the interest here is in the method of solution rather than in the 
beam deflection, the complete equation for Elyix) will not be written out. A 
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partial check upon the result may be obtained by assuming that the spans 
are equal so that a = 6 = Z/2. For this case Ri and R% in expressions 116 
reduce respectively to 3it>Z/16 and 5iy//8, which can be shown to be correct 
by other reasoning. 

11. Use of Impulses in Interpretation of Real Convolution 
Integral 

For a linear physical system with lumped constants, the general 
solution for any response transform is an algebraic equation of the form 

H{s) = G{s)F{s), [117] 

in which H{s) is the response transform, G{s) is the system function, 
and F{s) is the excitation function. Let the £“^ transforms of H(«), 
G{s)j and F{s) be respectively h{t), git)y and /(O? 0 ^ Then using 
Theorem 9 for the £“^ transformation of equation 117, 

W) = f Q(i — '^)f{'r)dT, 0 ^ L [118] 

«/0 

With the initial conditions of the system all zero and the driving 
function a unit impulse ui{t), the response will be represented by 
Cl (0 and called the characteristic time response to unit impulse. Letting 
£[ci(0] = Ci(s), equation 117 becomes Ci(s) = G{s) • 1 and it is seen 
that Ci(t) = g(t). Thus the inverse transform of the system function 
is the characteristic time response to unit impulse. 

This result follows also from equation 118 since 

C\{t) = f g{t - r)wi(r)dT 

= g(t) ui{T)dr = g{t), 0 g «. [119] 

The integrand g{i — t)ui(t) is 25ero except at t = 0 and there it is 
g{t)ui(T). The integration is with respect to r and the integral of the 
unit impulse is the unit step function. 

Taking the point of view that g{t) is the characteristic time response 
to unit impulse, the convolution integral in equation 118 can be inter¬ 
preted physically as follows. Let the driving fimction/(0 be approxi¬ 
mated by a succession of elementary rectangular pulses applied at 
intervals At along the time axis (Fig. 8*15). Each of these pulses 
when applied to the system produces an elementary response, these 
responses being superimposed. The approximate total response at 
time t is the sum at this instant of all the elementary responses started 
previous to this instant. If the interval Ar is nearly zero the response 
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produced by an elementary pulse may be approximated by that pro¬ 
duced by an impulse of magnitude equal to the area of the pulse it 
replaces. Since it was shown in equation 119 that the response to a 
unit impulse is g{t) the component due to the first impulse is/(0)Argf(Q, 
that due to the second impulse is f{AT)ATg{t — At), and that due to the 



Fig 8 15 f(t) is approximated by a succession of rectangular pulses. 


(n + l)st impulse is f{nAT)ATg(t — nAr). To simplify the notation 
let nAr = r, that is, as At decreases let n increase in such a way that 
their product is equal to r. Finally the response h at any instant t may 
be considered to be the limit of the sum at t of all the elementary re¬ 
sponses initiated by impulses applied between 0 and t as the length of 
the interval At 0. Thus 

t 

h{t) - lim 2 f(r)ATg(t — r) 

Ar-*0 r«0 

= f fi'i')9(t - T)dT. [120] 

Jo 

Equation 120 is a second form of the superposition theorem (see 
Sec. 4). It describes the response of the system to an arbitrary driving 
force in terms of the response of this system to a unit impulse. The 
form given in Sec. 4 expressed the same result in terms of the response 
of the system to a unit step function. The form given in equation 120 
is somewhat more compact and is easier to use analytically since it is 
not necessary to differentiate the driving function. On the other hand, 
if a characteristic time response of the system is to be obtained experi¬ 
mentally it may be simpler to obtain it with a step change than with an 
impulse. For the latter a pulse must be used whose time duration is 
small compared with the time constants of the system. 
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12. Theorem 13, Differentiation with Respect to Second Inde¬ 
pendent Variable 

Let a, be a second variable independent of t and s. 7/ the function f (t,a) 
is £ transformable with respect to t and has the ^ transform F(s,a), and if 

Q 

— f(t,a) exists, then 

aa ’ 


This theorem states that differentiation with respect to a second inde¬ 
pendent variable is invariant under transformation from one domain to 
the other; or stated otherwise, £ transfonnation with respect to t and 
differentiation with respect to a second independent variable are com¬ 
mutative operations. 

Since differentiation is a limit process this theorem follows from Theo¬ 
rem 12. In the integral definition of the £ transformation, 


f f(t,a)e’^^^dt = 


F(s,a), 


differentiate both members with respect to the second variable a, i.e.. 


da 


f f(tia)e ^^dt — — F(s,a). 

J Q da 


[ 122 ] 


Since a is independent of t and s, 

= [123] 

That is, 

£*[£/(«,«)] a), [124] 

as stated in the theorem. 

The property of the £ transformation stated in this theorem makes 
possible the solution by £ transformation of differential equations with 
more than one independent variable, and it will be applied frequently 
in the solution of partial differential equations in Volume 2. Another 
application, and one which will be illustrated here, is its use in extending 
a table of function transforms. 
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Here 


.^2 


and 


+ ^2 (^2 ^ ^ 2)2 


— sin = t cos 


By Theorem 13 these results form the new pair 
~ ^2 


(s2 + ^2)2 


t cos 


o^t. 


[125] 


Example 2. Find the transform pair that results from differentiation with 
respect to a of the pair 

s + a 


(s 4- «)^ + i 


Here 




e““^ cos 0 ^ L 

(s 4- a)2 - /32 


and 


da (s 4- olY 4- /32 

da 


l(s 4- 4- 

cos pt = — fc*"®* cos 


By Theorem 13 these results form the new pair 


(s 4“ — 0^ 

[(5 4- ay 4- 0^1^ 


cos jSf, 0 ^ L 


[126] 


13. Theorem 14, Final Value 

If the function f(t) and its first derivative are £ transformable and the 
£ transform of i{t) is F(s), and the function sF(s) is analytic on the axis 
of imaginaries and in the right half-plane, then 

lim sF(s) — lim/(0. [127] 

«—K) t—><30 

This theorem states that the behavior of sFljs) in the neighborhood 
of the origin of the complex plane corresponds to the behavior of fij) 
as t becomes infinite [Pi 10]. 

This theorem differs from the theorems which have preceded in that it 
does not express the result of an £ transformation but states an equality 
between two particular values — the value of f{t) at oo and the value 
of sF{s) at the origin. 

The theorem follows from the integral definition of the £ transfor¬ 
mation, 
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by integrating by parts as in the outline of proof of Theorem 6, Sec. 2, 
Chapter 6, to obtain 


= sF(8) - /(0 + ). [128] 

Now let 8 approach 0, 

lim = lim lsF(s) - /(0 + )]. [129] 

» —K) V 0 a —K) 

Since s is independent of t the order of the limit processes in the left 
member can be changed giving 


CfiDdi 

•'O 


= lim[sF(60-/(0+)], 

8 —K) 


[130] 


provided each member in equation 130 has a value. The existence of 
both members of this equation is discussed below. Its left member 
can be written 

lim f f{r)dT - lim[/(0 -/(0+)). [131] 

t —>00 <—^“0 

Substitution of result 131 in equation 130 gives 

lim/(0 = lim sF{s). [132] 

t —^00 8 —K) 

From the discussion in Sec. 1, Chapter 6, associating the form of a 
function of the real variable with the position of the singularities of its 
transform, it is known that/'(0 will decrease exponentially if all the 
singularities of its transform [5F(5) —/(O-f)] lie to the left of the axis 
of imaginaries. The condition on sF(s) in the theorem assures this 
behavior of This condition together with the requirement that 

fit) be £ transformable assures the existence of the limit in equation 131. 
The conditions on sF(s) also assures the existence of the limit in the 
right member of equation 130. 

The theorem is useful mainly in determining from F(s) the behavior 
of /(O, as t becomes large, without the necessity of actually carrying 
out the £~^ transformation of F(s). 


Example 1. To illustrate Theorem 14, use the following transform pairs 
that have appeared previously: 

1 - (1 + 


(a) 

ih) 


1 

«*(8 -f a) 


4 - - 1 


og e. 
0^ e. 


[84] 

[85] 
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(c) 

(d) 


& 


+ 

(« 4“ a)** - , 


sin ptf 
te~“* cos 0tj 


[(8 + ar 4- 

In these pairs a and are positive real numbers.* 

1 


O^t 

O^t. [126] 


(a) The pole of 8F(8) ^ 
is applicable. The lim 


is + 
1 


lies in the left half-plane and the theorem 


1 


. » showing that the value approached 

(8 4- pr P 

by /(<) is This is checked by lim - - - . 

(6) One pole of sF(s) ^ ^^ lies on the axis of imaginaries and the 


I 4- oc) 

theorem does not apply. This is checked by lim 

t—►<» 


' -i-at ■ 


(c) Both poles of sF(s) * 


- lie on the axis of imaginaries and the 


+ 

theorem does not apply. This is checked by the fact that lim sin does not 

{—>00 

have a definite value. 

(<i) Both poles of sF(s) A i„ the left half-plane and 

[(« -I- a)^ -1- j32]* 

’ 8[(8 4 - a )2 — 82 ] 

the theorem applies. The lim ---—^ = 0. This is checked by 

«-+o [(«-f a)* 4* 

lim cos Pt = 0. 


14. Theorem 15, Initial Value 

If the function f (t) and Us first derivative are £ transformable and f (t) 

has the £ transform F(s), and the lim sF(s) existSf then 

8 —>00 

liinsF(s) = lim/(0. [133] 

5-+00 <—*0 

This theorem states that the behavior of sF(«) in the neighborhood 
of the point at infinity in the complex domain corresponds to the behavior 
of f(t) in the neighborhood of 04* in the real domain [Pi 10]. The half 
arrow with its barb on top signifies that the limit is approached from 
above, i.e., from the right, passing through positive values of L 
Proof of this theorem proceeds in the same way as that of Theorem 
14 to the equation 

ff - 8F(8) -/(0-I-). 


[128] 
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In equation 128 let s approach », 

lim C S'(t)e-’*dt = lim [sF(s) -/(0 + )]. [134] 

6 0 S —>00 

The existence of the left member is assured by the hypothesis on the 
derivative, and when thd order of the limit processes is changed the 
result is zero. The existence of the right member follows from the 
hypothesis on the limit. Consequently 

0 = lim[sF(s)-/(0+)], [135] 

a —>00 


or, since/(0 + ) = lim f(t)j equation 135 can be written 

f—K) 

limsF(s) = Iim/(0, 

a —>00 (—K) 

as stated in the theorem. 

Like Theorem 14 this theorem expresses an equality which holds 
between two particular values — the value of f(t) as the origin is ap¬ 
proached from the right and the value of sF(s) at the point at infinity. 
It enables one to establish the initial value of f{t) at 0+ from F(s) 
without actually carrying out the transformation of F(s). Further¬ 
more, if applied to the transform of the right-hand derivatives of various 
orders as found by Theorem 6, it gives the initial values of these deriva¬ 
tives at 0 -f. Unlike Theorem 14, this property of the £ transforma¬ 
tion holds generally, no restriction on the domain of analyticity of sF{s) 
being necessary for its application. 


Example 1. To illustrate Theorem 15, use the following transform pairs: 

(„)_i 0^. [8. 



Pair (6) is obtained by adding and subtracting a in the numerator of F{s) 
and then using pairs 7 and 6 in Table 1, Chapter 4. 


(a) lim sF(s) « lim - -— = 0, showing that the initial value of fit) 

«->oo r-»00 (« + P) 

is 0. This is checked by lim - — = 0. 

0 P* 

(Z>) lim «F(«) « lim » l, showing that the initial value of 

a —>00 «*~>oo (s -f- a )2 + 

f(t) is 1. This is checked by 

lim (cos sin pt] 1. 

«-*o \ P / 
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Example B. If the £ transform of f(t) is (ois + ao)/8{s^ + M + 6o), find 
the values of f{t) and its first two derivatives at < = 0-|-. 

Here 

ais -|- ao 


£[/(01 = Fis) ^ 


and by Theorem 15, 


/(0+) = lim 


s(s 2 + hiS + ho ) * 
8(ais -f ao) 


a-^oo 4- hiS 4- 6o) 
For the first derivative, using Theorem 6, 

diS 4“ ao 


£[/'(t)l = sF{s) - f(0+) = 


4* his 4“ 5o 

Application of Theorem 15 to equation 139 gives 

/'(04-) = hm ——— = ai. 

«—>00 « 4- OiS 4* Oo 

For the second derivative, by Theorem 6, 

£[/"«] = ms) -/(04-)s -/'(04-) 


0 . 


-0. 


ais ^ 4 - flos 


— 0 — ai = 


(ao ““ aibi)s — aibo 


4- bis 4“ 5o * 4- bis 4- l>o 

Application of Theorem 15 to equation 141 gives 

— aibi)s — ai6ol 


/"(0+) = lim 
8—>00 


4" 4" ^0 


= ao — ai6i. 


[137] 


[138] 


[1391 


[140] 


[141] 


[142] 


The correctness of these values of /(<), f(0, and /"(<) at f — 04- can be 


of F(s) lie at 0 and — ^ rt 

■“ ^ S 2 and the function is 


+ «1«1 + “0 p.,, aiS2 + ao 


[143] 

bo Si(si — 82) " «2(si — S2) 



Its first two derivatives are 



f(t) = “'*1 + 

aiS2 4" ao n ^ 1 


[144] 

Si — S2 

Si — S2 



+ “ 0 ) ^..1 »2(«iS2 + ao) 

O^t 

[145] 


Si — 52 


5l — 52 


At t = 04- equations 143, 144, and 145 reduce respectively to /(04-) = 0, 
/'(04-) =“ and /^'(04-) == ao — ai6i. The initial values found by applica¬ 
tion of Theorem 15 and given in equations 138, 140, and 142 are in agreement 
with these results. 
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15. Multiplication or Division of F(«) by s 

The theoremerof real differentiation and real integration as introduced 
in Chapter 5, Secs. 2 and 3, were expressed in a way particularly favor¬ 
able for use in transforming from the real domain to the complex domain. 
There are occasions, however, when they must be used in the reverse 
direction, and it is convenient to have them stated in a different form. 
Presentation of these alternative forms has been postponed until a 
knowledge of impulses and the initial-value theorem were available. 

Theorem 6-a. If f(t) and f'(t) are £ transformable and f(0 + ) = 0, 
and F(s) is the £ transform of f(t), then 

sF(s) = Slfit)]. [146] 

Theorem 6-a states that multiplication by s in the complex domain 
corresponds in the real domain to differentiation. Here, as in Theorem 
6, the indicated derivative is a right-hand derivative. 

Substantiation of equation 146 depends upon Theorem 6, 

£[/'(0] = 5F(s)~/(0+), [147] 

and the condition 

/(0-b) = 0. [148] 

It will be recalled from the initial-value theorem that 

lim sF(s) = /(O-f). [149] 

From this it follows that if sF{s) is a rational fraction having a numerator 
of lower degree than the denominator,/(0H-) will be zero; if the numera¬ 
tor and denominator are of equal degree, /(0+) will be finite and 
different from zero. 


Example 1, Starting with the transform pairs 



(« 4- «)* 



[160] 

(6) ® 

^ s* -f 

cos fil, 

0^ e, 

[161] 


find the pairs resulting from multiplication of F(«) by «. 

(a) Here sF(«) = -—^—- which is a proper rational fraction. Corre- 
(« + a)* 

spondingly, /(0-h) *= 0. The right-hand derivative f(t) «* (1 — ca}tr*** and 
by Theorem 6-a the derived pair is 


(« + a)» 


(1 - O^L 


im] 



Sec. 16] 


MULTIPLICATION OR DIVISION BY 8 


271 


(6) Here «F(s) ^ 


+ j 


which is an improper fraction. It reduces 


on division to 1 — 


-. Correspondingly, /(O-f) 0, hence Theorem 6-a 


+ 

does not apply. Formally, £“^[1] could be interpreted as 


u,it) A 


in which case the derived pair is 
-^2 




+ 1 


^ sin pt -f ui(t), 0 ^ L 


Theorem 7-a. If f(t) is £ transformable and has the £ transform 
F(s), then 

F(s) 




[153] 


The theorem states that division by s in the complex domain corre¬ 
sponds to an integration from 0 to ^ in the real domain. 

Substantiation of equation 153 follows from Theorem 7, That is, 
since 


and 


ffm-£fm+f‘-"(o+) 


it is seen directly that 


m 

8 


'[X‘H 


Example U Starting with the transform pair 


s -f ao 


{8 + a)* + 


^cos j9< + sin , 0 ^ t, [136] 


find the pair resulting from division of Fis) by «. 


F(8) 


« -f Oo 


Here^^ 

« «{(« -f a)® + ^ 


; the definite integral is 


^ e'-'*‘^oosi8t4-^^^-^sin - !— sin- oocos -f 
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in which jSj ^ By Theorem 7-a the derived pair is 


s + ao e““ 


• Ol Ol 

-sin pi — ao cos pt 


\ , «o 




16. Theorem 16, Complex Differentiation 

If f (t) is £ transformable and has the £ transform F(s), then 

mn)]^ [ 155 ] 

as 

This theorem states that within a change of sign multiplication by the 
real variable in the real domain goes over into the complex domain as 
differentiation with respect to the complex variable. Note that this 
theorem is analogous to the real differentiation theorem (Theorems 6 
and 6-a). 

The theorem may be proved from the integral definition of the 
direct transformation 


r fiDe'-^^dt = F{s) 

^0 


by differentiating both members with respect to s, this being allowable 
because the hypothesis implies that F(s) is analytic. 


■f me-*dt = 


Differentiating under the integral sign, 


Cm I e-’*dt = r -tme-‘*dt = J F(«), 
%/Q as %/o as 


or £[</(<)] 


■ F{s) as stated in the theorem. 


Example 1. Apply Theorem 16 to the pair 


s^ + &^ 

dp _ -2ps 

2ps 

(8^ + P^r 


sin pt, 0 ^ 


, and the derived pair is 


t^pt, O^t 
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17. Theorem 17, Complex Integration 
7/f(t) and f(t)/t are ^-transformable and the transform of f(t) is F(8), 
and if J* F(s)ds existsj then 




F(8)ds, 


[159] 


Division by the variable in the real domain corresponds to integration 
with respect to the variable in the complex domain along a path from s 
to the point at infinity. This theorem is analogous to the real inte¬ 
gration theorem (Theorems 7 and 7-a). 

To substantiate this theorem, the integral definition of the direct 
transformation 

f f(t)e-^^dt = F(s) 

Jq 

is integrated with respect to s between the limits s and oo, i.e., 

r r me-^^dtds - f F{s)ds, [160] 

A change in the order of carrying out the two limit processes indicated 
in the left member of equation 160 may be made because f{t) is an 
^-transformable function. This gives 


or £ 


r Sit) f e-'^^dsdt^ f f F(s)ds, [ 161 ] 

Jo J S J 0 t J g 

^~r\ ~ J ^ stated in the theorem. 


Example 1, Apply Theorem 17 to the pair 
2Ps 


(S2 + /32)2 


t sin ^t, 0 ^ L 


[158] 


Here 


r 


208 


’ds 


-/3 


(s* + 0 ^)^ 8* + 0 ^ 

Thus the derived pair is 

8* -f 0 ^ 


0 


8^ + ^* 
sin 0t, 0 ^ t, 


, t sin 0t . 
and -= sm 0t. 


which is known to be correct. 
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Example 2. Use Theorem 17 to find the £ transform of (e”*®* — 
with a and h non-negative real numbers and a < b. 

This may be derived by starting with the pair 


_1 _ 1 _ 

s -f- a s b 


e“®* — , o ^ 


since application of the theorem gives the specified time function 
(g-oi _ gives for its transform 


C i- ds = In (s + o) - In (s + 6)1 = fin 

•/, \«-h a s 4-0/ L J« L 


= 0 — In 


s + a 
s 4- 6 


In 


s + b 
s 4- o ’ 


— a < <r. 


[162] 


The derived pair, with a < 6 is 


8 b 
8 a 



0 St. 


[163] 


18. Theorem 18, Integration with Respect to Second Independent 
Variable 


If a is a second variable independent of t and s, and f (t,a) is £ transferrm- 
able with respect to t and has the £ transform F(s,a), and if the integrals 
appearing exists then 


f f(t,a)da = f F{Sja)da. 

J «/oo 


[164] 


This theorem states that integration with respect to a second inde¬ 
pendent variable is invariant under transformation from one domain to 
the other; or stated otherwise, £ transformation with respect to t and 
integration with respect to a are commutative operations. 

Since integration is a limit process this theorem follows from 
Theorem 12. Start with the integral definition of the direct transfor¬ 
mation 



fit,a)e == F(s,a) 


and integrate both members with respect to a. Thus 


n f(t,a)e **dtda = f F{8,a)da, 
*I «0 


[1661 


Sinoe a is independent of t and s, the order of integration may be dianged 
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aad, if the integrals exist, 

f f fit,a)da-e~‘^dt = f“ F(s,a)da, [166] 

V 0 Oo a© 

or 

^ [•£. ]-£ F{Sya)da 

as stated in the theorem. 

Example 1. Use Theorem 18 to find the £ transform of (sin ^t)/t starting 
with the pair 

cos fit, 0^ L 

-f fi^ 

Here the second independent variable is fi. Applying Theorem 18 by inte¬ 
grating with respect to fi between the limits 0 and fi, the result is 

cos ^ > 0 ^ tl67] 

and 

f 2 f 02 = r“1 = "» 0 < ff. [168] 

Jo §2 -f L «Jo s 


Thus there is derived the pair 
tan~^ - 


19. Theorem 19, Real Multiplication 

// fi (t) and f 2 (t) are ^-transforniabk functions having the £ transforms 
Fi(8) and F 2 (s)> respectively, then 

1 f*C2+j<X) 

SUimm = — / Fi(a - w)F 2 {w)dw, 

2irj Jct-joo [170] 

max(<roi, CToj,, O-Oj + (To,) < <r, (Tcj < C2 < <r — (Ta^, 

in which C2 'is a real constant, <r = 9i[s], arid (Tai and ao^ are the abscissas 
of absolute convergence of functions fi(t) and f 2 (t), respectively. 

The process expressed by the integral will be called convolution in iAe 
complex domain, or more briefly complex convolution, and the functions 
Fi(s) and F 2 {s) will be said to be convolved. The integral may be 
abbreviated to Fx{s) • ^ 2 ( 5 ). 

The theorem states that the £ transform of the product of two func¬ 
tions of the real variable is found by convolving the £ transforms of 
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these two functions. Thus multiplication in the real domain goes over 
into complex convolution in the complex domain [Appen C, Pi 4, Me 4]. 

This theorem is analogous to Theorem 9, complex multiplication. 
Complex convolution has many features in common with real convolu- 
tion described in Sec. 2. The most important of these will be pointed 
out here. 

In the line integral, 

/ Fi(s — w)F2(w)dw, 

*^C 2 —j 0 O 

folding, translation, multiplication, and integration are indicated. In 
the complex itJ-plane the function P\ (w) and hence the geometric pattern 
of its singularities and zeros is first folded about the axis of imaginaries 
and then translated by the complex variable s. Since the translations 
are limited to those which keep < C 2 < or — aa^, the path of inte¬ 
gration from C 2 — i 00 to C 2 -h i oo lies in an analytic strip. 

If F{s) is the £ transform of /i(/)/2(0> f^he theorem follows from 
the integral definition of the direct transformation 
>^00 

^(s) = / max CTo.^, "h < (T, 


by substituting for / 2(0 its integral representation in terms of F 2 (s) 
given in Theorem 2, Sec. 14, Chapter 4. 

F{s)^ F2(w)e^^’dw 

^0 [171] 

max(<r„,, (To,, (To, + (TcJ < cr, CToj < C 2 . 

As indicated, the integration is to be carried out first with r^pect to the 
complex variable w and then with respect to the real variable t. 

Since the functions are £ transformable it is permissible to change the 
order in which the two integrations are performed, with the result that 

F(s) = — / F 2 {w) / fi{t)e-^^-^^^dtdw, [172] 

with the same restrictions as in equation 171. But 


r = Fi(8 - w), 
^ 0 


[<roji < <r — 9l[w], 
or 9{[w] < 0 - - (Ta,. 


[173] 


Since 


F(s) = £[/x«)/2(0], 


[ 174 ] 
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1 pC2+]^ 

£[/ i ( 0 / 2(01 - / Fi{s - w)F2(w)dw, 

[175] 

max(o-a^, (Ta^y <Ta^ + (Ta^) < <Ty <Ta^ < C2 < (F — (Toy^y 

as stated in the theorem. 

Since the aim in the present volume is to keep the treatment as simple 
as possible, a discussion of the integration in the complex plane indicated 
in equation 175 will be postponed until Volume 2. This does not pre¬ 
vent, however, the use of the theorem in certain special but very useful 
forms which do not require this complex integration. Two of these 
forms are given below. The finst, Theorem 19-a, applies if at least one 
transform factor has first-order poles only. The second, Theorem 19-5, 
applies if at least one transform factor has multiple-order poles. 


Theorem 19-a. //fi(t) and f 2 (t) are ^-trayisforinable functions hav~ 

Ai(s) 


ing the £ transforms Fi(s) and F 2 (s), respectively, and if Fi(s) = 


Bi(s) 


is a rational algebraic fraction having q first-order poles and no others, then 

[176] 


£[/l (0/2(0) = i 


This particularly simple form can be derived from pair 1, Table 1, 
Chapter 6, 


/i(0 = i ^-Je“‘(=)£- 


■lpl(^)' 

.Bi(s)J’ 


O^t, [177] 


by multiplying the left member by/ 2(0 and finding the £ transform of 
the product. Thus 

£f/i(0/2(0] = £ e**‘/2(o] 

= i §^£[e“%(0] 


^.1 B[{sk) 


F2(s — Sjb). 


[178] 


The change in order of summation and £ transformation is justified by 
the linearity theorem (Theorem 6); the replacement of £[e^^%{t)] by 
F 2 (s — s*) is made with the complex translation theorem (Theorem 11). 
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Example 1, Find the £ transform of sin at • sin 

If flit) = sin at and f 2 it) ^ sin jSt, then Fiis) = —■„ and F 2 («) = 

8^ H- 

o 

— -^. The poles of Fi(s) are at dbja. Then by equation 176, 

£[sin at sin ^t] ^ 2i—ja) (s -f ja)^ -f 

— _ 2a^s _ [1791 

[.s2 -f (a -f + (« - /5)^] ’ 

That this is correct can be verified readily by recalling that sin at • sin s 
^[cos (a — ^)t — cos {a + ^)t] and its £ transformation gives 

£[sin at ’ sin ^t] = i —--— — - —- 

2 -I- (a - /9)2 2 s2 + (a + /9)2 

^_ nsoi 

[s 2 4 . ^) 2 ] • 

Example 2, Find F(s) ® F(.s) if F(,<?) is a rational algebraic fraction having 
q poleS all of first order. 

Let Fis) = A(s)/B(s), then it follows from equation 178 that 

«.)•«•)-i #4II811 

jfc»i B'isk) Bis - Sk) 

Note that by this process the £ transform of the square of one type of time 
function has been determined directly from the transform of the function. 

Theorem 19-b. Let fi (t) and £2 (t) he ^-transformable functions having 
the S, transforms Fi(s) and F 2 (s), respectively^ and let Fi(s) he a ror 
tional cdgebraic fraction having n distinct poles Si, S 2 , • * *, %jvith 

51 of multiplicity mi 

5 2 of multiplicity m 2 


Sn of wultiplicity m^ 


subject to the restriction mi + m 2 + • • • + m^ = q. Then 


in which 


. i i ,.s., 

*-1,-1 (wt-j)! ' J.—,» 
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This special form is based upon the partial-fraction expansion of a 
rational algebraic transform having multiple-order poles (see pair 2 , 
Table 1, Chapter 6 ). Since Fi(8) has multiple-order poles, its £ trans¬ 
form is 

n ^ IT, . 

flit) = X E 7 —r*-^**', [184] 

(mjfc - j)! 

in which Kkj is defined in equation 183. If equation 184 is multiplied 
by/ 2(0 and the product is £ transformed, 

n mt JT, . 

= E E 7- ^£[r*-^e'*‘/2«)]. [185] 

(nik - 3)\ 

The change in order of double summation and £ transformation is 
justified by the linearity theorem. From the complex differentiation 
theorem (Theorem 16), 

£r*~V2(oi = (-ir*~^^^>^2(s)* [186] 


From the complex translation theorem (Theorem 11 ), 


Substituting from equation 187 in 185, 

as stated in equation 182. 


[187] 

[188] 


Example 1, If the £ transform of /(f) is-; find the £ trans- 

(s -f t)(« + «)* 

form of p(f) directly by complex convolution. 

Here n » 2 . Let si ^ —y and «2 ~ —a; then mi = 1 and m 2 = 2 , and 


£(/(<)] « 


(s -h 7)(s + a)* 


Ki ^21 . Kn 

« + T (« -f a)® fi + a 



(a - 7 )* 
a 


a — 7 


7 

(« -- yr 


in which 
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Finally, by equation 182, 


(01 = 

= iC.[ 


4- 

7 (s 4- aY s 4* 


+* 

- ^211 

:) Ja^s+y L< 


(s + 7)(s + olY 


4* K 22 


4- y){s + cx 
[(s 4- 7)(s 4- a)j«=s+a 


ds {s 4- 7)(« 4- 0!)2ja >*«+a 


Kiis 4- 7 ) 


(s 4- 27 )(s 4“ a 4- 7)' 

_ K22(s 4~ <x) _ 

(s 4- a 4- 7)(s 4- 2aY 




K2il2{8 + g)^ 4- 7g] 
(s 4 - a + yYis 4“ 2a:)® 


[190] 


It is seen that despite the rather formidable appearance of equation 182 the 
procedure that it prescribes is not difficult to understand or to carry out. 

20. Theorem 20, Commutativity of £ with 01 and ^ Transfor¬ 
mations 

If the complex function f (t) is £ transformable and has the £ transform 
F(s), then 

(а) £{£R(/(0]} = 9l{£[/(<)]} = 91[F(s)], 

( б ) £{^[/( 0 ]} = ^{£f/( 0 ]} = ^[F(s)]. 


[191] 


This theorem states that the £ transformation is commutative with 
the 91 and ^ transformations. The demonstration of this follows directly 
from the linear property of the integral defining the £ transformation. 
Let p(t) and g(t) be ^-transformable real functions with £ transforms 
P(s) and Q(s), respectively. In the integral definition of the direct 
transformation, 

f me-'^ds = F{a), 

let /(<) = p(<) + Then by the linearity theorem, 

r [p(0 + = C p(t)e~“<U+j f q{t)e~'^di 

" 0 i/O "0 


P(S) +jQM = F(b). 


[192] 


That is, 


£{a[/(0]} +i£{^[/«)]} = »{£[/«)]} £[/«)]}, [193] 
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and since in a complex equation the real part^ must be equal and the 
imaginary parts must be equal separately, 

(a) £{a[/(0]} = «{£[/«)!, 1 

r 194] 

(b) £{^[/(0]! = 5{£[/(0]}, I 

as stated in the theorem. 


Example 1. The complex function = cos sin fit. Then 

= £[cos fit] + j£[sin fit] 


s 

?~+fi^ 




and it is seen that 

(6) = 3 = 3{£[e>^>]\ . 


[195] 


[196] 


PROBLEMS 

8*1. The £ transform of the current that results from application of a unit step 
voltage in a certain network has the form 

025^ -+- «!« + oo 
si (5 + a)2 + ^2J • 

If the time constant of the network is to be taken as the unit of time, use Theorem 8 
to find the time function for the current. Let X = 27r (time constant/period). 

8*2. Apply Theorem 9 in finding the £“^ transform of 

_ 1 _ 

[(s-f-a)2+/S2](s+7) ‘ 

8-3. A system whose initial energy storage is zero is subjected to a unit step 
driving force. Its response is 

As"""* sin (fit + 0 ^ t. 

Find the response of this system, under the same initial conditions, to a driving force 
of the form 

8-4. Solve the convolution-type integral equation 

x(t) + / ~ r)a?(T)dr « 1, 0 ^ 

0 

for the unknown function x{i) by use of the £ transformation. 

8-6. Using the £ transformation, solve the convolution-type integral equation 
[a(t) */(<) */(0] - [6(0 */(01 + cCO » 0, 0 ^ 
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in which 

a{t) = cos hit) = sin and c(0 *= — cos $t). 

8*6. Show that if £l/(0] ^ Fis), then 

£[/(0i^(^ - a)] = F(8) - rf(t)e-**dt. 

0 

8*7. If £[/(01 = ^(s)> give the £ transforms of the following functions: 

(а) miuit - a) - uit - 6)]. 

(б) /(0[t^(6 - 0 ~ uia - 01. 

(c) /(Oti(a - 0. 

(d) /(0i^(< - a)uih - 0. 


Assume that a and h are positive real numbers and a <h. 

8*8. Use Theorem 10 to find the transform of the section between f «> a and 
< = 6 of a cosine curve, i.e., find the transform of 

cos /3t * [uit — a) — uit — 6)1, a <b. 


8*9. Sketch the £ ^ transforms of the following functions: 


(a) 





8*10. Find the £ ^ transform of 


1 - e-* 


2/1 . “HTT means of an expansion (o) in 
s (1 “f* e ) 

partial fractions, and (&) in a series of exponentials. Sketch the time function 
represented. 


8* 11. Using Theorem 10, show that if A is)/Bis) is a rational algebraic fraction 
having q poles, none at the origin and all of the first order, and if a is a positive real 
numbei*, then 


Lb(.) 


-I] 


)f (-) 


AjO) 

BiO) 


f. AM 


e***, 


« AMU -e'^f) 

ifc»i SkB'M 




0 ^ t ^ Of 


a ^ i. 


Note: This shows that (1 — e'~^*) in the numerator of the transform may be 
treated as an algebraic factor in finding the £'~^ transform for a <t. 

8*12. If the £ transform of the section between a and 6 of a function is #(«), 
what is the transform of the new function produced by turning this section end for 
end on the time axis but still keeping it between a and b? 

8*13. Using Theorem 11, find the transform of 
is -h a)^ -f 
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8*14. Use Theorem 11 to find the £ transform of a sine wave which is ^^ampli¬ 
tude modulated by a sawtooth wave, i.e., find the transform of 



u{t — k) 


] 


sin Xf, 


in which k and \/2ir are positive integers. 

8*15. If the response of a system, initially without stored energy, to a unit 
impulse disturbance is 

- 7 ^ c“®* sin (fit e)^ 0 ^ ^ 

sin e 


in which B ^ tan ^/ 8 /fe, and 6 is a real constant, find the response of the system, under 
the same initial conditions, to a disturbance (1/X) sin Xt. 

8-16. Show that the response of a system to a rectangular pulse whose duration is 
short compared with the smallest time constant of the system approsdmates the 
response of this system to an impulse. The area under the pulse and the magnitude 
of the impulse are to be taken equal. 


8-17. Starting with the pair 

_ 1 _ 

[(« + a)^ + + ol) 




e-^\\ - cos /SO, 


0 ^ 


use Theorem 12 to find the £ ^ transform of (s -f- «) 

818. Apply Theorem 13 to ((« -}-«)* +and its £“^ transform to find 
the £”^ transforms of the following functions: 


(a) 


fi -f- « 

[(»+«)»+ ’ 




8*19. Since the inverse-transformation process presents the major difficulty in the 
use of the £-tran 8 formation method, it is worth while to know how to gain certain 
useful information about the inverse transform from inspection of the transform. For 
example, the transform for the output voltage V 2 (t) of a certain 2 -section lattice-type 
network is 

038* -h a28* + ajs + oo 


91 which azt 02 , ai, ao, a, and y are positive real numbers assumed to be known. 
Without actually carrying out an £~^ transformation; give: 

(a) The form of each term in t? 2 ( 0 - 

(b) The initial value 1 ^ 2 ( 0 ). 

(c) The initial value of the first derivative i> 2 ( 0 ). 

(d) The value which V 2 (0 will approach for large values of t. 

8 ‘ 20 . A certain system has a driving-point function in the form of a rational alge¬ 
braic fraction with poles and zeros as followB: 

First-order poles at —a 
Second-order pole at — d, 

First-ordor zeros at —y, — 
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The coefficient of the fraction is A . Here a, 0, 5, 7 , fi, and A are positive real num¬ 
bers, all different. 

( 1 ) If a driving force in the form of a unit step function is applied to this system, 
give, for the driving-point response (a) the initial value, ( 6 ) the initial slope, (c) the 
final value, and (d) the general form of the functions present. 

( 2 ) If a driving force in the form of a unit sine wave of angular frequency wi 
is applied to this system, give the steady-state part of the driving-point response. 
Here wi 5 ^ jS. 

8-21. If the transform of/(0 is (ois + ao)/(s'^ -f h 2 S^ + his -|- ho), use Theorems 14 
and 15 to find (a) the value of /(O as i and (b) the values of f(t) and its first 

three derivatives at Z — O-j-. It may be assumed that all poles lie to the left of the 
axis of imaginaries. 

8-22. Starting with the pair stated in problem 8*17, use Theorems fi-'O and 7-a to 
find the transforms, respectively, of 

8 1 
[(«+a)2+/32l(s+ir) ’ s|(sH.a)*+^2](«+„) 


' cos^ by use of Theorem 16. 


8-24. Using Theorem 17, find £ 




8‘25. Evaluate the integral 


T- 

Jo (« 


; by use of Theorem 18. 


Jo (« ~f" + p 

8-26. (a) Find the £ transform of the product • sin 01 by use of Theorem 
19—fl. 

( 6 ) Repeat, using Theorem 19-5. 

8-27. Find the £ transform of the product of the functions {t and sin 01 

by convolving their respective transforms. 

8-28. In a certain automatic-control system the £ transform for the error follow- 

Cl\S “)“ do 

ing a disturbance has the form ---r. From this transform find directly 

(s + ay + 0^ 

the transform of the square of the error. 

8-29. (o) Using Theorem 10 find the £ transform of the vacuum-tube plate 
current described in problem 5-6. 

(5) Find the fundamental and first harmonic of the steady-state voltage that this 
current produces across the tuned circuit, basing the calcu- 
^ lationi^ upon the £ transform of this voltage. 

^ ^ 8*30. If it is assumed that the " relative approach ” 

(n\\ M (flattening) of a sphere when pressed against a plane is 

^ proportional to the first power of the contact compressive 

^ force (probably it is more nearly proportional to the H 

Fig 8 P30 power) then the following integral equation can be written 

for this force fit) when the sphere of mass m (see diagram) 
strikes with velocity yo a mass M whose displacement is elastically constrained by 
a spring of stiffness K : 


o/(0 = M 


- f fir){t — r)dT- f fir) sin yit — r)dT, 0 S t ^ h, 

w 0 J 0 
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Here a is the relative approach per unit force, y ^ \/K/Mj and ti is the total time 
of contact. 

In the right member of the integral equation the first term is the forward displace¬ 
ment that m would experience if it were a free body. The second term is the back¬ 
ward displacement of m caused by the compressive force. The difference between 
these two terms is the net displacement of the center of m while in contact with M. 
The third terra is the displacement forward of M caused by the compressive force 
while m and M are in contact. The difference between the net displac^ent of the 
center of m and the displacement of M is the relative approach. 

(o) Derive each of the three terms in the right member of the integral equation. 

(6) By means of the £ transformation find the coiiq)ro.ssive force during the 
interval of contact. 

8*31. In geophysical prospecting by means of electric transients it is desired to 
obtain the transient voltage between two probes stuck in the earth when a unit 
impulse of current is applied between two contacts or grounds in the neighbor¬ 
hood of the probes. Since physically only an approximation to a current impulse 
can be produced, there arises the problem of deriving from the response to this 
approximate impulse the response to the mathematical impulse u\{t). 

If the approximate current impulse is produced by a portable surge generator 
which, when connected to the contacts, gives a surge of the form i{t) = and 

if the recorded lesponse between the potential probes is y(0. how would you correct 
tliis experimentally determined v{t) to obtain the response of the system to a mathe¬ 
matical unit impulse? For systems of this type y (0) =0. 


W, = 5 



w,=ioJ 

w * 

1 per unit length | 

! - . . . ^ 

1 



Ir. 

♦-6—* 


-30- 

- 


Fig. 8 P 32 


8-32. Find the static deflection curve of the beam shown in the diagram. The 
beam overhangs its supports and bears a uniformly distributed load over a portion 
of its length and concentrated loads at its two ends. The dimensions and weights, 
in a single system of units, have magnitudes as indicated. The weight of the beam 
may be neglected. 



Chapter IX 


THE SOLUTION OF LINEAR DIFFERENCE EQUATIONS 
WITH CONSTANT COEFFICIENTS 

In the previous chapters the application of the £-transformation 
method to the solution of linear constant-coefficient integrodifferential 
equations has been treated. In the present chapter^ it will be shown 
how this transformation method can be used to solve linear constant- 
coefficient difference equations and also combined integrodifferential 
and difference equations, i.e., i-d difference equations [He 3, Jo 2, Ne 1]. 
It will serve in the completed treatment as a logical transition chapter 
between one-dimensional problems, expressible by integrodifferential 
equations, and multi-dimensional problems, expressible by partial 
integrodifferential equations (Volume 2). 

Difference equations arise in systems in which the variables change 
by finite amounts as in statistics and in interpolation theory, or by quanta 
as in atomic physics. They also find application in physical systems 
in which there is a recurrence of structure and in systems in which cyclic 
switching takes place. For example, in finance they are* applicable to 
problems concerning interest, sinking funds, amortization, annuities, 
mortgages, and loan retirements. In electric systems they are applicable 
to artificial lines, wave filters, lump-loaded telephone lines, network 
representations of transformer and machine windings, multi-stage 
amplifiers, surge generators, suspension insulator strings, and potential 
dividers. They are applicable also in networks in which there is cyclic 
switching produced for example by mechanical commutators or by 
electronic switching devices. In mechanical systems they are applicable 
to periodically loaded strings, mechanical filters, continuous beams 
with equidistant points of support, lattice trusses, and crankshafts of 
multicylinder engines. In all of these examples it will be noted that 
there is a repetition either of equal intervals of time such as interest 
periods or switching cycles or of equal units of structure such as sections 
in artificial lines. 

^ Certain of the points presented in this chapter were developed in tlie Master’s 
thesis of D. F. Tuttle, Jr., written under the guidance of one of the authors at the 
Mass. Inst, of Tech, in 19^. 
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Difference equations can be recognized by the presence of finite differ¬ 
ences in the successive values of the independent variable. Their solu¬ 
tions involve discontinuities, i.e., jumps, at equally spaced values of the 
independent variable. 

Because of the essential discontinuity of these solutions, it is necessary 
to present first certain elements basic to the £ transformation of func¬ 
tions having regularly spaced discontinuities. These elements are 
then applied to find the direct transforms of a number of discontinuous 
functions, thereby building up a table of useful transform pairs. Follow¬ 
ing this the £“‘^ transformation is presented as the inverse of the direct 
transformation. Finally, in a few examples, difference equations are 
set up for physical systems and solved by means of the fi-transforma- 
tion method, attention being directed mainly to problems in which there 
is a transient. 


A. BASIC THEORY 


1. Jump Functions 


A special type of step function which changes value only at integral 
values of x and hence remains constant in the interval between steps 
will be called a jump function. It will be denoted by a symbol J in 
front of the usual function symbol such as y{x). Thus jump y{x) is 
denoted hy Jy{x), Of course the jumps may be either increases or 
decreases in the function. In using a jump function the value at a dis¬ 
continuity will be taken as the value 
of the function as the argument 
approaches the point of disconti¬ 
nuity from the right. Thus if Sy{x) 
has a discontinuity at x = a, the 
value of Jy{a) « j2/(a4-). The 
+ sign will usually be omitted for 
brevity. 

A function that will be found to 
be basic in the representation of 
jump functions is the unit pulse, 
p{x) ^ u{x) — u{x — 1) = u{x)u{l — x), 
shifted unit pulse is p(x — r) 



the 


If r is an integer, 

“ u{x — r) — u{x — r — 1). 

In terms of pulses, Sy{x) with steps at intervals of unity can be 
expressed as 


Iy{x) = E y{r)p{x - r). 


r-0 


[ 1 ] 
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For example, if Jy(x) = Jo;, for 0 ^ x, then 

Jx = p{x — 1) + 2p(x — 2) -f • • • -f rp{x — r) -f • • • 

= i: rp{x - r). [2] 

This jump function (Fig. 9‘1) has the form of a staircase with unit risers 
at the integral points. It is the jump function that interpolates the 
points of an infinite arithmetic series of numbers. 

2. General Forms of the Linear Second-Order Difference 
Equation with Constant Coefficients 

A general form of linear second-order difference equation with con¬ 
stant coefficients [Bo 4, Mi 1, No 1] is 

OoSyi^) -b aijy(x + 1) + a 2 Sy(x + 2) = J/(x). [3] 

In this equation j 2 /(x) is the unknown function, Jy being the dependent 
variable and x the independent variable. The constant coefficients ar 
and the driving function J/(x) arc known. The equation states the 
relation holding among values of Jy (x) for values of x separated by unity 
over a range of 2 units. There is no loss of generality by this choice of 
unit length, because an equation in which the increments of x are of 
length h can be converted into an equation in which the increments are 
of unit length by making the change of variable x = hx. 

The form of the difference equation 3 is especially convenient for 
application to physical problems. However the equation can be put 
in another form which displays more clearly its analogy to the differential 
equation. 

Let thej^rs^ difference be 

AJy{x) = Sy(,x 4- 1) - Svi^)- [4] 

Successive applications of this definition give higher-order differences 
[Hu 4]. For example, the second- and third-order differences are 

A*Jy(a:) = A[AJ 2 /(a:)] = A[Jj/(x + 1) - iy{x)] 

= Jj/(x + 2) - 2^y{x + 1) + j2/(*), 

A®j 2 /(a:) = A[A®Jj/(x)] = A[Jj/(x + 2) - 2Jy(x + 1) + Iy{x)] 

= Iy{x + 3) - 3/j/(x + 2) + 3J2 /(x + 1) - 

From equation 4 



Jy(x + 1) = (1 4- A)Jj/(x). 


[ 6 ] 
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Similarly, equations 5 yield 

Jv{x + 2 ) = (1 + ^)^y{x + 1 ) = (1 + 1 

„ 1 [7] 

Jy{x + 3) = (1 + A)Jt/(x + 2) = (1 + J 

If results 6 and 7 are substituted in equation 3, it takes the form 

62A*J2/(^) + hl^Jy{x) + hoJy{x) = J/(x). [8] 


In terms of the coefficients, the hr coefficients are 

6o = ao + + ^2, 

?>i ^ ai -f 2a2, ^ 

^2 ^ ^2* j 


[9] 


The analogy between equation 8 and the second-order linear differen¬ 
tial equation with constant coefficients is readily apparent, A'' being 

, dr 

analogous to — . The basic dissimilarity between a difference equation 
dx 

and a differential equation resides in the lengths of the increments of the 
independent variable. These increments for the general difference 
equation are of length /i, whereas those for the differential equation have 
approached length zero. Thus a differential equation is obtained from 
a difference equation by dividing each term by the same power of /i as 
the order of its difference and then letting h approach zero. 

As a preliminary to the discussion that follows, it will be convenient 
to introduce a simple symbol for the £ transform of the unit pulse; 

£[p(x)] = f p{x)e-‘^dx = f e-'^dx = ^ P{s). [10] 

J Q •/0 S 

Then for the shifted unit pulse, 

e-^^dx =-^ 4 e^^P{s), [ 11 ] 

r S 


3. Theorem 21, Translation of Jump Functions 

If difference equations are to be solved by the £ transformation it is 
necessary to know the form taken by £lJy{x + 1)] and £[Aj 2 /(a;)] in 
terms of £[Ji/(a;)]. As a basis for this the following theorem is 
developed; it is a modification of Theorem 10 (Sec. 5, Chapter 8). 

If fy(x) is an &<4TansformahU jump function with the £ transform Y (s) 
then 


£lMx + 1)1 - e*[F(a) - y(Q)P{s)l 


[ 12 ] 
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in which P(s) denotes the £ transform of the unit pidse p(x) = 
u(x) — u(x — 1). 

This theorem states that the £ transform of a jump function after its 
translation to the left by unity can be found from the £ transform of the 
original function by (1) subtracting the transform of that part of the 
original function in the range 0 to 1, and (2) multiplying the remainder 
by e*. The part subtracted will be called the partial transform of the 
function. It is seen that a knowledge oi fy (x) over the range 0 ^ ^ 1 

is required. Since Sy(x) is a jump function its partial transform is 
the transform of a pulse. 

The theorem follows from the integral definition of the £ transfor¬ 
mation, 



Sy(x)e-^^dx = Y(s), 


by first dividing the range of integration as follows, 

J* Sy(x)e’^^^dx + J' Jy(x)e~'^^dx = Y(s), 


[13] 


If in the second integral of equation 13 the change of variable a; = { 4- 1 
is made, 13 becomes 


f Iy(3:)e + e * r J 2 /(J -f l)e = F(s). 

t/0 0 


[14] 


Since { is only a variable of integration it may be replaced by x and 
equation 14 can be put in the form 


Sy{^ + l)e ^^dx = e* Syipc)^ . 

But the partial transform 

r Jy(x)e'~^^dx = y(0) f = y(0)P(s), 

t/o Jo 


[15] 

[16] 


Thus equation 15 becomes 

£lSyix 4 1)] = e^lY{s) - y{0)P(s)l 


as stated in the theorem. 

By repeated applications of this theorem, 

£[Iy(x -h 2)] « - y(0)P(s) - y(l)e-^P(s)l 

SlMx + 3)] 

= - y(0)Pis) - yWe-’Pis) - y(2)e-^Pm 


y 

4 


[17] 


and the procedure is similar for jump functions translated a greater 
number of units. 
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4. Transforms of Differences 

With the aid of Theorem 21 the £ transforms of differences can now 
be written. Because of the nature of Sy{x) it can be written as a 
sequence of shifted pulses as 

J2/W = 2/(0)p(a:) + 2/(l)p(x - 1) -f l/(2)p(x - 2) + • • •. [18] 

the transform of the first difference is 
£[Aj2/(a;)] = ^Uy{x -h 1) ~ Sy{^)] 

- e^[Y{s) - y(0)P{s)] ~ Y{s) 

= (e* - l)Y(s) - 2/(0)e«P(5). [19] 

Thus the transform of the first difference of a jump function is formed 
by (1) multiplying the transform of the function by (e* — 1) and (2) 
subtracting the product of e* and the transform of the first pulse in the 
pulse sequence 18 composing the function. 

Using the result given in equation 19, the transform of the second 
difference is 

£[A"j 2 /(a;)] = (e* - l)£[AJy(x)l - AyiO}e'P(s) 

= (e* - l)[(e« - l)y(s) - 2/(0)e«P(s)] - Ay{0)e’P(s) 

= (e* - - y(0)(e* - l)e*P(s) - Ay(0)e*P(s), [20] 

in which Ay(0) = 2 /( 1 ) — 2 /( 0 ). Similarly, using the result given in 
equation 20, the transform of the third difference is 

£[A«Jy(®)] = (e* - lWly{x)] - A^yiO)e’P{s) 

= (e’ - l)*y(s) - y(0)(e> - l)VP(s) 

- Ay(,0)(,ef - l)e*P(8) 

. - A*3/(0)e*P(8), [21] 

in which A®v(0) = y{2) — 2j/(l) + 3/(0). 

6. Analogy Between Transfoems of Differences and of Deriva¬ 
tives 

A comparison of the transforms of the differences of the jump function 
y{x) and the transforms of the derivatives of the differentiable function 
Vdix) shows the close analogy that holds between them. Reading as 
“ analogous to,” 

6 * — 1 ~ 8 
i/(0)e'P(8)~ 3/8(0) 

A3/(0)e*P(8)~3/^(0) 

A*3/(0)e*P(8) ~ y'iiO). 


[22] 
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Based on the correspondence displayed in these analogies it can be 
anticipated that in the solution of difference equations the factor (e* — 1) 
will play the same role as s does in differential equations. Similarly in 
difference equations, the products of e* and transforms of differences pre¬ 
scribed in the boundary region 0 to 1 will play the same roles as initial 
values of derivatives do in differential equations. 

Since, from equations 4 and 5, the differences in the first interval are 

A 2 /( 0 ) = y{\) - 2 /( 0 ) 

A"2/(0) = 2/(2) - 22/(1) + 2/(0) I [23] 

A»2/(0) = 2/(3) - 32/(2) + 31/(1) - 2/(0), ^ 

it is seen that the boundary conditions for a Arth-order difference equation 
can be given in either of two ways: (1) as the values of Sy{x) at the 
origin and at the succeeding A; — 1 integral points or (2) as the values 
of the function and its first A: — 1 differences in the interval 0 ^ x ^ 1. 
The boundary conditions of a A:th-order difference equation should be 
compared with those of a Arth-order differential equation having for 
its boundary conditions the values at the origin of yd(x) and its first 
A: — 1 derivatives. 

6. General Procedure for Solving Difference Equations by £ 

Transformation 

The general procedure for solving a linear constant-coefficient differ¬ 
ence equation by use of the £ transformation can now be formulated. 
(1) The equation is transformed, introducing thereby the known bound¬ 
ary conditions as magnitudes of pulses. (2) The resulting equation is 
solved algebraically for the transform of the imknown function. (3) The 
inverse transformation is performed to obtain the desired solution. 

Since a difference equation can be expressed in either of two ways, 
making the subsequent equations in the solution somewhat different, 
both procedures will be illustrated. Each will be applied to a second- 
order difference equation. Extensions to the A;th-order equation will be 
evident. 

(a) Starting with the difference equation in the ordinate form 

aoIy{^) + cLiIy{x + 1) + a 2 ly{x + 2) = Jf{x), [3] 

and letting Y{s) = £[j 2 /(x)] and F{b) = £[J/(a:)], the £ transforma¬ 
tion gives 

aoY{8) -h are^[Y{8) ~ 2/(0)P(s)] 

+ - y{0)P{8) - 2 /(l)e-*P(«)] = P(s). [24] 
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Collecting terms and solving for F(s), 

,,, S F(s) + 2/(0)(ai + a^e’)e>P{s) + v{l)a^e’P{s) 

y(s) = --;;-. [25] 

0,26 -j- (l\B -}- CLq 

The £“^ transformation of equation 25 gives the indicated solution 
Sy{x) ( = )£-MFWL 

( 6 ) Starting with the equation in the difference form, 

b 2 A^Sy(x) + biAJyix) + boJy(x) = J/(a:), [8] 

the £ transformation gives 

h 2 [(€^ - l)^Y(s) - 2/(0)(e» - l)e*P(8) - Ay(0)e^P{s)] 

+ b^[(e^ - 1)7(8) - 2 /( 0 ) 6 *P(s)] + hoYis) = F{s). [26] 

Collecting terms and solving for 7(8), 

V. ^ ^ + ^2(0^ " l)yPis) + Ay(0)h2e^P(s) 

62 (e«- l)" + 6 i(e^- l) + &o * ^ 


Note that equation 27 reduces to equation 25 if the relations between 
the b’s and a’8 given in equations 9 are used, and A 2 /( 0 ) is replaced by its 
equivalent, y(l) — 2 /( 0 ), from 23. As with equation 25, the £~^ 
transformation of 27 gives the indicated solution 

fy(x) (=)£-^[r(s)], Ogx. 


Of the two procedures, that given in (a) is the easier to use, but that 
given in (b) discloses more clearly the analogy between the solution of 
difference equations and the solution of differential equations. Of 
course, with either procedure the solution obtained satisfies not only 
the given difference equation but also the prescribed boundary condi¬ 
tions. There are no arbitrary constants or undetermined periodic 
functions in the solution as with the classical method of solving difference 
equations. For a fcth-order equation procedure (a) uses as boundary 
conditions the values that the unknown function is to have at k equally 
spaced points in the range 0 ^ x g A? — 1 . Procedure (b) uses the 
values that the unknown function and its first A; — 1 differences are to 
have in the interval 0 ^ x ^ 1 . 

In effecting the solutions indicated in (a) and (b) it is seen that it will 
be necessary to find the £ transform of the driving function J/(x) and 
the transform of the response function 7(s). Just as it was con¬ 
venient with differential equations to obtain the £ transforms of a 
number of elementary but key functions (Chapter 4) and later use 
these to obtain £~^ transforms, so it will be convenient with difference 



294 LINEAR DIFFERENCE EQUATIONS {Chap. IX 

equations to build up a table of elementary-function transforms. Atten¬ 
tion is turned to this in the following sections. 

B. TRANSFORMS OF CERTAIN JUMP FUNCTIONS 

In deriving the transforms of jump functions the approach will be 
made through the first difference, 

AJyix) = Sy(x + 1) - Sy{x), [4] 

and its transform given in equation 19, 

£[AJj/(a:)] = (e* - l)£[Jv(*)] - yiO)e’P(s). 

Although Jf(x) has been indicated as the driving function in the 
preceding difference equations, e.g., in 3 and 8 , because the driving 
functions usually are jump functions, still it is possible to have driving 
functions that are not jump functions. Simplification will result if the 
transforms of such functions are expressed in the same form as that used 
for the transforms of jump functions. Consequently a preliminary 
example will show the transformation of a constant. 

Example 1. Find £[c], with c a real number. Here f{x) A c, and Ac = 
c — c = 0. Then 

£[Ac] = 0, 

(c* - l)£[c] - cc*P(s) = 0, 

therefore 

£[c] = c?^, 0<,T. [28] 

c* — 1 


7. Power Functions Jx" 

Let Sy{x) = Jx the graph of which is shown in Fig. 9*1. Then 
AJa; = J(a; + 1) — Jx = 1, and 

£[AJx] = £[1], 

(e- - miSx] - 0 = 

in which use is made of equation 28 with c = 1. Finally, 

0 < <r. [29] 




<«• - D’ 

If Jyix) ^ J®*, then AJx* = J(® + 1)® — Jx® =• J2x + 1, and 
£[AJx®] = £[J2x + 1] = 2£[Jx]+ £[1], 
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Therefore 

0<'"• f3oi 

By repetition of this process, 

= (7?^ 0 < <"’ 131] 

e^P(s) 

+ n«®* + lie' + 1), 0 < <7. [32] 


8. Factorial Functions fxf”'/nl 
The factorial 


M 

I— = I 

-* nl ■* 


x(x — l)(a; — 2) • • • (x — n -f 1) 


w! 


[33] 


has a simple transform which may be derived by induction, starting 
from the case n = 2. 



o rnu ^ - ic(a; — 1) ^ (x + l)a; ^ x(x - 1) ^ 

Fig. 9-2. Then AJ-= J-^ - J -- -- -^ = fx, ano 




Therefore 


(e'-l)f[j?^^J]-0 = 


£[J4 


L 21J e*- 1 


£[I^ 


eT(s) 

(e* - D* ’ 


0 < <r. 


134 ] 
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For n = 3, Sy{x) 4 J 


^ ^x{x - l)(a; - 2) 


3! 


, then 


x{x - l)(x - 2) ^ {x + l)a;(a: - 1) _ x(a: - l)(x - 2) 
^ J o I J O I J 


3! 


= J 


3! 

x{x — 1) 

-) 

2! 


3! 


and the £ transformation gives 

Consequently 


x{x — 1) 


] 


£rr?5^1 = -l-£rr^!^'l o<. 

3!j (e’-l)*’ 


By iteration of this process, 
r["ll 


[35] 


^ n! J e* - 1 ^ (n - l)d (e’ - ^ 


in which n is a non-negative integer. 



9. Exponential Functions Jc* 

Let Sy{x) ^ Jc®, in which c is a real number. If c = 0, JO® is 
defined here to be the unit pulse p(a?). As Heaviside said, “ there are 
zeros and zeros.^^ The form of Jc® is shown in Fig. 9-3. Then 

Ajc® = Jc®+^ ~ Jc® = (c - 1) Jc®. 

Note that with jump functions of this type the difference has the same 
form as the original function. There is an analogy here to the deriva- 
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tive of the continuous exponential function. Proceeding to the trans¬ 
formation, 

£[AJ(f] = (c - 1)£M 
(e» ~ l)£[Jc*] ~ e^P{s) = (c - l)£[J(f]. 

Combining terms, 

(e* - c)£[JcT = e^P{s), 

P<>p(s) 

Therefore £[Jc*] = - -f In c < cr. [37] 

With c = c®, the base-c exponential jump functions are covered by 
equation 37. Thus 

e^P(<i) 

[38] 

10. Factorial-Exponential Products J -;;— 

n\ 

Let Sy{x) = Jx(f; then 

AJx(f = J(x + Jx(f = (c ~ l)Jx(f -h cjc*, 

£[AJx(f] - (c - l)£[Jxc^] 4- c£[J(f], 

(e' - l)£[I®c*] - 0 = (c - l)£[Ja;c*] + c • 

e — c 

Combining terms and solving for £[Jx(f], 

e^P(s) 

£[Jxc*] = c ^ ’ In c < <r; [39] 

or collecting the c^s, 

£[Ja:c®-*] = ’ In c < <r. [40] 

The function is times the product of functions of the type 

shown in Figs. 9-1 and 9-3. 

If fy(x) 4 ja;V, then AJxV = (c - 1 ) JxV -h 2cfx<f + cj(f, 
and its £ transform is 

(e* - l)£[J-x2c*] = (c - l)£[Jx®c»] + 2c^ • 
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Combining terms and solving for £[ 

€^P(8) 




(e* -c)* ’ 

or substituting from equation 39 for the last term and 
^ r ^ e*p(s) 

[■' 2! J L 2! J ■ (e> - cf ' 

A graph of Jz{x — l)c®“"^/2! is shown in Fig. 94. 


In c < or; 
rearranging, 
In c < or. 


[41] 

[42] 



By iteration of this process, 


L - 


e*P(s) 


nl J (e* — * 

in which n is a non-negative integer. 


In c < <f, 


[43] 


11. Sinusoidal Functions Jsin fix 

The transforms of sinusoidal jump functions can be found from the 
pair of difference equations, 

AJsin fix = Jsin fi(x -f 1) — Jsin fix 

== (cosj3 — l)Jsin/3x -f sin/SJcoSjSa;, 

AJcos fix ^ Jcos fi(z H-1) ~ Jcos fix 

«= (cosjS — l)Joosj3x — sin 0 Jsin jSoj. 
Transformation of these equations gives 

(e* — cos /9)£[ Jsin fix] « sin fi £[Jco8 fix]j 

(c® — cos /J)£{Joos fix] * e*P(s) — sin j3 £[Jsin fix]. 



Sec. 11] INVERSE TRANSFORMATION OP FUNCTIONS OF e* 299 


Solving this set of equations, 


£[j8m 0x] =* 
£[Jcos 0x] = 


(sin ff)e*P(s) 

— 2(cos p)e* -f 1 * 

(e* — cos j9)e*P(s) 
?• - 2(cos i3)e* + 1 ^ 


0 < «r, 

0 < or. 


[44] 

[46] 


The function Jsin ^x is shown in Fig. 9*5. 



Note that if jS = 2 t the period is unity, and equations 44 and 45 
degenerate to 

£[Jsin 2Trx] = £[0] = 0, 

£[Joos 2^*] = £[1] = . 

r — 1 

C. INVERSE TRANSFORMATION OF FUNCTIONS OF «• 

Review of the transforms of jump functions which have been developed 
in the previous sections shows that they are all functions of e*. This is 
in fact a characteristic of the transforms of all jump functions and for 
algebraic treatment of these transforms e* rather than s may con¬ 
veniently be taken as the variable. If the inverse transforms of func¬ 
tions of this type are not directly recognizable, they usually become so 
when the functions are expanded in a sum of simpler functions. Two 
types of expansions are helpful to this end: (1) expansions in partial 
fractions with e* as the variable, and (2) expansions in series of powers 
pf e*. 
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12. Expansion in Partial Fractions with e* as the Variable 


In view of the discussion of partial-fraction expansions in Chapter 6, 
it will be sufficient here if the use of this method in the transfor¬ 
mation of functions of e* is illustrated by two examples. In the first, 
the zeros of the denominator are different; in the second, one zero is 
repeated. 


c* P(s) 

Example 1. Find the inverse transform of the function ;-—-- , 

(e* — c)(e* — d) 

in which c and d are real numbers. 

Letting p = e* and making a partial-fraction expansion, 


(p - c)(p 


-i-f-!-!-V 

\{p — d) c — d\p — c p — d/ 


Based on this, 


Then 


e^Pjs) ^ e^Pjs) / 1 _1 \ 

(e* — c) (e® — d) c — d — c — d) 

r e‘Pis) 1 ^ f e'PW _ e>P(s) l 

L(e* — c)(e* — d)J c — d Le* — c e* — dj 


( = )-%J(c*-d*), Ogx, 

c — a 


[46] 


using the pair given in equation 37. A plot of this jump function is shown in 
Fig. 9*6. Since both c and d have been chosen less than 1 it is analogous to 



the surge composed of the difference of two continuous exponentials having 
negative exponents. 

e*P(s) 

Example 2. Find the inverse transform of the function- ^ -. 

(e* - 1)2(€- - c) ' 

in which c is a real number. 

A partial-fraction expansion will be made, the form of the expansion being 
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determined by that of 


Kn K2 


(p - l)^(p - c) (p - 1)2 p - 1 p - c ’ 


in which 


Thus 


*” ■ ■ [(, - ■ (TTSi' 

£-1 r e'Pjs) ~| ^ r_1 

L(e* - l)“(e* - c)J Ll - 


e*P(s) 


_ 1 e*P(s) 

c - 1)2 (1 - c) 2 e* 1 

1 6-P(s) ■ 


(=) J 


(c - 1)* e* - c 
X 




1 — c (1 — c) 


^ +J ^ 


(C - D* 


= / 


- 1 
(C - 1)2 


- J 


using pairs given in equations 29, 28, and 37. 
is shown in Fig. 9-7. 


0 ^ X, 


[47] 


c - 1' 

A plot of this jump function 



13. Expansion in Series of Powers op c* 

The use of a series expansion of a transform as an aid to determining 
its inverse transform raises questions of the type cited in Sec. 5, Chap¬ 
ter 8. In particular, a change in the order of carrying out two limit 
processes must be justified. The method and reasoning can best be 
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made evident by carrying out the inverse transformation of a particular 

e*P(s) 

function, e.g., the function -—-—, in which c is a real number. 


Since 


(e* - c)(6« - 1) ' 


-- = 1 + e-* -b + • • • = L 

€ 1 r =»0 


[48] 


then 


e^Pjs) ^ 

(e®~c)(e*- 1) c* - Cr^o^ 

- P(s) (c-* + ce-"** + + • • • ) Z [49] 

r-O 


This may be written 

P(s)(e~^ -f- -f -f . . . 

-f 4- +••• 

4- e-3. ^ . 

+ *•*); 

in which the first line corresponds to r = 0, the second line to r = 1, 
the third line to r = 2, etc. Collecting terms by columns, the result is 

4- (1 4- c)e--2- (1 4- c 4- 4- • • *]• [50] 

The next step is to find the inverse transform of the infinite series in 
equation 50. Assuming that the order of summation and inverse trans¬ 
formation can be changed, the result of this change is 

p{x - 1) 4“ (1 4- c)p(x — 2) 4- (1 4- c 4- c^)p(x — 3) 4-. [51] 

This jump function will be designated Jy{x). The coefficient of 
p{x — r) is 

1 + C + C* + • • • + <f-* = S o' = r - 1 , 2, 3, • • •, [52] 

jmO C 1 

since this is a finite geometric series. Consequently, as in equation 2, 
Jtf(x)(=) £ ^p(®-r) = O^x. [63] 

r-1 C ^ i C — J. 

Finally it is necessary to justify the formal interchange of limit proo- 
esses made above. This will be done here by showing rigorously that 
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/."' frr - rh [/." - X’ ‘■“*1 

^ c-lle^ - c e* ~ ij (6* - c)(c* - 1) ’ 

max (0, In c) < a. [54] 

Use has been made of pairs given in equations 37 and 28. Since an 
agreement is obtained, the result in equation 53 is correct, i.e., 




e*P(8) 


lie* ~ c)ie* 


-1)]^ 


) J 


(f -1 
c — 1 


O^x. 


[55] 


A plot of J(c* — 1)/(c — 1) is shown in Fig. 9‘8. 

Although the series in equation 51 is a solution of the original prob¬ 
lem, its sum in closed form given in equation 53 is more useful. Com¬ 



ment should be made, however, on the connecting step indicated in 
equation 62* 

The summation of a finite series to obtain a typical coefficient as in 
equation 52 can occasionally be done simply; more frequently it is a 
step of considerable difficulty. The problem of summing a finite series 
is equivalent to the problem of finding another function whose first 
difference is the typicfJ summand. The analogous statement for differ¬ 
entiable functions would be: The problem of integrating a function is 
equivalent to the problem of finding another function whose first deriva* 
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live is the integrand. Thus the problem of summing the finite series 

[56] 

y»o 

given in equation 52 is equivalent to the problem of finding a function 
/ (j) whose first difference, 

+ = A/(i), [57] 

is equal to the typical summand c^. In other words, it is necessary to 
solve the difference equation 

AfU) = cL [58] 

Since the solution of difference equations is the general topic of this 
chapter, it would appear that the sum, if not readily recognized, might 
be carried out by solving the equivalent difference equation as a side 
problem. The substitution of a difference problem for a summation 
problem is entirely logical and analogous to the substitution of a deriva¬ 
tive problem for an integral problem, but this substitution is not helpful 
in a problem such as the one arising in this example because the trans¬ 
form of f(j) in equation 58 is identical with the function with which the 
example started if /(O) = 0. Here then, another method of obtaining 
the sum is necessary. Fortunately in this particular example a method 
was available which was not dependent on a partial-fraction expansion. 
The sum could be obtained by the usual procedure for summing a finite 
geometric series using its ratio and first and last terms. 

14. Effect of Multiplying or Dividing by e® or (e* — 1) 

The principles expressed in Theorem 10 should be kept in mind when 
treating the transforms of jump functions since they provide checks and 
shortcuts in transformations. 

There is a limit to the amount of translation of Jy{x) to the left 
which can be effected by multiplication of £[ Jy(x)] by a power of e*. 
After such a multiplication the degree of e* in the numerator must not 
exceed the degree of e* in the denominator. Expressed in another way, 
the function Jy{x) before translation to the left must be zero to the 
right of the origin for an interval at least equal to the amount of the 
translation. 

For example, with a a non-negative integer. 
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for a ^ 3, but 

(7"I^ + a)3] [60] 

for a = 1 only. 

Although in contrast with this there is no finite limit to the amount of 
translation of Sy(x) to the right by multiplication of £[j 2 /(x)] by a 
power of the function after translation must be zero to the right of 
the origin for an interval equal to the amount of the translation. 

F’or example, with a a non-negative integer, 

and 

- £[J(x - afu{^ - a)]. [62] 

The factor ^l(x — a) is an essential part of the translated function. 

The principles expressed in Theorems 6-a and 7-a have their analogies 
in the transform theory of jump functions. If Iy{x) Ls a jump function 
and Vdix) is a differentiable function, multiplication of £[Ji/(a:)] by 
(e* — 1) corresponds to differencing (the operation represented by 
A) provided Jy{x) is zero for the unit interval beginning with a; = 0, 
just as multiplication of iL[ 2 /d(x)] by 5 corresponds to differentiation 
provided ydix) is zero at x = 0. Thus for jump functions, 

(e’ - l)£[Jj/(aj)] = S.[^Sy{x)], if y{Q) = 0. [63] 

For this to hold, the degree of (e* — 1) in the numerator of 
(e* — l)£[Ji/(x)] must not exceed the degree of (<?* — 1) in the 
denominator. 

Division of iL[j 2 /(x)] by (e® — 1) corresponds to finite summation 

r 

(the operation represented by 2) just as division of £[ 2 /d(x)] by s 

j-O 

corresponds to integration from 0 to x. The result after summing is 
always zero for the unit interval beginning with x = 0, just as the 
result of integrating is zero at x = 0. 

D. EXAMPLES 
15. Firbt-Order Equations 

Example 1. Find the jump function which satisfies the difference equation 
Jy{x 1) - ajyix) = c, ' [64] 

with 2 /( 0 ) =* m; and p are real numbers. 
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Assume that Sy{x) is £ transformable with £[Jy(a;)] « F(s), and trans¬ 
form equation 64. 

^[Sy{x -h 1)] - aSlfyix)] » £[c]. 

Using the pairs given in equations 12 and 28, 

e*[r(8) - y(0)P(a)l - OFW = c^-^. 

P* — I 


(e* - o)F(s) = c + Me*P(s). 


Solving for y(«), 


y W = c 


e*P{s) 


e‘P{s) 


(e* — l)(e* — a) ^ e* — a 


Then 


£-[F(a)] = £-> \c . 

L (e* ~ l)(e* — a) e* — aj 


Sy(x) (=) cj ^^ + nja^, 
a — 1 


0 ^ X. 


[65] 


In carrying out the inverse transformation use has been made of pairs given 
in equations 55 and 37. 

The result given in equation 65 is a solution of 64, since 

dd* ”” 1 o* — 1 

Jy(x -f 1) - ajy(x) == cJ ---f- /«zja* - ocj --;;- iiaja* = c. 


a — 1 


a - 1 


Furthermore it satisfies the boundary condition, since 2 /( 0 ) = /*• 
Example 2. Solve the difference equation, 

Aj2/(x) * Jx*, 

with y(0) = m; p is a real constant. 

Let £[Jy(x)] ^ VMf and transform equation 66. 

£IAJ2/(X)] = £[Jx*]. 

With the aid of pairs given in equations 19 and 30, this can be written 

e*P{8) 


[ 66 ] 


Then 


(s* - l)y(«) ~ 2 /( 0 )e*P{s) 
e>P(s) 


Y{8) 




(s- -h 1 ) + /* 


(c* - 1 )» 
e*P(«) 


(e- + 1). 


e* 


e^P(s) e*P(s) „ e*P(e) 


!871 
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using pairs given in equations 35 and 28. The transformation gives 

Ji/(»)(-) J OSx. [68] 

In finding the first term of equation 68 use has been made of equation 59. 


16. Sbcond-Okder Equation 
Example 1. Solve the second-order difference equation 

Iy(x + 2) - bjy(x + 1) -f 6J^(x) - fx, [69] 

with 2/(0) = Mo and 2/(1) « Mi- 

Assume that Sy(x) is £ transformable with £[J 2 /(x)] = F(«) and trans¬ 
form equation 69, applying pairs given in equations 17, 12, and 29, 

e^-[Y{8) - yiO)P(s) - yil)e-P{8)] 

~ 5c*[r(s) - 2/(0)P(s)] + QY(8) = e‘P(8) 

(e* - 1)2 * 

Then transposing and collecting terms, 

(e»* - 5e* + 6)F(8) = + Mae'Ce* - 5)P(8) + Aue*P(s). [70] 

(e* - 1)* 

With p ^ e* the characteristic equation is 

p* - 6p + 6 - 0, 

the roots of which are 2 and 3. In terms of these roots, 


r(s) 


e*P(s) 


(e* - 2)(e* - 3)(e* - 1)* 


, e*(e* - 6)P(s) , 

+ 7-:——r. + /*i7 


e-P(«) 


(e* - 2)(e* - 3) (e* - 2)(e* - 3) 


An expansion of y(«) will be made based on the forms 


1 

(p - 2)(p - 3) 
P-5 

(p - 2)(p - 3) 




p-3’ 


The expansion is 



1 \ e‘P(a) 

«• - 1 )» 


+'-•'■'•>( 7 ^- 7 ^) 
+«<•«» ( 7 ^ 



308 


LINEAR DIFFERENCE EQUATIONS 


[Chap. IX 


The transformation of Y (s) gives, using pairs stated in equations 47 and 37, 

Iy(x) ( = ) J 0 - S{2^ -1-X)+ moJ(3 • 2* - 2 ■ 3*) 

+ MiJ(3* - 2*) 

= ^ J3-+ BJ2'+ J Jx + 5 Ogx, [71] 

2 4 

in which A = i — 2^0 + Mi and B = — 1 + 3 mo — Mi- 

17. Sawtooth-Voltage Generator 

It has been pointed out in Sec. 14, Chapter 7, that in general the 
^-transformation method loses part of its advantage over the classical 
method of solving problems when the boundary conditions are divided 
between two points. In that section it was shown how a two-point 
boundary-value problem can be solved by the introduction of literal 
boundary values. In the present section another procedure for handling 
two-point boundary-value problems will be presented. It consists in 
introducing a jump function in an auxiliary variable. This jump func¬ 
tion enters because time is divided into a succession of equal intervals 
and the boundary values at the successive points of division can be 
interpolated by a jump function. The jump function is found by solv¬ 
ing a difference equation. This auxiliary difference equation can be 
solved by the ^-transformation method presented in this chapter. 
This procedure for handling a two-point boundary-value problem neces¬ 
sitates £ transformations with respect to 
both the principle and the auxiliary independ¬ 
ent variables. A simple example follows. 

An elementary generator of a sawtooth- 
voltage drop consists of a parallel circuit of 
capacitance C and conductance G 2 which is 
connected cyclically to a parallel combina¬ 
tion of a constant-current source Iq and a 
conductance Gq. (See Fig. 9*9.) For sim¬ 
plicity the electronic control that does this is represented by the switch 
K which in each cycle is first closed for ti seconds and is then held 
open for (2 ~ h seconds. The problem is to calculate (1) the build-up 
of voltage across C, beginning with C uncharged, and (2) the approxi¬ 
mate number of cycles necessary to reach a steady state, i.e., a repeated- 
transient state. 

In the nth cycle, let vi (t) be the condenser voltage while K is closed 
and let V 2 {t) be the condenser voltage while K is open. For simplicity, 
t will be measured from the beginning of the nth cycle. 



Fig. 9-9. The cyclic clos¬ 
ing and opening of K pro¬ 
duces a sawtooth-voltage 
drop across C. 
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The differential equations are 

C -j- + GiVi = Jo, 0 ^ t ^ ti 
at 

j 

C + G 2 V 2 ~ ^1 ^ ^ ~ ^2 


[72] 


in which Oi (ro + <^ 2 - The value of Vx at h is the initial value of V 2 
because the magnitude of the condenser voltage is continuous. Since 
these are simple differential equations only their solutions will be given. 
If the equations were more complicated it would be necessary to use the 
direct and inverse transformations to obtain the form of the solutions. 
The solutions of equations 72 are 


^\{t) = j— (1 - + y{n)e 0 ^ ^ ^ <1 

V2it) = h ^ t ^ t2. 


[73] 


Here ai = (7i/C, «£= and 7(^) is the initial value of the con¬ 

denser voltage for the nth cycle. 

The final value of the condenser voltage for the nth cycle is 2^2 (^ 2 )- 
Since the magnitude of the condenser voltage is continuous, 2^2 (^ 2 ) is the 
initial value 4- 1) of the condenser voltage for the (n -h l)st cycle. 
Thus 


7(n 4 - 1) = *^ 2 &) 


= "A 

_Ca\ 


(1 — e 4- 7(21)6 “ih e «2(<a 




This simplifies to 
in which 


T(n 4- 1) — < 17 ( 21 ) = 6, 

b 4 (1 _ 

Coti 


[74] 


The function ^(n) has so far been defined only for integral values of n. 
Its definition can be extended to non-integral values of n by interpolating 
the original point function by a jump function which passes through these 
points. This jump function will be designated by J 7 (n). Equation 74 
then becomes 


J7(n 4- 1) - aj 7 (n) ^ 6. 


[75] 
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7 ( 0 ) is zero since the condenser is uncharged at the start. The solution 
of equation 75 can be taken from Example 1, Sec. 15. It is 

J 7 (n) ( = O^n. [76] 

a — 1 

Substitution of result 76 in the solutions of equations 73 gives the con¬ 
denser voltage in the nth cycle. It should be recalled that t was chosen 
zero at the start of the nth cycle. 

«-“■*) + h 

Cai a — 1 

»2(<) = (1 - e““>‘0 +*• ^-£7 

<1 g g <2 

Since n is a second independent variable, this expression gives the volt¬ 
age for cycles during the transient build-up as well as for cycles during 
the steady state. During the transient build-up the voltage waveform 
may be described as a transient sawtooth, and during the steady state 
as a steady-state sawtooth. 

Solution for the transient build-up without the use of a difference 
equation would have been a laborious step-by-step procedure. The 
introduction of a difference equation shortened the procedure and 
caused little difficulty since the ^-transformation method solves differ¬ 
ence equations by the same sequence of steps that are already familiar 
for the solution of i-d equations. 

When n is large, a” —► 0 , and equations 77 become those for the steady 
state, 

»i(0 = -^ 0 g < g 

Cai a — 1 

» 2(0 = f ;^ (1 - «““*'*)-^ 

LCai a — 1 J 

Note that now ^ 2 (^ 2 ) = The approximate number of cycles 

needed before the steady state is reached can be calculated from the 
requirement that n must be great enough to make 1 . 

18. Transform Equations of a General Ladder Network 

In the problem of the previous section a differ^ce equation arose 
because time was divided into successive equal intervals by switching. 
In the problem of the present section a system of difference equations 
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arises because the physical system consists of a chain of identical sec¬ 
tions [Ca 8, Al 1, Ma 4, Wh 1]. 

Consider a ladder-type network composed of a succession of identical 
T sections, one of which is represented diagrammatically in Fig. 9-10. 
This might be taken to represent, 
for example, a section of an artifi¬ 
cial transmission line [Ca 8, Ku 2] 
or an electric filter [Ca 7]. 

The instantaneous terminal volt¬ 
age drops and the loop currents of 
the section are indicated on the 
diagram. Note that there is a 
second independent variable — the 
ordinal number of the section terminal — which is indicated along with 
time in the function notation. Let 

ai be the i-d operator for the 2-terminal series branches indicated by 1, 
a 2 be the i-d operator for the 2-terminal shunt branch indicated by 2. 
The i-d difference equations for the T section are 
(ai -f- a2)i{t,n) — a2i{t,n -b 1) = 

— a 2 i{t^n) + (ai -j- a 2 )? 2 (^,ri -f 1) = —v{t,n -h 1). 

Assume that the energy stored in the network is zero initially. 

Since there are two independent variables there will be a need for two 
direct transformations, one £< with respect to t and the other 
with respect to n. It is immaterial which of these transformations is 
carried out first since t and n are independent variables. In the £* 
transformation the initial conditions are introduced into the equations; 
in the £« transformation the terminal conditions are introduced. 

If £f[i(^,n)] = /(5,n) and £i[t>(<,n)] = F(s,n), the £< transformation 
of equations 79 yields — since the initial conditions are all specified as 
zero — 

{zi -h - Z2l{syn -h 1) » 

—Z2^(8,n) + {z\ -h Z 2 )I( 8 fn + 1) = —V(s,n -|- 1). 

Here 

Zi is the impedance function for each of the 2-terminal series branches, 

Z 2 is the impedance function for the 2-terminal shunt branch. 

Equations 80 are now difference equations in n and algebraic equations 
in s. To make these difference equations suceptible of £ transforma- 





Fig. 9* 10. The n -f- 1 st section of a 
ladder-type network composed of 
identical T sections. 
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tion with respect to n the definition of /(s,n) and V(s,n) as functions of n 
will be extended so that n can take on all real non-negative values rather 
than just integral values. This will be done by interpolating the points 
of I (s,n) and V(s,n) by jump functions starting at n = 0. These new 
functions will be denoted by fl(s,n) and JT(s,^), respectively. Equa¬ 
tions 80 then become 

(2i + 22)n(«.n) - e 2 fl(s,n + 1) = fV(s,n), 

-02j/(s,w) 4- («! + «2)n(s,w + 1) = + 1). 

These equations will now be transformed with respect to n. 

Let £„[J/(s,n)] = d{s,w) and £„[jy(s,>i)] = °l3{s,w), the script 
capital letters now indicating a transform with respect to n. The com¬ 
plex variable w will correspond to n, just as s corresponds to t. The 
£n transformation of equations 81 gives 

(2l + Z2)^(S,W) — 228^1^ (S,W) — /(6*,0)P(U?)] = 

-22^(8,w) + (2i + Z2)e'^[3{s,w) - /(s,0)F(w)] y [82] 

= -e“[°U)(s,w) - F(s,0)P(w)]. _ 

The transform equations 82 incorporate all the information contained 
originally in the i-d difference equations and the statement of initial 
conditions; they provide for the specification of terminal conditions. 
They can be solved algebraically for and 3{s,w), which are next 

transformed with respect to Wj and then £~^ transformed with 
respect to s. This does more than simply '' imwind what has previ¬ 
ously been done — it yields the solution to the boundary-value problem 
specified. 

Collecting terms in equations 82, 

(Zl -f 22 — Z2e'")3(s,w) — 1^(8,w) = —I{sfi)Z 2 e^P{w), 

[(2i + Z2)e^ — Z2]3{s,w) -f- = /(s,0)(2i -f Z2)e'^P(w) ' [83] 

+ V{sfi)e^P(w). 
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With p = the characteristic equation is 
p2 - 2Xp H- 1 = 0. 

Its roots are Pi X + — 1 and p 2 = X — Vx^ — 1 = 1/pi. The 

fractions in equations 84 can be expanded in partial fractions having 
the form 



p — X 

1 ( 

'pi -X 

P2-X\ 1| 

f 1 

(p 

- Pl)(p - 

P 2 ) Pi ~ P 2 ' 

vP - Pi 

P P 2 / 2 

\P - Pi 


1 

_ 1 / 

( 1 

1 ^ 


Tp 

- Pl)(p - 

P 2 ) Pi — P 2 ' 

<p — Pi 

P — P2/ 



- ^ ^ _L.Y 

2\/x^ - 1 \P — PI P - P2/ 
Based on these expansions, equations 84 become 


_F(s,0)/ 1 

2 V“ - PI e” 

_ /(s,0)g2V'x^ - 1 

2 

«(.,») - —(jr—- ■ 


e“P(tp) 


vm 


-!-) 

V — Pi e — P2/ 

e - P2/ 

l\e - Pi - P 2 / 


2^2^ X^ 

Since, by the pair given in equation 37, 

the transformation of equations 85 yields for 0 ^ n, 
J7(8.n) (=) 7(8,0) J - ZI(8,0)1 , 

//(s,n) (=) /(s,0)J - 77(8,0)1 


[85] 


[86] 


in which Z = Z 2 ^'K^ — 3 « V (21 + Z 2 )^ — 2 ! Y — Z is the 
iteratwe impedance funmon and Y is the iterative admittance Junction. 
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Recalling that p « e"’, pi would be written and since p 2 = 1/pi it 
is seen that P 2 would be e~^K If these values were substituted in 
equations 86 the combinations of pi and P 2 would be hyperbolic cosine 
and sine of nwi. Replacing Wi by the more conventional symbol p it 
will be observed that cosh /3 = X and sinh 0 = Vx^— 1. 

Upon substitution of hyperbolic functions in equations 86 and con¬ 
sidering only integral values of n, the jump notation may be dropped and 
these equations become 

F(s,n) = F(s,0) cosh n/3 — ZI{sfi) sinh n/3, [87] 

1 (s,n) = 1 (s,0) cosh n/3 — YV(s,0) sinh np, [88] 

Equations 87 and 88 are the general transform equations for the 
ladder-type network of T sections in which the initial distribution of 
current and voltage is zero. If desired, these equations may be taken as 
the starting point for the solution of any particular terminal-condition 
problem on a network of the ladder type with T sections having zero 
initial energy storage. It may be added in passing that if the initial 
energy storage had not been zero, its only effect would have been to add 
two terms each to equations 87 and 88 and to add complication to their 
subsequent solution. 

Finally the £ 7 ^ transformation of equations 87 and 88 gives for 0 g 
K«,n) ( = )£.MF(s,n)], 1 

t(<,n) ( = )£r‘[/(s,n)]. J 

This is an indicated solution of the system of two i-d difference equations 
79, assuming zero initial conditions. Until Zi, Z 2 , and two terminal 
conditions are specified the solution cannot be evaluated explicitly. 

19. Transform Equations for Short-Circuited Ladder Network 

As a simple example to show how the terminal conditions are inserted 
in the general transform equations of the ladder network, assume that 
the network is short-circuited at the ATth termination. 

For this boundary condition v{tjN) — 0, consequently F(5,N) *= 0, 
and equation 87 becomes 

0 = F(8,0) cosh Nfi — ZI{sfi) sinh Np, 


from which 


Hsfi) 


V (s,0) cosh NP 
Z sinh Nfi ' 


[90] 
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Substitution from equation 90 in equations 87 and 88 gives 

cosh N0 * sinh np 
sinh Np 


V{s,n) 


7(s,n) 


V (s,0) cosh np — V (s,0) 

sinhAT^ 

F(s,0) cosh Np • cosh n/3 
Z sinh NP 


[911 


— YV (s,0) sinh np 


Equations 91 and 92 are now in form for £ 7 ^ transformation. Rather 
than carry this further they will be used to show how the current and 
voltage are established in a long ladder network when the network is 
subjected suddenly to a constant voltage at terminal n = 0, fche initial 
currents and voltages of the network being zero. For this it will be 
desirable to work with a semi-infinite ” line, i.e., one extending from 
the origin to infinity in one direction. Such a line is a mathematical 
abstraction but it is useful because it eliminates the complication of 
reflections from the far end. 


20. Response of Semi-Infinite Ladder Network to Unit Step 
Voltage 


Writing equation 91 in exponential form and letting , 

g(N-n)i8 _ 

F(fi,n) = lim 7(5,0)-- 

iV—>00 ® ® 

= lim F(s,0)—--— 

= F(s,0)e-’^, if 0 < £ll[/3]. [93] 

Similarly from equation 92, 

/(s,n) = FF(s,0)e-"^. [94] 


Equations 93 and 94 are the transform equations for voltage and current, 
respectively, in a semi-infinite ladder network. The results would have 
been the same if an open-circuited line had been used. 

Since, from equations 93 and 94, 


F(«,n + 1) 
V(s,n) 


s= e 


and 


I{s,n -h 1) 
/(s,n) 


e"^ 


I 



316 


LINEAR DIFFERENCE EQUATIONS 


[Chap. IX 


it can be seen that the new variable j8 that was introduced in equations 87 
and 88 is the function of s that governs the progress of the disturbance 

along the network, p is called the 


r 




propagation function. 

It is necessary now, if the analysis 


i{f,n)) “]c (/(tn+i) is to be carried further, to specify 

J_ I 0 _L the structure of the network and 

the form of the applied voltage or 
Fig. 9*11. The n + 1 si section of an current at terminal n = 0. 
artificial transmission line, neglecting 

losses. Example 1 . Assume that each T sec¬ 

tion of an artificial transmission line, 
neglecting losses, is composed as shown in Fig. 9-11 and that a unit step volt¬ 
age is applied at terminal n — 0. 

Here v(t,0) — u{t), zi — Ls/2, — l/C.s; 


X A + ^2 
22 




Pi 4 X + Vx^ - 1 = 1 + sVTTV'] = ~ (Vs2 + y +8)2; 


5= 


P2 


p” (X + Vx’* - 1)” + y + 8)2" ■ 


Then F(s,0) = 1/s, and from equations 93 and 94, 


V(8,n) = 


I{s,n) = 


yin 

5(V^s® -f -F 

_v;*_ 

LsVs2 -|> yi (Vs2 _|» yi -P g)2n 


[95] 

[96] 


The transformation of equations 95 and 96 presents a problem which 
has not heretofore been discussed — the inverse transformation of irrational 
functions. Although each section of the network is composed only of lumped 
constants, the ladderlike connection of an infinite number of these sections 
gives rise to an infinite system of similar i-4 equations which are summarized 
by two i-d difference equations 79. These in turn give rise to current and 
voltage transforms that are irrational functions. The Sr^ transforms of these 
particular irrational functions involve Bessel functions and will be derived in 
the following section. The results found there will be used here to complete 
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the present example. Thus the instantaneous voltage and current at any 
section are 


v{tjn) 


:,n) (=) 1^- 


,s(Vs2 _|- 


{^)2n O^t, n^O, 

Jo t 

Ht,n} ( = )£-'[- -1 

LLs\'S^ + (V&*2 -f 


Vs2 y2 (V&*2 -f s)2 

= tJUyt)di, o^t. 

LJo 


197] 


[98] 


For a discussion of transients in ladder-type networks the reader is 
referred to [Ca 6 , 7, 8, Al 1 , Ba 1 , Bo 7]. 


21. Transforms of Integral-Order Bessel Functions 


The irrational functions for £[i>(<,n)] and £[i(^,n)] of a semi-infinite 
ladder network which were derived in the previous section are too com¬ 
plicated to investigate directly. It will be necessary first to find 
the transform of a simple irrational function of s. The result will 
be used to form a key pair from which other more complicated pairs, 
including those of immediate concern, will be derived. 

The transform of the simple irrational function (s^ -f 
a real, will be found by first expanding the function in a series of descend¬ 
ing powers of s, using the binomial expansion. 





= £-1 
= £-1 


= £-1 


[K-r] 

r 1 / Sa^ 3.5a® 

Is V "" 2W “ 2^3!s® 

ri 3a^ 3.5a® 

Is 2®3!s^*^ 



Now assuming that the order of summation and transformation can 
be changed, there is obtained the series 


£*~^ 



a¥ 3a^f^ 3.5a®<® 

2 . 2 ! “^ 22214 ! 23316 ! 


(atY . (atr (cdY ■ 

22 "h 2^4^ 2^4^6^ -r • • •. 


[100] 
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This can be identified as the series for the Bessel function [Gr 1, Me 1, 
Wa 8] of the first kind and zero order, which is denoted by Jo(at). 
That Jo(at) is the inverse transform of (s^ + can be verified by 
showing that the direct transform of Joiat) is The de¬ 

sired relation, 

Jo{od)e-‘“dt = -- , 0 < a, [101] 

is known [Wa 8]. 

The series expansion is an effective method of finding the trans¬ 
form of an s-function when other simpler methods fail. If the resulting 
series in i can be identified as one whose properties are known and whose 
values have been tabulated or charted, the series expansion method is 
especially useful. In case the series cannot be identified but can be 
demonstrated to possess useful convergent or asymptotic properties, it 
can be used for numerical computation, although this is often a tedious 
procedure. Fortunately, series treatments are usually not needed for 
finite lumped-constant systems. Expansion in a series might be neces¬ 
sary to effect the transformation of the driving function. It also might 
be necessary in carrying out the inverse transformation that provides the 
forced solution. 

Having obtained the key pair, 

£[Jo(aO} = .„ , [102] 

V6*2 -f 



additional pairs can be develoi:>ed by application to it of (1) the theorems 
for £-transformable functions and (2) the recursion formulas which 
relate the simple zero-order to higher-order Bessel functions. 

Applying Theorem 6 (real differentiation) to equation 102 and using 
the formula giving the derivative of a zero-order Bessel function, and 
using Jo(0) = 1, 

£ [I /o(ao] = s£[/o(«0] - .^o(O), 


£[-aJi(aO] = - 1 = 

Vs* 


8 - Vs* 4- tt* 


Rationalizing the numerator, this yields the transform of the first-order 
Bessel function Ji (at), 


_ a 

Vs* + a*(V8* + a* + s) ' 


£[^i(«0] 


0 < [103] 
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With n a non-negative integer, the ?ith-order Bessel function Jn(cd) 
satisfies the difference-differential equation, 

- J^iiat) = -2^^^ , 

the conventional subscript notation being used here in place of the 
function notation, i.e., Jn(oit) s J(cd,n). Although this difference- 
differential equation can be solved for £<[Jn(aO] by the transformation 
method presented above, it is simpler here to use the equation as a 
recursion formula. This equation, after the order is stepped down by 
unity, is 

J„(a<) = - 2 ^ . [104] 

a (at) 


The £ transformation of equation 104, with n = 2, gives 

£[J2(a0] = £[Jo(aO] - ^ • 

Applying the real differentiation theorem to the last term and using the 
fact that Ji (0) = 0, 


£[J2(cct)] = 


1 


2s 


Vs^ + a® “ 
1 


- -£[Ji(aO] +0 

2s 


Vs* + a* Vs* + a* (Vs* + a* + s) 

__ ^ _ 

Vs* + a*(VS* + a* + «)* ’ 

By an iteration of this process, there is obtained 

£f 1 r m 0 < 

Vs* + a*(V8* + O'* + s)” n = 0,1,2,3, • • • 


[106] 


[106] 


To obtain the pair that was used in equation 98 for the build-up of 
current in a ladder network, apply Theorem 7~a (division by s) to 
equation 106. 


£ 




fiVs* + a®(Vs* + a* + «)* * 

0 < (T, 


n = 0, 1, 2, 3, 


[107] 
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A second difference equation for Bess^ functions of integral order is 

^ (“0 + -^n+l (a<)]. [108] 

As with equation 104, this will be used as a recursion formula. The 
£ transformation of equation 108, with n = 1, gives 

£ + £[J2(aO]) 

q; r 1 o? 


OL 

Vs^ + + s ’ 


0 < O'. 


[109] 


By an iteration of this process there is derived 
£ r ^^n(Q^0 ~| _ __ 0 < O', 

L ^ J (Vs^ + o? 4" n = 1, 2, 3, • • •. 


[ 110 ] 


The pair that was applied in equation 97 for the build-up of voltage 
in a ladder network is obtained from equation 110 by application of 
Theorem 7-a (division by s). 


si f dt = 
- *'0 ^ 


s{Vs^ + a* + s)" ’ 


0 < cr, 

n — 1, 2,3, • • •. 


[Ill] 


Although several other transform pairs for Bessel functions might be 
obtained by proceeding in this way, their development will be deferred 
until they are needed in Volume 2. 


22. Transient Voltages in Ladder-Network Representation of 
A Transformer Winding 

As a final example of the use of difference equations, the transient 
voltage distribution in a ladder-network representation of a transformer 
winding will be developed. The example is chosen to illustrate several 
troublesome points that may arise in using a partial-fraction expansion 
as an aid to inverse transformation. 

The winding of a transformer or of a machine is actually a distributed- 
constant system, but if an approximate analysis of the winding's behavior 
when subjected suddenly to changes of terminal voltage is to be made it 
is convenient to use in place of the distributed-constant system an 
approximate equivalent network having lumped constants and a finite 
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number of loops. When the number of loops taken is large, however, 
analysis by ordinary procedure becomes too cumbersome to carry out. 
Even with the method shown in Sec. 9, Chapter 6 , for obtaining the 
roots of the characteristic equation from the system determinant, the 
labor is still great and practically prohibitive wlien the number of loops 
is ten or more. This problem yields easily, however, if attacked by use 
of difference equations. With its aid the magnitude of each space 
harmonic, and such functions as the space distribution at any instant, 
and the time variation at any point of the voltage to ground can be 
computed readily. 



Fig. 912. Ladder-network representation of a transformer winding. 

In Fig. 9-12, L represents the inductance of a coil, Ci represents the 
capacitance between adjacent coils, and C 2 represents the capacitance 
of a coil to ground. All coils are assumed to be alike. 

Since the ladder network of Sec. 18 was analyzed on the loop basis, 
this network will be analyzed on the node basis. The dependent vari¬ 
ables will be the node voltages, a typical one of which is v{t^n). 

Let iLi[?;(^,n)] == F(s,n), n = 0 , 1 , 2, • • •, N. The self-admittance 
function for node n is 1/0 = [(2Ci 4- € 2 )^ -f 2/Ls]\ the mutual-admit¬ 
tance function for two adjacent nodes is z/i = (CiS + 1 /Ls). 

The transform equation for the {n + l)st node is 

-yiV{s,7i H- 2) -j- yQV{s,n -f 1) - 2 /i 7 (s,w) = 0. [112] 

This simplifies to 

V{s^n 4 - 2) — 2XF(s,w 4- 1) 4- F(s,w) = 0, [113] 

in which 

^ A ^ 

2yi 

with 7 ^ = 2/L(2Ci 4- C 2 ) and = 1/LCi. This is a second-order 
difference equation and is the result of the 2t transformation of the i-d 
difference equation for a typical node, the initial conditions all being zero. 

To make the difference equation 113 susceptible of £ transformation 
with respect to n the definition of F(fi,n) as a function of n will be 
extended so that n can take on all real non-negative values rather than 
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just integral values. This will be done by interpolating the points of 
V (s,n) by a jump function starting at n = 0. This new function will 
be denoted by JF(s,w). Equation 113 then becomes 


jF(s,n + 2) — 2\SV(s,n *f 1) + jF(s,n) = 0. [114] 


This equation will now be transformed with respect to n. 

Let £n[jF(s,n)] = l!}(s,w); then the £n transformation of equation 
114 gives 

e^^[V(s,w) - y(s,0)P(t^) - F(s,l)e““’P(w;)] 

-2Xc“'[T)(s,m?) - F(s,0)P(u?)] + T)(5 ,w)) = 0. [115] 


Solving for T)(s,i<j), 


1^(8,w) = 


Ffal) -f V(s,0)(e^ - 2X) 

^2w _ 2Xe^ 4- 1 


e^P(w). 


[116] 


Letting p = e^, the characteristic equation is 
p2 - 2Xp + 1 == 0. 


Its roots are pi = = X + Vx^ — 1 and p 2 - X — Vx^ — 1 = 

Replacing wi by t he mor e conventional symbol /8 it will be observed that 
X = cosh ^ and Vx^ — 1 = sinh 

The form for the partial-fraction expansion of equation 116 depends 
upon 


_iM 

(p - pi)(p - Pa) 2v'x* - 1 \P - Pi 



p - 2\ 

(p — Pi)(p — Pa) 


1 / Pa 

- 1 \p — Pi 



Thus equation 116 can be written 

Since, for p* a constant, 

the transfonnation of equation 117 yields 

^ T'M) ,p?-ps w) .pr*-pr‘ 


[117] 


Ogn. [118] 
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Recalling that px — eP and p 2 = e“^, in which /9 has replaced wi, the 
combinations of pi and P 2 in equation 118 can be written as sinh and 
sinh (n — l)jS. Upon substitution of these expressions in equation 118 
and considering only integral values of n, the jump notation may be 
dropped, and the equation becomes 


F(s,n) = 


F(g,l) sinh ng — FfeO) sinh (n ~ l)/3 
sinh /S 


[119] 


To represent a winding grounded at one end, let the network be 
grounded at the A^th node. Then v{t,N) = 0, making F(s,JV) = 0. 
Using this boundary condition in equation 119, 


0 = F(5,1) sinh 


F(s,l) = F(.,0) 


V (s,0) sinh {N — l)i8, 
sinh {N — l)/3 


sinh 

Substituting from equation 120 in 119, 

sinh (N — l)i3 • sinh n/3 — sinh • sinh (n — l)fi 


[ 120 ] 


7(s,n) = y(s,0) 


sinh jS • sinh 


= F(8,0) 


sinh (N — n)P 
sinh 


[ 121 ] 


If the voltage applied to node 0 is a unit step function, v(tf0) = u(t) 
and F(5,0) = 1/s. Then equation 121 becomes 

sinh (N — n)/3 ^ A^s) 


F(s,n) = 


s sinh Np 


sBiis) 


[ 122 ] 


Preparatory to finding the inverse transform of V (s,n) this function 
will be expanded in partial fractions. The characteristic equation, 

sinh N/3 = 0, 

is satisfied by /3k == ±:jkir/N, A; = 0, 1, 2, • • •. The values of s corre¬ 
sponding to these values of jS* can be found from the equation for jS, 

X — cosh jS = 0 

(T® 4- 7^ U n 

•”2 * -2 “17” “ ^ 

7* s* 4- 0- N 




0 . 


[123] 
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The values of 8 are 


ShifSkt = ±j(T 


cos 


kir 

'n 


krr 

“5 — COS 


N 


= dbjoJkf 


[124] 


with = 0, 1, 2, • • A^. Several points need comment: (1) The d: 

signs in the argument for the cosine were dropped because the cosine is 
an even function. (2) The upper limit for k is N because no new roots, 
beyond those already found, result from k^8 greater than AT. (3) Since 
So = 0 is also a zero of A{s) in equation 122, the fraction A{s)/8Bi(s) 
has only a first-order pole at the origin. 

The partial-fraction expansion of equation 122 can be written 


7(5,n) = 


A(0) 

BiiO) 

A(0) 

BiiO) 


^ Kir ^ Kir 

4- r—^ + z—^ 


N 


+ z 


{Kk + kk)s A- j(^k(Kk — Kk) 
4- 0)1 


[125] 


in which 0 ^ n ^ N, and 

A(0) A/' — n_ n 

BiiO) “ N ^ 

A r (^ ~ j^t)A (s) i 
* L sBi(s) 

__ “ sinh (N — n)/g “ 
Ns cosh Nfi 



Since B = cosh ^ X and X = 

T 


4- y\ 

5^ 


^ ^ d\ 
ds d\ ds 

1 {s^ 4 - <t^)28 - 28 {s^ + y^y 

Vx^ - 1 7^ (s^ 4- 


28 


- X 


2$ 


cosh fi 


— 1 8^ -h 6^ 4“ sinh P 
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K s has the value st, then |8 has the value Consequently 


r 

L * -<4+0^ 


4-<4 


2 ( 1 — cos ■ 


A ^ _ 
f) 7" 


In addition 

[ sinh (N — n)/3"^ 
cosh 


sinh NPk • cosh nPk — cosh N^k * sinh n/S^ 
cosh N^k 

. - im/cTT . . inA^TT 
-smh^^= -jam—. 


Then a typical coefficient is 


’ • dzA^A/ • • zknkTr\ 

/ /cx\/(7^ A:x\ 

2Ar(l-cos-)(^-,-cos-) 

( (r^\ . JcT . nA;x 


21V(^1 - cos-)(:p - cos-j 


The db signs are dropped because the sine is an odd function, and the 
product of two odd functions is an even function. 

Since Kkis & real number, Kk = Kk and equation 125 reduces to 


I, 


+«* 
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Finally, the ^ transformation of equation 126 gives for 0 ^ < 
and 0 ^ n ^ iV, 


in which 


»(<,«) (= 




2Kk cos 


2X* ^ 



. kir . nkT 



[1271 


No question about changing the order of inverse transformation and 
summation arises because the number of terms in the sum is finite. 
The characteristic angular frequencies as found in equation 124 are 


A 

wj = a 


kic 
cos — 


-2 - cos ~ 


fc = 0, 1, 2, ‘ N, 


In equations 125 to 127 the term for A; = 0 is the constant term 1 — n/N. 

Equation 127 gives the voltage to ground at any node along the 
ladder-network representation (Fig. 942) of a winding having one end 
grounded and the other subjected to a unit step voltage, the winding 
being initially without currents or charges. Although the solution is 
good for any finite number of nodes N, its advantage over other lumped- 
constant solutions for this ladder-type network is greatest if N is large. 


PROBLEMS 

94. If a personal loan of $300 is repaid by making 20 monthly payments of 
$19.65, what is the uniform rate of interest paid on the unpaid principal? Answer 
this by first solving the difference equation for the problem. 

9*2. On the first of each month (30 days) a payment of c dollars is made into an 
annuity fund whose interest is compounded daily at a decimal rate r. Express this 
in a difference equation. From the solution of this equation find the principal in the 
fund at the end of 6 months if on January 1 the principal including the January 1 
payment is m dollars. 

9*3. (a) A mortgage is retired by making uniform monthly payments consisting 
of interest and payments on the unpaid principal. If the original iNdncipal is Mi 
the monthly decimal interest rate is r, and the payment made the first of each mcmth 
is e, find the amoirnt of the unpaid principal after the first of any month. 

(jb) If it is a 20-year mortgage and the interest rate is 6 percent, what must be the 
uniform monthly pa3nxient per thousand of original principal? 
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9*4. Over a period of 20 years a certain manufacturing company receives from sales 
an income per year that varies in accordance with the function A (c® — d®) in which 
A is a constant, c and d are constants less than 1, and x is the number of the year. 
If on each January 1 it adds to its surplus fund the fraction q of its income from sales 
the previous year, and the surplus fund draws interest at the decimal rate r, how 
much is there in the surplus fund at the end of 20 years? The initial amount in the 
fund is M. 


9-5. A manufacturing company plans to place on the market a new device with a 
3-month guarantee of satisfactory service. When a defective unit is returned a 
replacement unit is to be shipped promptly, all replacement units to be guaranteed 
likewise for 3 months. The company estimate that of the total number of units 
shipped in any month 6 percent will be returned for replacement during the succeed¬ 
ing month, 3 percent during the second succeeding month, and 1 percent during the 
third succeeding month. If it maintains a selling schedule of a units per month, 
what will be the ratio of units sold to total units shipped during any month? 

9-6. If, in Prob. 9-5, the selling schedule should grow in accordance with the 
relation o(l — 0.9*) units per month, in which o is a constant and x is the number of 
months from the time the device is first introduced, how must the production per 
month be built up to supply the shipments? 


9-7. Show that; 

(а) £(J c* sin /3a?] 

(б) £( Jc® cos/8a?] 


_ (c sin fi)e^P{s) _ 

(c® — c cos /S)^ + (c sin /8)® * 
(e* — c cos /8)e®P(s) 

(e* — c cos /8)^ -h (c sin /8)* ’ 


9*8. Solve the following difference equations: 

(o) Sy(x -b 1) - 2 j 2 ^(a?) = Sjain^a? 

o 

with y{0) = 3. 

(6) Ajy{x) = 10ja?(0.8)* 
with y(0) ~2. 

(c) Iy{x + 2) - 3jy(a? A 1) -f 2jy(a?) =* IOJO.6* 
with y(0) « — 4andy(l) = —2. 



9*9. In the figure is shown a positive-grid oscillator for producing (ineflioiently) 
oscillations of 1000 megacycles per second. At this high frequency the transit time 
of the electrons in the interelectrode space is a controlling factor. The external 
circuit which is tuned to resonate with the electron oscillations is a parallel-wire 
transmission line. 
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Consider a group of electrons emitted by the cathode during a brief interval. 
This group is accelerated toward the grid because of the positive grid potential. 
Some of the electrons hit the grid and are lost. The remainder, because of their 
momentum, pass through the grid and proceed toward the plate but are slowed 
down by the retarding field. Of these, a few strike the plate and are lost; the 
remainder come to rest, reverse their direction, and are accelerated back toward the 
positive grid. Some again are lost by liitting the grid. Those that pass through 
are slowed down as they approach the cathode. This cycle may be repeated many 
times before all the electrons in the group are lost to the grid or the plate. 

While this has been taking place other groups have been supplied by the cathode. 
The resonant circuit permits a circulation of induced currents, and the voltage drop 
between grid and plate serves to synchronize the oscillations of the electrons. Those 
electrons emitted in unfavorable phase relation with respect to this synchronizing 
voltage do not contribute to the oscillations. As a result the useful electrons supplied 
by the cathode can be assumed to come off in pulses, a electrons in each pulse, and 
one pulse each cycle. 

In the build-up of the oscillations how does the number of electrons in the space 
between grid and plate vary from cycle to cycle? It may be assumed that in each 
passage of a group of electrons through the grid 50 percent are captured by the grid. 
The number lost to the plate may be neglected. The number present in the grid- 
plate space before the oscillations are synchronized is 1 ). 

9- 10 . In the network shown in the diagram, K 
is a switch which is closed for <i seconds and then 
opened for (2 — h seconds, this sequence being re¬ 
peated cyclically. When K closes in the Tith 
cycle, 7(7?) is the initial voltage across C and p(n) 
is the initial current in L. (o) Show that these 
initial values are related by a set of first-order 
difference equations of the form 

Jy(n -h 1) -f aijyin) + 5ijp(n) = Ci 
Jp{n 4- 1) + 02 j"p(^) + ^2jyin) = C 2 

in which the o’s, b’s, and c’s are constants which may be determined from the solution 
of the differential equations for the nth cycle. Assume that the circuit is oscillatory 
with the switch open or closed. ( 6 ) Solve for 7 (n) and 
p(n)f assuming that 7 ( 0 ) and p( 0 ) are zero. 

9*11. In recording high surge voltages with a cathode- 
ray oscillograph a resistance potential divider is frequently 
used. It consists of a high resistance connected at one end 
to the high-potential source and at the other end to a short 
cable terminated at its far end in a resistance to ground. 

The oscillograph is connected across the latter resistance. 

When properly adjusted for no reflections, the cable and its 
termination may be represented by a resistance B 2 to 
ground at the low-potential end of the divider. The 
potential across Rt ia recorded by the oscillograph, but 
with a rime delay caused by the cable. 

When there are rapid changes in the applied surge 
voltage the voltage differences along the divider do not 
divide strictly proportional to the resistamces because of 



K L R, 



Fig. 9 P10 
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distributed capacitance along the resistor elements and between these elements and 
ground. Using lumped constants, an equivalent RC network may be made of 
N sections of the form shown in the figure. 

If a step voltage of magnitude V is applied to the potential divider, find the 
voltage that appears across i? 2 * Consider only the first 5 microseconds. An approxi¬ 
mate result may be obtained by neglecting Rz in the calculation of the current to 
ground at the low-potential end and then multiplying this current by R^^ A result 
more nearly correct but more difficult to obtain can be found by including Rz in the 
calculation of this current. The constants are 

RI2 ^ 10^ ohms, Rz = 40 ohms. 

Cl = 40 X 10 “® microfarad, N = 10. 

C 2 = 10 X 10~® microfarad, 





9 *12. In comparing test and calculated results in high-voltage surge testing it is 
necessary to examine the effect on calculated results of the choice of equivalent net¬ 
work for the voltage divider. In the figure are shown three different equivalent 
networks hr a certain resistance divider. Calculate the node voltage in one 
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or more of these networks when the input is a step voltage of magnitude V, Con¬ 
sider only the first half microsecond. The constants are 

R = 10^ ohms, L = 4 X 10~® millihenry, 

C — S X 10“® microfarad, N = 10. 

Cl = 30 X 10~® microfarad. 


9-13. The characteristic equation of a system can be formed by equating to zero 
the determinant of the transform equations of this system. Consider a system 
composed of uniform sections so that its iVth-order determinant has the form 


20 

2l 

0 

... 0 

0 


2() 

Zl 

... 0 

0 

0 

Zl 

Zo 

... 0 

0 

0 

0 

0 

‘ • Zo 

Zl 

0 

0 

0 

• • • Zl 

Zo 


^ Dis,N), 


in which zo = zo(s) is the self-function for each of the uniform sections in the system 
and zi = 2 i(s) is the mutual function common to two adjacent uniform sections. By 
expanding this determinant in terms of its first minors it is seen that 

D{s,n -f- 2) == zoD{8,n -f 1) — Zil>(g,n), 


with D(8,0) = 1 and D(s,l) = zq. 

(a) Solve this difference equation for D(s,n) and show that the characteristic 
equation of the system is satisfied if 


£o 


= 2 cos 


kTT 

N + l ’ 


fc = 1, 2, • • AT. 


From this set of equations the characteristic values can be found. 



^ M M M MM 

' o o—J l«-a—• 


ih) 

Fig, 9 P13 


(6) By this method find the characteristic values of the systems shown in parts 
a and b of the figure. The system shown in part b represents a massless elastic 
string bearing N equally spaced equal masses which can vibrate laterally in a hori¬ 
zontal plane. For small displacements the tension T may be considered constant. 
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9-14. The dynamical system shown in the figure represents a 6-cylinder Diesel 
engine driving a flywheel and generator. The rotors are the equivalents of the rotat¬ 
ing and reciprocating masses of the system, and the flywheel and generator have been 
combined. 



(a) If an external sinusoidal torque r of angular frequency wi acts on rotor 1, find 
the ratio of the torque in the shaft connecting rotors 4 and 5 to the amplitude of r. 

(h) What is the characteristic equation of the system? 

(c) Wliat are the characteristic values? 

The constants in a single system of units are 

/ = 5 X 10* K = l(f «i = 70. 

J2 = 10 *^ K2=5X 10 ^ 

As an aid in the solution of this problem draw the mechanical network diagram 
for the system and from this form the analogous electric network with i Divide 

this network into three parts: (1) a ladder-type network composed of identical 
T sections, (2) a voltage source and series termination at end 1, and (3) a shunt 
termination at end 2. 
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SUMMARY OF THEOREMS AND TRANSFORM PAIRS 

A. BASIC ^-TRANSFORMATION THEOREMS 

Definition. A reaV- function f(t) which is defined and single valued 
almost everywhere for 0 ^ t, with t a real variahle^ and is such that the 
improper Lehesgue integral 

= lim r\f(t)\e~’*dt < « [1] 

*/0 T —>00 «/e 

«—>0 

for some real number a, will he called £ transformable. 

With any specified f(t)j the (greatest) lower bound of all the real 
numbers <r which satisfy condition 1 is called the abscissa of absolute 
convergence corresponding to that f{t). It is denoted by Ca. 

Theorem 1, £ Transformation. If f(t) is £ transformable^ then the 
Laplace integral {improper Lebesgue integral) 

r me^^^dt ^ Imi r f{t)e-^^dt [ 2 ] 

«/0 T —>Q0*/e 

«—>0 

with B a complex variable cr 4- jw, converges absolutely for < <r to a 
function F(s) which is analytic in the half-plane Cg, < c. 

This functional transformation is written in abbreviated notation as 

£1/(0] - F(S), (Ta < <T. 

Definition. The inverse Laplace transformation £ ^ is defined 
implicitly by the relation 

£-M£[/(0]} (=)/«, og<. [3] 

This can be written: If F(s) = £[/(0]> then for 0 ^ /(O (~) 

The £ ^ operation can be given an explicit representation in terms of 
known mathematical operations, as is shown by the following theorem. 

Theorem 2, £“^ Transformation. If F(s) is the £ tran^orm of a 
function f(t), then 

— / (=)/(<), 0g<, [4] 

ATJ t/g _ yoo 

in which < c. 

' Complex functions of a real variable can be treated by reserving them into real 
and imaginary parts which are real. 
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Theorem 3, Unicity of £ Transform. If f(t) is £ transformable 
and £[f(t)] == F(s), (Tft < o-, then its £ transform F(s) is unique. 

Theorem 4, Lebesgue Unicity of £“^ Transform. If f(t) is an 
£"”^ transform of F(s), then f(t) is Lebesgue unique, i.e., all other £~^ 
transforms o/ F(8) are equal to f (t) almost everywhere for 0 ^ t. 

In symbols this can be written: £”"^[F(s)] (=) f{t), 0 
Theorems 5 to 21 expressed as operation-transform pairs are given in 
the first part of the table that follows. 
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eal I /(< - a) if /(« - a) = 0, 0 < < < a e^^F{8) 

transUr J{t + a) if /(i + a) = 0, ~o < < < 0 e"F(s) 
tion a is a non-negative real number. 
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Initial value 










. OPERATION-TRANSFORM ^AIKS — conUnued 



if Fi(«) is rational algebraic fraction having multiple-order poles. 
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(tTt 2 and X we real nuooben. 
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1^1 ooeh/M 



. function-transform pairs*- am<W 
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I«* + 09 + + 0» - X)*] 
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»f(»+ «)*+/»*! 






+ J£0 nis ,^9 + j{ 
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«(« + 7)1 (s + «)* + ^ = tan ^ - 
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n is a positive integer. 
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;(»+,) (A. + ,) 
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g 4- flQ r gp — g g -f 7 — 2aol f ao ~ 7 g + 7 — 2ao' 

(s -h g)*(s 4- 7 )* I L{y - g)* (7 - a)® J ^ L(g - 7 )^ (« - 7 )® . 



. FUNCTION-TRANSFORM PAIRS'— continued 



2.40B1 ^ (cosh fit- 1) 























(«»+,9*)(. + a) 
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[{8 + a)* + ^ U = 2 tan-i 





(» + + «)* + /s*l 
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sin 
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. FUNCTION-TRANSFORM PAIRS* — eon«tnu*rf 



{X — i)n(x)n JO 










J UMP-FUNCmoN 
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. FUNCTION-TRANSFORM PAIRS* - continued 
Jump Function Pairs —continued 
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COMPARISON OF THE LAPLACE AND THE FOURIEMNTEGRAL 
TRANSFORMATION METHODS 

In Chapter 1, Art. 10, the usual Fourier-integral method was included 
in the brief comparison of methods for obtaining the complete solution 
of linear constant-coefficient integrodifferential equations. In Chapter 3 
important formal relations between the Laplace and the Fourier-integral 
transformations were developed in more detail. The purpose of this 
appendix is to round out the comparison of these two integral trans¬ 
formations. 

The principal point to be emphasized is that the usual Fourier integral 
in unilateral form is the form to which the type of Laplace integral used 
in the text reduces for <r = 0. The Laplace integral has been called a 

generalized ” or complex Fourier integral [Ha 1, Pa 1, Ti 3]. 
However, as indicated in Appendix C, this integral was called the 
Laplace integral many years before the Fourier integral was generalized 
from imaginary to complex kernel exponent. 

Of course, the unilateral form of the Fourier integral can be \ised in 
the same way as the Laplace to bring in initial conditions. Nevertheless, 
with a single recent exception [Ti 3], it is not so used. This use is not 
considered in the most important engineering contribution on Fourier 
integrals [Ca 2]. The current method for treating initial or boundary 
conditions by the Fourier integral (see for example [St 4]) is that intro¬ 
duced by Cauchy in 1823 [Ca 11]. 

As shown in Chapter 3, the Laplace integral is the natural and con¬ 
venient generalization of an ordinary Fourier integral which makes 
possible the transformation of functions of growing exponential type that 
would otherwise be excluded. If a bilateral transformation is needed 
for treating such functions, then, as in [Ti 3], it can be composed of two 
unilateral Laplace transformations with convergence factors directed 
toward — «> and oo, 

Those acquainted with the inverse Laplace and the Fourier-integral 
transformations will recognize that, in the language of the text, unless 
the path of integration is comi^etely on the imaginary axis the inverse 
transformation is really of Laplace type. Usually then, the widely 
used contour integrals are Laplace integrals or such integrals with 
modified paths of integration. 
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To summarize, that form of transformation should be used which 
conveniently handles the class of functions concerned and simplifies 
the solution of problems, whether the transformation is Fourier, Laplace, 
Hankel, Watson, or even a more general type. For the class of func¬ 
tions and type of problems treated in the text., the unilateral Laplace 
transformation fits better than the unilateral or bilateral Fourier- 
integral transfonnation. Where the Laplace transformation reduces to 
the Fourier, this reduction is often of value, as in many network-synthe¬ 
sis problems. 



Appendix C 

HISTORICAL NOTES ON THE MATHEMATICAL THEORY 

A. GENERAL REMARKS 

The Laplace transformation and its applications are spread through 
so much of mathematics, mathematical physics, and mathematical 
engineering that a complete history of its evolution would require a 
separate volume. In general, such a liistory would cover functional 
transformations or operators and, in particular, such topics as the 
Dirichlet-series and Laplace-integral transformations, the Fourier-series 
and -integral transformations, and the Caucliy-Heaviside operational 
calculus. 

These notes are intended to indicate where important material for 
such a history can be found insofar as it concerns those aspects of the 
subject which are touched upon in this text, and to help clear away some 
of the historical errors found in the existing literature, possibly at the 
risk of introducing others. Engineering literature in this general field 
is full of historical inaccuracies. Mathematical literature, even that 
which technically measures up to the standards of rigor of its day, is 
punctuated with historical shortcomings. 

Another purpose of these notes is to supply newcomers in this field 
with historical perspective. The subject seems to give them two 
impressions, (1) that here is a powerful tool,” and (2) that it has been 
inadequately presented. The result often is a paper by another author 
who has not acquainted himself with a significant part of the literature, 
which is already enormous. 

B. BROAD REFERENCES 

General historical treatments have been given by Stephens [St 2] 
on operator theory up to 1900, Pincherle and Amaldi [Pi 5] on operator 
theory up to 1901, Pincherle [Pi 3] on functional operators and equations 
and the Laplace transformation up to 1902, Bateman [Ba 2] on integral 
equations up to 1910, and Doetsch [Do 5] on functional analysis up to 
1927, The following should be consulted for their bibliographies: 
Doetsch [Do 15], Titchmarsh [Ti 3], McLachlan [Me 2], and Ti^^dder 
[Wi 3]. 
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C. THE LAPLACE TRANSFORMATION 

In effect, Laplace [La 2] introduced in 1779 the transformation which 
has received his name by showing the correspondence between the two 
functional domains which it relates (see Pincherle [Pr 2] and Bateman 
[Ba 2]). As Poole [Po 9, p. 137] has indicated, the Laplace trans¬ 
formation may be viewed as a limiting form of a transformation used by 
Euler. In this sense the transformation is related to work which pre¬ 
ceded Laplace’s. The definite integral form of the direct Laplace trans¬ 
formation was applied by Laplace [La 3] to the solution of differential 
and difference equations in 1782. Laplace’s book [La 4], 1812, on the 
theory of probability illustrates the many uses to which he put the 
transformation. 

From the Laplace double integral Cauchy [Ca 15] first derived the 
Fourier double integral in exponential form. Many of the important 
formal properties of the Laplace transformation were discussed by Abel 
[Ab 1]. His contact with this subject is reflected by the fact that 
numerous writers have referred to the transformation by his name alone 
or jointly with Laplace’s. 

Notable contributions subsequently were made to the theory and 
applications of the Laplace transformation by Poincar6 [Po 1, 2], 
Pincherle [Pi 2], Mellin [Me 1, 2, 3], and Lerch [Le 2], 

Extensions, refinements, and applications were later contributed by 
Horn [Ho 2a, 3], Borel [Bo 6, 6a], Pincherle [Pi 3a to 46], Pisati [Pi 10], 
Landau [La la, 16], Bromwich [Br 0], Mellin [Me 4], Bateman [Ba 3, 4], 
and Kameda [Ka 1]. 

These were followed by Hardy [Ha 4 to 8], Hamburger [Ha 3a], 
F. Bernstein [Be 4 to 8], Mellin [Me 5, 6], Doetsch [Do 1 to 10], Horn 
[Ho 4], Pollard [Po 8], von Stach6 [St 1], Haar [Ha 1], Tamarkin [Ta 1], 
Plancherel [Pl 1, 2], Widder [Wi 1], and Bochner [Bo 1], 

During the past 10 years work not too distantly related to the material 
in this text was done by Hille and Tamarkin [Hi 0, Oa, 1], Machler 
[Ma 1], Widder [Wi 2,2a, 3], Haviland [Ha 9a], Paley and Wiener [Pa 1], 
Doetsch [Do 15], Ignatovskij [Ig 1], Titchmarsh [Ti 3], Levi [Le 3], 
Churchill [Ch 1 to 4], Obrechkoff [Ob 1], Boas and Widder [Bo 0], 
and H. Pollard [Po 8a, 86]. 

D. TYPES OF LAPLACE TRANSFORMATION 

Besides the transformation with kernel of the form Laplace 
[La 2, p. 66; 3, p. 236; 4] used the alternative form with kernel of the 
form <•. The latter form was preferred by Mellin, Hardy, and others* 
Hardy called it “ the Mellm transformation,” but owing to its close 
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connection with the base-e form and to its historical origin the name 

Laplace-Mellin transformation seems better. Of course, its rela¬ 
tion to the base-€ form corresponds to the relation of a power series to a 
Dirichlet series. 

In the Laplace type, the singly infinite range of integration (uni¬ 
lateral form) may be used as in this text, or the doubly infinite range 
(bilateral form) may be used for other purposes. The functions and 
their transforms may be real or complex functions of real or complex 
variables. The type of integral may be Riemann, Lebesgue, Young- 
Stieltjes, or others. Also the s-multiplied or other forms of summable 
integrals may be used. Nothing will be said about the histories of the 
various forms not used in this text, although many of the recent mathe¬ 
matical developments have been concerned with these and other gener¬ 
alizations. The Lebesgue form of Laplace integral used here was used 
by Hardy [Ha 5], 1918, if not earlier. 

E. RELATIONS BETWEEN THE LAPLACE TRANSFORMATION AND 
THE CAUCHY-HEAVISIDE OPERATIONAL CALCULUS 

Those acquainted with both techniques are aware of the close corre¬ 
spondence between the Cauchy-Heaviside operational calculus and the 
Laplace-transformation method. The use of the s-multiplied form of 
Laplace transformation (see for example [Ha 3o]) provides complete 
formal isomorphism, while the type of transformation used in the text 
gives an isomorphism to within a factor of s in the complex domain, or 
essentially a differentiation (or integration) in the real domain. 

The following remarks are intended to throw some light on the his¬ 
torical origin of the above-mentioned relation. Stephens [St 2] and 
others have observed that the Cauchy-Heaviside calculus has numerous 
points in common with the earlier operational methods which originated 
with Leibnitz. About 1821, Cauchy [Ca 11, 16] developed an opera¬ 
tional calculus which, no doubt, was inspired partly by the earlier 
methods. Cauchy’s operational calculus was based by him upon the 
Laplace and Fourier transformations, and is formally identical with parts 
of the operational calculus used more than 60 years later by Heaviside 
[He 1,2], In the years which followed, Boole [Bo 4, 5], W. R. Hamilton, 
and others continued to develop operational methods. During this 
interval Cauchy [Ca 12 to 15, 17] continued to extend his method and 
connect it in more ways with his work on functions of a complex variable. 
Except for Hargreave [Ha 9] most of the writers on operational methods 
in this period forgot or ignored the relations between these methods 
and the Laplace and Fourier transformations. This remark applies in 
the main to the woric of Heaviside, who mentioned so infrequently the 
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related work which preceded his that it can only be surmised how much 
he had learned from earlier writers, such as Boole, and how many known 
ideas he rediscovered. Heaviside certainly deserves credit for the exten¬ 
sive applications which he made of the Cauchy type of operational 
calculus to electrical problems. On this basis it is fitting to call this 
calculus and its extensions ‘Hhe Cauchy-Heaviside operational calcu¬ 
lus. Murnaghan [Mu 3J has used the double name for a relation in 
this calculus. Because Heaviside referred so rarely to the earlier 
literature on operators he has been credited by many writers with the 
invention of the operational calculus which he used. Also because he 
did not avail himself of the contemporary mathematical rigor he invited 
a host of later writers to supply rigorous foundations for the methods 
which he employed. It is now clear that Cauchy had not only supplied 
the original operational calculus of the type considered but had derived 
it by using the Laplace transformation. He had thereby supplied a 
basis for its rigorous treatment. 

Among those who have attacked the problem of supplying rigorous 
foundations for all or parts of Heaviside’s method are the following: 
Giorgi [Gi 2 to 5], Bromwich [Br 1], Wagner [Wa 4, 6], Pleijel and 
Liljeblad [Pl 2a], Carson [Ca 6, 8], Wiener [Wi 4], L6vy [Le 5], von 
Stach6 [St 1], Murnaghan [Mu 3], Jeffreys [Je 1, 2], Korn [Ko 3, 4, 5], 
March [Ma 5], Plancherel [Pl 1, 2], Bush [Bu 1], Carslaw [Ca 4, 5a], 
Doetsch [Do 7, 10, 11], van der Pol [Po 4 to 7], Terradas [Te 1], Dalzell 
[Da 3], Schulz [Sc 4], von Koppenfels [Ko 2], Kryloff [Kr 1], Niessen 
[Po 5b, 6, 7], I^wry [Lo 6], Machler [Ma 1], Vahlen [Va 1], Humbert 
[Hu 1, 2] Iowan [Lo 1], Angelini [An 1], Barnes [Es 1], Malti [Ma 
3], Dahr [Da 1, 2], Poole [Po 9], Vollm [Vo 1], Blondel [Bl 2], 
Bourgin and Duffin [Bo 8, 9], Ekelof [Ek 1], Hpes [Pi 6, 7, 9], 
Fujiwara [Fu 2], McLachlan [Me 2], Carslaw and Jaeger [Ca 5h, 5f], 
Plessner [Pl 3], and Jaeger [Ja 2, 4]. 

As noted above, use of the Laplace transformation to supply a rigorous 
foundation for the C-H operational calculus was first made by Cauchy 
himself. The first contribution to appear after Heaviside’s early work 
is apparently that of Giorgi [Gi 2 to 5]. Following this, the ordinary 
and s-multiplied forms of Laplace transformation — at times only the 
inverse or only the direct—were applied by Heaviside [He 2 vol. 3, pp. 
235-237], Bromwich [Br 1], Wagner [Wa 4], Carson [Ca 6, 8], von 
Stach6 [St 1], Jeffreys [Je 1], Plancherel [Pl 1, 2], Bush [Bu 1], van der 
Pol [Po 4], Doetsch [Do 7, 10, 11], Terradas [Te 1], von Koppenfels 
[Ko 2], Machler [Ma 1], Lowan [Lo 1 to 5a], Barnes [Es 1] Bourgin and 
Duffin [Bo 8, 9], Pipes [Pi 6 to 9a], Droste [Dr 1 to 3], McLachlan 
[Me 2], Carslaw and Jaeger [Ca 56 to 5/], and many others. 
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The closely related Fourier transformation [Appen B] was used by 
both Cauchy [Ca 11] and Heaviside [He 2, vol. 2, p. 32] in connection with 
their operational calculus. Later it was used to make formal work in 
this field rigorous, notably by Giorgi [Gi 2 to 5], Bromwich [Br 1], 
Fry [Fr. 3], Wiener [Wi 4], Haar [Ha 1], Campbell and Foster [Ca 2], 
Bush [Bu 1], von Koppenfels [Ko 2], Bochner [Bo 1], Paley and Wiener 
[Pa 1], Hille and Tamarkin [Hi 0, la], and Titchmarsh [Ti 3]. 

F. NOTES ON THE THEOREMS OF THE TEXT 
1. Theorem 2, Inverse Laplace Transformation 

This theorem on the integral inversion of the Laplace transformation 
came from a formal relation given by Riemann [Ri 1] in 1859. The 
history of this transformation was given by Mellin [Me 1], 1896; Bate¬ 
man [Ba 2], 1910; and Hamburger [Ha 3a], 1920. Unfortunately, in 
Hamburger’s account the fundamental work of Mellin is not men¬ 
tioned. These three histories cite the work of Cauchy, 1851; Petzval, 
1853; Riemann [Ri 1], 1859; Phragm^n, 1891, 1892; Mellin [Me 1], 
1896; Hadamard, 1908; Perron, 1908; and Landau, 1909. To this 
list may be added Kronecker, Dirichlet (see Pincherle [Pi 36, 4a]), 
Mellin [Me 4], Hardy [Ha 5, 7, 8], Hamburger [Ha 3a], Pollard [Po 8], 
Izumi [Iz 1], and Hardy and Titchmarsh [Ha 8a]. 

The reference made by certain authors (Bromwich [Br 1], for example) 
to the derivation of the inversion formula given by Macdonald [Ma 0] 
in 1902 hardly seems warranted in view of the earlier formal derivation 
by Riemann [Ri 1] and to the proof by Mellin [Me 1], to mention only 
two of the papers which preceded Macdonald’s. 

Similarly, it is sometimes stated in a way which implies that the result 
was not known earlier that March [Ma 5], 1927, proved Bromwich’s 
contour integral ” to be the solution of Carson’s integral equation,” 
although the first is the integral inverse Laplace transformation and the 
second is the direct Laplace transformation. 

Because of Mellin’s work on the integral inverse Laplace transforma¬ 
tion this transformation has been called by Hardy ‘‘ the Mellin inver¬ 
sion formula.” Others have used the names of both Cahen and Mellin. 

New methods for inverting the Laplace transformation were developed 
by Stieltjes, Widder [Wi2to3], Boas [Bo 0], Pollard [Po 8a, 86], and 
others. 

The linearity of the indicated inverse Laplace transformation comes 
from the work of Abel [As 1], who used a symbol to indicate the 
transformation. 
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2. Thbobems 3 AND 4, Unicity 

These theorems came from generalization of a theorem of Lerch [Le 2]. 
The detailed history of this theorem was given by Landau [La lb] 
and Bateman [Ba 2], where mention is made of the contributions of 
Liouville, 1837; Lerch, 1892, 1893, 1903 [Le 2]; Stieltjes, 1893; Phrag- 
m6n [Ph 1], 1904; Landau, 1908; C. N. Moore, 1908; and W. H. Young, 
1910. Later a note by Hardy [Ha 4] on this theorem referred to the 
work of Lebesgue, 1909, and Hobson, 1912. 

3. Theorem 9, Complex Multiplication or Real Convolution 

A real convolution integral probably appeared first in Euler^s solution 
of a linear differential equation. In an algebraic form, the correspond¬ 
ing relation occurred in Cauchy’s work on the multipUcation of power 
series. Both convolution and the particular type of superposition 
using step functions, which is employed in the Cauchy-Heaviside calcu¬ 
lus, appeared in a paper presented in 1826 by Poisson [Po 3], The 
treatment in this paper leads to the supposition that these ideas were 
already known. In 1833 Duhamel [Du 1, 2] used both the superposition 
(addition) of step functions and convolution integrals. Duhamel’s 
name is sometimes attached both to the superposition method and to 
convolution theorems, but this does not seem justified in either case. 
Murnaghan [Mu 3] and others associate this method of superposition 
with the names of Boltzmann [Bo 3] and Hopkinson [Ho 2], whose 
papers appeared in 1874 and 1877, respectively. Tchebycheff made 
implicit use of convolution in an 1867 paper [Tc 1] and explicit use in an 
1887 paper [Tc 2]. Sonine [So 1], in 1884, writing on the inversion of a 
definite integral of Abel, used convolution. Attention should also be 
called to the work of Pareto [Pa 2] in 1892. Mellin [Me 2, 3], in 1896, 
used the relation between convolution and the Laplace transformation 
and proved convolution theorems for the cases of one and of several 
variables. He also used convolution in the solution of certain differen¬ 
tial equations. 

The real convolution theorem is usually named after Borel [Bo 6, 6a], 
1899. Even if we restrict ourselves to naming a theorem after the one 
who first supplied a rigorous proof it would seem that Borel's 
name should not be attached to this theorem in view of the work of 
Mellin. Caiiler [Ca 0], 1899, used convolution in the same connection 
as Sonine and also in combining the solutions of two Laplace differential 
equations. 

More general forms of the real convolution theorem were later given 
by Cunningham [Cu 0], Bromwich [Bn 0], Mellin [Me 4, 6}, Horn [Ho 3J, 
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Hardy [Ha 6, 7, 8], F. Bernstein [Be 4, 5, 6], Doetsch [Do 1], von 
Koppenfels [Ko 2] and many later writers who used more general types 
of integrals than are considered in this text. 

Generalizations of convolution in a somewhat different direction are 
due to Volterra. He calls the more general operation composition.” 
The history and uses of composition are discussed in Volterra^s book 
[Vo 2]. 

4. Theorem 19, Real Multiplication or Complex Convolution 

The earliest use of complex convolution is perhaps that made by 
Pincherle [Pi 4] in 1908. This was made in connection with the uni¬ 
lateral Laplace transformation. Mellin [Me 4] stated the theorem 
without proof for the alternative form of the bilateral transformation in 
1910. In 1922, Mellin [Me 5] proved his theorem under fairly general 
conditions. 

The multiplication or convolution theorems in the Laplace-transfor- 
mation theory should be contrasted with the corresponding theorems in 
the symmetrical L 2 Fourier-transformation theory. In the former each 
theorem has a distinct proof and history, while in the latter it would be 
difficult to think of one theorem without the other, and both follow 
simply from Parseval’s theorem for the Fourier integral [Wi 5, p. 70]. 

5. Impulse Function 

Lewis [Le 7] gave a history of the impulse function. This type of 
function has been used for well over a hundred years but, ignoring this 
history, recent works on atomic physics often refer to it as “ the Dirac 5 
function,” (Compare Schonberg [Sc 3].) 

G. SOLUTION OF DIFFERENTIAL, DIFFERENCE, AND INTEGRAL 
EQUATIONS BY THE LAPLACE TRANSFORMATION 

Laplace [La 3], 1782, was the first to use his integral in the solution of 
linear differential and difference equations. Bateman [Ba 2] discussed 
Laplace^s method and referred to extensions by Heine, Pincherle, 
Jordan, Pochhammer, and Schliesinger. Cauchy [Ca 11, 12] and 
Abel [Ab 1] made significant contributions to the solution of linear 
equations with constant coefficients. Papers in the more general field 
came from Poincar4 [Po 1, 2], Pincherle [Pi 1, 2, 3], Mellin [Me 2], 
Horn [Ho 2a, 3, 4], Cailler (Ca 0], Cunningham [Cu 0], and Bateman 
[Ba 3, 4]. 

New life was given to the subject by a series of papers by F. Bernstein 
and Doetsch [Be 4 to 8, Do 1 to 7,10,11,14,15] who used the Laplace 
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transformation and its inverse in a straightforward way to solve linear 
integrodifferential equations of the convolution type, and linear partial 
difiFerential equations arising in heat conduction and electric cable 
problems. 

Other papers which also made use of the Laplace transformation for 
the solution of differential and integral equations are those of von Stach6 
[St 1], Plancherel [Pl 1, 2], van der Pol and Niessen [Po 4 to 7], Dalzell 
[Da 3], Koizumi [Ko 1], von Koppenfels [Ko 2], MSchler [Ma 1], Hum¬ 
bert [Hu 2], Lowan [Lo 1 to 5a], Bourgin and Duffin [Bo 8, 9], Pipes 
[Pi 6, 7, 9a], Droste [Db 1 to 3], McLachlan [Me 2], Churchill [Ch 1 to 
4], Wagner [Wa 6, 7], Sohngen [So 2], and Carslaw and Jaeger [Ca 5a 
to 5/, Ja 2 to 5]. 

The solution of difference, differential, and integral equations by the 
Fourier transformation [Appen B] should be mentioned because of its 
close relation to the Laplace-transformation method. Cauchy [Ca 11], 
Giorgi [Gi 2 to 5], Fry [Fr 3], Wiener [Wi 4], Campbell and Foster 
[Ca 2], von Koppenfels [Ko 2], Bochner [Bo 1, Chap. 5], and Titchmarsh 
[Ti 3] are among those who have used the Fourier transformation for 
this purpose. 

H. INVERSE TRANSFORMATION OF A RATIONAL ALGEBRAIC 

FUNCTION 

As illustrated in the text, this topic arises in the solution of ordinary 
differential or i-d equations. The solution of the problem goes back 
to Cauchy [Ca 11, p. 583; Ca 16, pp. 217, 218; Ca 14, p. 228]. Later 
Heaviside [He 1, 2] also gave several derivations of the partial-fraction 
expansion method for finding the inverse transform [Va 2]. The theorem 
is widely^known as the Heaviside partial-fraction expansion theorem.” 
However, with Murnaghan [Mu 3], we prefer to call it the Cauchy- 
Heaviside partial-fraction expansion theorem.” Together with its 
generalizations this theorem has been discussed by a large number of 
writers. Some of the papers are by Bromwich [Br 1], Wagner [Wa 4], 
Carson [Ca 8], Cohen [Co 1], Goto [Go 1], Plancherel [Pl 1, 2], Berg 
[Be 3], Doetsch [Do 8], and Bourgin and Duffin [Bo 8]. 
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A 

Abscissa of absolute convergence, 102, 
122 

Active elements, G, 21 
Admittance function, iterative, 313 
short-circuit input, 139,14G 
short-circuit transfer, 139,147 
Admittance functions, special caae of 
equal, 1G8 

Algebraic fractions, rational, 152 
“ Almost everywhere,” 97 
Amplifier, vacuum-tube, 180 
Amplitude-modulating function, 248 
Amplitudes, conjugate complex, 96 
Analogous systems, 47, 60 
Analogs, 8 

conversion factor in electromechanical, 
84 

duality in, 63 

for an electromechanical system, 83 
formulation of electric, 60 
of differeiitial-gear-coupled system, 71 
of rigid bar, 79 
Analogy, bases of, 63, 64 
between difference and derivative 
transforms, 291 

between logarithm and £-transfor- 
mation methods, 93 
Analysis, 177 
Analytic function, 111 
Angle function of a response, 247 
Angle of initial phase difference, 96 
Angular-velocity function, resultant, 
249 

Angular-velocity sources, 63 
Artificial line, section of, 311 
Association, form of f{t) with poles of 
162 

form of transient with poles of system 
function, 173 

magnitude of transient with initial 
ccmditions, 173 


Association, stability of system with 
roots of characteristic equation, 
197 

Automatic control, 191 
B 

Bar, rigid, electric analogs for, 79 
spring-supported, 76 
Bases of analysis compared, electric net¬ 
works, 36 

rotational-me(‘hanical networks, 72 
tnmslational-rnechanical networks, 66 
Bases of analysis, choice of, 30 
Beam calculations, use of impulses in, 
257 

Bessel functions, 317 
Boundary conditions, one-point, 210 
Boundary-value problems, two-point, 
308 

Branch, network, 23 
Sudan’s theorem, 197 

C 

Capacitance, 22 

Caiichy-Heaviside method, 8, 9, 361 
Change of scale, 226 
Changes used as dependent variables, 201 
Characteristic 
angular frequency, 171 
equation, 132, 171 
function, 132 
time response, 233, 262 
values, 171 

Circuit breaker, oil, interruption of cur¬ 
rent in, 207 
Classical method, 8, 9 
Closing of a switch, 202 
Coefficient of coupling, mechanical, 80 
Cofactor, 146 

Commutativity of £ with 91 and 3 
transformations, 280 


383 
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Comparison of four methods of solution, 
8, 9 

Complex 
amplitude, 96 

coefficients, 98,100, 104,106 
convolution, 276, 366 
differentiation, 272 
integration, 273 
multiplication, 228, 364 
plane, 104, 108 
translation, 246 
variable, 104 
function of, 108 
Compliance, rotational, 64 
translational, 62 
Composition, 365 
integral, 233 

Condenser voltage, net initial, 146 
Conditions for stability, 197 
Conditions for undamped oscillations, 
197, 200 

Conductance, 22 
Conjugate of a function, 111 
Continuous function, 110 
Contour integrals, 357 
Control, automatic, 191 
factor, 193 

Convergence, abscissa of absolute, 102 
factors, 101, 103, 357 
Convolution, complex, 275,365 
integral, 231 
real, 228, 262, 364 
Coordinates of motion, 50 
Coupling, coefficient of, mechanical, 80 
constant, electromechanical, 82 
device, bar as, 78 
differential gear as, 70 
momentr-of-enertia, 70 
Cramer's rule, 146 
Current, loop, 27 
source, 21 


D 

D'Alembert's principle, 66 
Damping constant, 171 
Damping, rotational-mechanical, 64 
translational-mechanical, 62 
Definition, extension of region of, 113 
Dependent variables, number needed, 29 


Derivative, 111 
left-hand, 128 
normalized inverse, 17 
right-hand, 128 
transformation of, 14, 127 
Determinant, transform-equation, 146 
elements of, 146 

with equal elements on diagonals, 166 
Difference equations, 286 
first-order, solution of, 306 
general forms of second-order, 288 
general procedure for solution of, 292 
second-order, solution of, 307 
Differences, 288 
transforms of, 291 

Differential equations, use of, to derive 
pairs, 121 

Differential gear, 69 
Differentiation, respect to s, 272 
re.?pect to se(;ond independent vari¬ 
able, 264 

Dirichlet series, 359, 361 
Distortion correction, 177 
Division, f{t) by t, 273 
F{8) by e* or e' - 1, 304 
F{s) by s, 271 
Domain, real, 127 
complex, 127 
Driving functions, 131 
physical, 6 

Driving transform, 131 
Dual networks, 46 
limitation on existence of, 49 
Duality in analogs, 62 

E 

Elastance, 22 

Electric analogs, formulation of, 60 
of rigid bar, 79 

Electric network equations, Woop, 34 
one-loop LRSj 26, 134 
one-node-pair C<rr, 39 
three loops with inductive coupling, 33 
two loops with RLM oouj^ing, 30 
two loops with S coupling, 27, 136 
two node-pairs with F coupling, 39 
Electric networks, dual, 46 
loop and node bases compared, 36 
self-dual, 48 

Electromechanical coupling constant, 82 
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Electromechanical system, 81 
analogs for, 83 
Elements, active, 6,21 
electric network, 21 
inactive or passive, 6, 21 
linear, 4 

mechanical network, 60 
Envelope function, 247 
Equals “ almost everywhere,” 97, 115, 
121, 123 

Equals “ by definition,” 1-2 
Equation, first-order i-d, 133 
second-order differential, 131, 170 
solution by iu transformation, 365 
Essential singularity, 113 
Euler's formula, 95, 98 
Exchange of sources, 43, 60, 61 
Excitation function, 132, 162 
for lcK)p, 137 
formulation of, 137, 140 
initial, 132 

Expansion in partial fractions, 154, 160 
using as variable, 300 
using function of s as variable, 166 
Expansion in series, 317, 318 
using powers of e\ 301 
Exponential functions, transformation of, 
116 

Exponential jump functions, 296 
Extension through preservation of form, 
113 

F 

Factorial-exponential-product jump func¬ 
tions, 297 

Factorial jump function, 295 
Faltung integral, 233 
Feedback, transient, in automatic con¬ 
trol, 191 

Film head with mechanical filter, 187 

Ffiter, mecshanical, 187 

Final values, 266 

First-order poles, 112, 164 

Flux linkages, provision for initial, 145 

Force sources, 51 

Fourier series, by £ txansformation, 
243 

eomplex'exponential form, 08 
trigonometno form, 07 


Fourier transformation, 100 
compared with £ transformation, 367 
complex, 103 
method, 8, 9 
unilateral direct, 102 
Fractions, first-order poles only, 164. 
156, 157, 164 
general rational, 162 
inverse transformation of, 366 
multiple-order poles, 169, 164 
Function, analytic, 111 
impedance, 137 
iterative, 313 
impulse, 255, 366 
irrational, 316 
jump, 287 

Lebesgue measurable, 7 
loop-excitation, 138 
nonperiodic, 96 
of a complex variable, 108 
of e% 299 
periodic, 96 
propagation, 316 
reactance, 138 

short-circuit admittance, 139 
simplified by transformation, 13,96,98 
single-valued ness of, 7 
-transform pairs, 12, 14, 119,120,338- 
356 

with bounded variation, 7, 8 

G 

Gear, differential, 69 
Generator, sawtooth-voltage, 308 
Geometric pattern, preservation of, in 
analogs, 62 
Graeffe's method, 166 

H 

Half-plane, 104 

Heaviside, Cauchy-, calculus, 8, 9, 10, 
361 

Historical notes on mathematical theory, 

359 

I 

I-d equation, 20 
sample solution of, 16 
I-d operators, self and mutual, 36 
Ideal transformer, 212 
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Imaginary-part operation, 169 
commutativity with£ transformation, 
280 

Impedance function, iterative, 313 
mutual, 137 
self-, 137 

Impulse function, 255, 365 
in beam calculatioriR, 257 
in real convolution, 262 
Increments as dependent variables, 201 
Inductance, inverse, 23, 40 
mutual, 30 
self-, 22 

Infinite bus, 207 
Initial conditions, 27 
current in inductance, 137, 139, 140, 
141 

displacement of mass, 143 
effect on transient, 173 
included in transforms, 131, 132 
velocity of mass, 143 
voltage across condense'r, 135, 138, 142 
with Fourier integral, 357 
Initial value, 267 
Integral, 14 
composition, 233 
equation, 235 
Faltung, 233 

£ transformation of, 14, 129 
Lebesgue, 114 
real convolution, 231 
Integration, with respect to s, 273 
with respect to second variable, 274 
Interpolation of point function, 309, 312, 
321 

Inverse 

inductance, 23, 40 
mass, 51 

moment of inertia, 53 
rotational resistance, 54 
translational resistance, 53 
Inverter, parallel, 210 
Irrational functions, 316 
Iterative admittance function, 313 
Iterative impedance function, 313 

J 

Jump function, 287 
exponential, 296 
factorial, 295 


Jump functions, factorial-exponential- 
product, 297 

interpolating point functions, 309, 313 

power, 294 

sinusoidal, 298 

transform of, 294 

translation of, 289 

K 

Key pairs, 254,317,318 
Kirchhoff's laws, 25, 26, 38 

L 

Ladder network, general, 310 
semi-infinite, 315 
transformer winding, 320 
Laplace transform, 106 

from differential equation, 121 
pairs, table of, 119, 338-356 
unicity of, 121, 123 
Laplace transformable function, 122 
Laplace transforaiation, 12, 104, 114, 122 
additional properties of, 225 
generalization of Fourier transforma¬ 
tion, 103, 357 

inverse, 13, 105, 119, 122, 127, 363 
linearity of, 15, 127 
method, comparison with other meth¬ 
ods, 8, 9 
features of, 10 
fields of usefulness, 11 
notes on history of, 360 
solution of i-d equations, 15, 126, 365 
Lebesgue 

form of Laplace integral, 361 
integral, 122, 123 
integration, 114 
measurable functions, 7 
unicity of transform, 123 
rHospital's rule, 254 
Limit processes, change in order of, 241, 
242, 263, 276, 301, 317 

Linear 

behavior, definition of, 3 
element, 4 
graph, 24 
systems, 3, 5 
Line, artificial, 311, 315 
Loop, 23, 26 
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Loop, basis, 29 

comparison with node basis, 36, 66, 
72 

current, 27 

M 

Muss, 51 
mutual, 78, 79 
Mechanical 
filter, 187 

network diagrams, 57 
networks, 50 
system elements, 50 
See also Translational-mechanical sys¬ 
tems and Rotational-mechanical 
systems. 

Mellin transformation, 360 
Meromorphic function, 241, 243 
Mittag-Lefller theorem, 242 
Moment of inertia, 53 
coupling, 69 
mutual, 70 

Multi-dimensional problems, 19 
Multiple-order poles, 112, 159 
Multiplication, complex, 228, 364 
F{s) by 5, 270 
F{s) by 236 
F{s) by c* or — 1, 304 
m by t, 272 
fit) by e--"', 245 
real, 275, 365 
Mutual 

i-d operator, 35 
impedance functions, 137 
inductance, 30 
inverse, 41 
mass, 78 

moment of inertia, 70 
N 

Network, 23 

diagrams for mechanical systems, 57 
distinguished from field, 19 
geometry, 23, 24 
Z-loop, 144 

recovery voltage, 207 
reference for variables, 25, 66 
Networks, analogous or dual, 46 
Newton’s second law, 66 
Node, 23 


Node, basis, 38 

comparison with loop basis, 36, 66, 
72 

charge, net, 182 
pair, 24, 25 
voltage, 38 
reference, 24, 38 
Nonlinear systems, 6 
Nonperiodic functions, 95, 99 
Nonplanar networks, 49 
signs of mutual terms in, 35 
Normalized cofactor, 146 
Normalized inverse derivative, 14, 17 

O 

One-point boundary conditions, 210 
One-dimensional problem, 19 
Opening of a switch, 204 
Operational calculus, Cauchy-IIeaviside 
type, 8, 9, 361 

Operations simplified by transformation, 
14 

Operation-transform pairs, 15, 334-337 
Operator, real-part, 13 
imaginary-part, 159 
Oscillations, conditions for, 197, 200 
damped, £ transformation of, 116 

P 

Pairs, function-transform, 12, 119, 338- 
356 

operation-transform, 14, 334-337 
use of key-function, 293 
Parallel-axis theorem, 75, 78 
Parameters, constant, 6 
Partial-fraction expansion, 154, 160 
certain troublesome points in, 320 
of meromorphic function, 242 
using elements of determinant, 166 
using e* as variable, 300 
Partial transform, 290 
Passive elements, 6, 21, 50 
Pendulmn, physical, mutual mass of, 79 
Pentode, 183 
Periodic function, 95 
Fourier series by transforming, 243 
transform of sectioned, 238 
Phase function, 248 
Plane-vectors, rotating, 96,174. 262 
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Point at infinity, 108 
Pole, 112 

at origin, special case of, 166 
removal of, 247 
Poles, determination of, 164 
of F{s) associated with form of /(<), 
152 

Positive powers of <, 117 
Power functions, jump-type, 294 
Product, in complex domain, 228, 364 
in real domain, 275, 365 
of positive powers of i and exponential 
function, 118 
Propagation function, 316 
Pulse, angular velocity, 190 
approximation of impulse, 255 
transform of, 289 
unit, 287 

Pulses, sinusoidal, succession of, 239 
R 

Rational algebraic fraction, 152, 164, 
366 

Reaction force due to inertia, 51 
Reaction torque due to moment of iner¬ 
tia, 53 

Real 

convolution, 228, 364 
integral, 231, 233 
use of impulses in, 262 
differentiation, 127 
domain, 127 
integration, 129 
special case of convolution, 231 
multiplication, 276, 366 
translation, 236 
Real-part operator, 13 
commutativity with £ transformation, 
280 

Recovery voltage, network, 207 
Reference, electric-network variables, 25, 
38 

naechanioBl-network variablea, 56 
Replacement problem, 235 
Resistance, 22 
rotational, 54 
inverse, 64 
translational, 52 
Inverse, 58 


Response, angle function of, 247 
envelope function of, 247 
function, 131 
transform, 131, 152 
Restoring-force elements, 62, 54 
Restriction to one independent variable, 
17 

Rigid bar with spring supports, 76 
electric analogs for, 79 
Roots of characteristic equation, 166 
for ladder network, 323 
Rotation, combined with translation, 74, 
76 

Rotational 
compliance, 54 
coordinates, 50 
resistance, 54 
inverse, 54 
stiffness, 54 

Rotational-mechanical systems, 64, 65, 
69 

exchange of sources in, 61 
Routh, 163, 197 

S 

Sawtooth-voltage generator, 308 
Scale change, 226 
Second independent variable, 262 
differentiation with respect to, 264 
integration with respect to, 274 
Second-order differential equation, 131 
Seismic instrument, 74 
Self i-d operator, 35 
Self-impedance functions, 137 
Self-inductance, 22 
inverse, 23 

with mutual present, 41 
Semi-infinite line, 315 
Separate part, 24 

Series, expansion in powers of e*, 301 
expansion of F{8) in, 318 
Servo-mechanism, 194 
Single-valued function, 110 
Singular function, doublet impulse, 256 
impulse, 255 
Singular points, 112 
Sinusoidid functions, 116 
jump-type, 298 

Solution of equations by transfoimation, 

126,366 
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Sources, electric-network, 21 
exchange of, 43, 60, 61 
mechanical-network, 61, 63 
Space impulses, 257 
Stability, conditions for, 197 
Steady state, 2, 173 
direct calculation of, 175 
Stiffness, rotational, 64 
translational, 62 

Superposition, principle of, 5, 201 
theorem, 234, 263 
using impulse functions, 262 
using step functions, 234, 364 
Surge-voltage generator, 177 
Switch, closing of, 202 
opening of, 204 

Switching, general treatment of, 6, 201 
Symbolic diagrams for mechanical sys¬ 
tems. 57 

Symmetrical components, 168, 207 
Synthesis, network, 177, 368 
System function, 132,152 
Systems, linear, time-invariant, 7 
of the closed cycle, 6 

T 

Table of transform pairs, 12, 15, 119, 
334-356 

fitting functions to, 133,163 
Theorems, notes on the, 363 
operation-transform pairs, 334-337 
summary of basic, 332-333 
Thdvenin's theorem, 203,205 
Time constant, 173 
Time-invariant systems, 7 
Topological form of analogs, 62,63 
Torque sources, 63 
Torsional pendulum, 64 
Transform, 13 
diagram, 138 
direct Laplace, 105 
driving, 131 
equation, 132,176,262 
equations for f-loop network, 146 
inverse Laplace, 105 
pairs, table, 12,16,119,334-366 
partial, 290 
response, 131 

Tran^ofmer, analog for mechanical 
coupling device, 80 


Transformer, winding, 320 
Transforms of differences, 291 
Transient, 173 
state, 2 

Translation, combined with rotation, 74, 
76 

complex, 246 
of jump functions, 289 
real, 236 
Translational 
compliance, 52 
coordinates, 60 
resistance, 62 
inverse, 53 
stiffness, 52 

Translational-mechanical systems, 66, 68 
coefficient of coupling in, 80 
exchange of sources in, 60, 61 
Triode, 181 

U 

Unicity of Laplace transforms, 121, 123 
note on, 364 
Unit 

doublet impulse, 266 
impulse, 255 
pulse, 287, 289 
step function, 100, 116 
Units, 20, 82 

V 

Vacuum tube, amplifier, 180 
equivalent network for, 181,183 
Variable, second independent, 262, 310, 
311 

differentiation with respect to, 2614 
integration with respect to, 274 
Variables, dependent, number needed, 
29, 45 

use of increments as, 201 
Vectors. See Plane-vectors. 

Velocity source, 61 

Vibrations, seismic instrument for inea»> 
uring, 74 

Voltage source, 21 

Z 

Zeros of a function, 112 
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